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Preface 


Welcome to Calculus Volume 1, an OpenStax resource. This textbook was 
written to increase student access to high-quality learning materials, 
maintaining highest standards of academic rigor at little to no cost. 


About OpenStax 


OpenStax is a nonprofit based at Rice University, and it’s our mission to 
improve student access to education. Our first openly licensed college 
textbook was published in 2012, and our library has since scaled to over 25 
books for college and AP® courses used by hundreds of thousands of 
students. OpenStax Tutor, our low-cost personalized learning tool, is being 
used in college courses throughout the country. Through our partnerships 
with philanthropic foundations and our alliance with other educational 
resource organizations, OpenStax is breaking down the most common 
barriers to learning and empowering students and instructors to succeed. 


About OpenStax's resources 


Customization 


Calculus Volume 1 is licensed under a Creative Commons Attribution- 
NonCommercial-ShareAlike 4.0 International (CC-BY-NC-SA) license, 
which means that you can distribute, remix, and build upon the content, as 
long as you provide attribution to OpenStax and its content contributors, do 
not use the content for commercial purposes, and distribute the content 
under the same CC-BY-NC-SA license. 


Because our books are openly licensed, you are free to use the entire book 
or pick and choose the sections that are most relevant to the needs of your 
course. Feel free to remix the content by assigning your students certain 
chapters and sections in your syllabus, in the order that you prefer. You can 
even provide a direct link in your syllabus to the sections in the web view of 
your book. 


Instructors also have the option of creating a customized version of their 
OpenStax book. The custom version can be made available to students in 
low-cost print or digital form through their campus bookstore. Visit your 
book page on OpenStax.org for more information. 


Errata 


All OpenStax textbooks undergo a rigorous review process. However, like 
any professional-grade textbook, errors sometimes occur. Since our books 
are web based, we can make updates periodically when deemed 
pedagogically necessary. If you have a correction to suggest, submit it 
through the link on your book page on OpenStax.org. Subject matter 
experts review all errata suggestions. OpenStax is committed to remaining 
transparent about all updates, so you will also find a list of past errata 
changes on your book page on OpenStax.org. 


Format 


You can access this textbook for free in web view or PDF through 
OpenStax.org, and for a low cost in print. 


About Calculus Volume 1 


Calculus is designed for the typical two- or three-semester general calculus 
course, incorporating innovative features to enhance student learning. The 
book guides students through the core concepts of calculus and helps them 
understand how those concepts apply to their lives and the world around 
them. Due to the comprehensive nature of the material, we are offering the 
book in three volumes for flexibility and efficiency. Volume 1 covers 
functions, limits, derivatives, and integration. 


Coverage and scope 


Our Calculus Volume 1 textbook adheres to the scope and sequence of most 
general calculus courses nationwide. We have worked to make calculus 
interesting and accessible to students while maintaining the mathematical 
rigor inherent in the subject. With this objective in mind, the content of the 
three volumes of Calculus have been developed and arranged to provide a 
logical progression from fundamental to more advanced concepts, building 
upon what students have already learned and emphasizing connections 
between topics and between theory and applications. The goal of each 
section is to enable students not just to recognize concepts, but work with 
them in ways that will be useful in later courses and future careers. The 
organization and pedagogical features were developed and vetted with 
feedback from mathematics educators dedicated to the project. 

Volume 1 


Chapter 1: Functions and Graphs 
Chapter 2: Limits 

Chapter 3: Derivatives 

Chapter 4: Applications of Derivatives 
Chapter 5: Integration 

Chapter 6: Applications of Integration 


Volume 2 


Chapter 1: Integration 

Chapter 2: Applications of Integration 

Chapter 3: Techniques of Integration 

Chapter 4: Introduction to Differential Equations 
Chapter 5: Sequences and Series 

Chapter 6: Power Series 

Chapter 7: Parametric Equations and Polar Coordinates 


Volume 3 


Chapter 1: Parametric Equations and Polar Coordinates 
Chapter 2: Vectors in Space 

Chapter 3: Vector-Valued Functions 

Chapter 4: Differentiation of Functions of Several Variables 
Chapter 5: Multiple Integration 


Chapter 6: Vector Calculus 
Chapter 7: Second-Order Differential Equations 


Pedagogical foundation 


Throughout Calculus Volume 1 you will find examples and exercises that 
present classical ideas and techniques as well as modern applications and 
methods. Derivations and explanations are based on years of classroom 
experience on the part of long-time calculus professors, striving for a 
balance of clarity and rigor that has proven successful with their students. 
Motivational applications cover important topics in probability, biology, 
ecology, business, and economics, as well as areas of physics, chemistry, 
engineering, and computer science. Student Projects in each chapter give 
students opportunities to explore interesting sidelights in pure and applied 
mathematics, from determining a safe distance between the grandstand and 
the track at a Formula One racetrack, to calculating the center of mass of 
the Grand Canyon Skywalk or the terminal speed of a skydiver. Chapter 
Opening Applications pose problems that are solved later in the chapter, 
using the ideas covered in that chapter. Problems include the hydraulic 
force against the Hoover Dam, and the comparison of relative intensity of 
two earthquakes. Definitions, Rules, and Theorems are highlighted 
throughout the text, including over 60 Proofs of theorems. 


Assessments that reinforce key concepts 


In-chapter Examples walk students through problems by posing a question, 
stepping out a solution, and then asking students to practice the skill with a 
“Checkpoint” question. The book also includes assessments at the end of 
each chapter so students can apply what they’ve learned through practice 
problems. Many exercises are marked with a [T] to indicate they are 
suitable for solution by technology, including calculators or Computer 
Algebra Systems (CAS). Answers for selected exercises are available in the 
Answer Key at the back of the book. The book also includes assessments at 


the end of each chapter so students can apply what they’ve learned through 
practice problems. 


Early or late transcendentals 


Calculus Volume 1 is designed to accommodate both Early and Late 
Transcendental approaches to calculus. Exponential and logarithmic 
functions are introduced informally in Chapter 1 and presented in more 
rigorous terms in Chapter 6. Differentiation and integration of these 
functions is covered in Chapters 3—5 for instructors who want to include 
them with other types of functions. These discussions, however, are in 
separate sections that can be skipped for instructors who prefer to wait until 
the integral definitions are given before teaching the calculus derivations of 
exponentials and logarithms. 


Comprehensive art program 


Our art program is designed to enhance students’ understanding of concepts 
through clear and effective illustrations, diagrams, and photographs. 
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Additional resources 


Student and instructor resources 


We’ve compiled additional resources for both students and instructors, 
including Getting Started Guides, an instructor solution manual, and 
PowerPoint slides. Instructor resources require a verified instructor account, 
which can be requested on your OpenStax.org log-in. Take advantage of 
these resources to supplement your OpenStax book. 


Community Hubs 


OpenStax partners with the Institute for the Study of Knowledge 
Management in Education (ISKME) to offer Community Hubs on OER 
Commons — a platform for instructors to share community-created 
resources that support OpenStax books, free of charge. Through our 
Community Hubs, instructors can upload their own materials or download 
resources to use in their own courses, including additional ancillaries, 
teaching material, multimedia, and relevant course content. We encourage 
instructors to join the hubs for the subjects most relevant to your teaching 
and research as an opportunity both to enrich your courses and to engage 
with other faculty. 


To reach the Community Hubs, visit www.oercommons.org/hubs/OpenStax. 


Partner resources 


OpenStax Partners are our allies in the mission to make high-quality 
learning materials affordable and accessible to students and instructors 
everywhere. Their tools integrate seamlessly with our OpenStax titles at a 
low cost. To access the partner resources for your text, visit your book page 
on OpenStax.org. 
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A portion of 
the San 
Andreas Fault 
in California. 
Major faults 
like this are 
the sites of 
most of the 
strongest 
earthquakes 
ever 
recorded. 
(credit: 
modification 
of work by 
Robb 
Hannawacker 
, NPS) 


In the past few years, major earthquakes have occurred in several countries 
around the world. In January 2010, an earthquake of magnitude 7.3 hit 
Haiti. A magnitude 9 earthquake shook northeastern Japan in March 2011. 
In April 2014, an 8.2-magnitude earthquake struck off the coast of northern 


Chile. What do these numbers mean? In particular, how does a magnitude 9 
earthquake compare with an earthquake of magnitude 8.2? Or 7.3? Later in 
this chapter, we show how logarithmic functions are used to compare the 
relative intensity of two earthquakes based on the magnitude of each 
earthquake (see [link]). 


Calculus is the mathematics that describes changes in functions. In this 
chapter, we review all the functions necessary to study calculus. We define 
polynomial, rational, trigonometric, exponential, and logarithmic functions. 
We review how to evaluate these functions, and we show the properties of 
their graphs. We provide examples of equations with terms involving these 
functions and illustrate the algebraic techniques necessary to solve them. In 
short, this chapter provides the foundation for the material to come. It is 
essential to be familiar and comfortable with these ideas before proceeding 
to the formal introduction of calculus in the next chapter. 


Review of Functions 


¢ Use functional notation to evaluate a function. 

e Determine the domain and range of a function. 

e Draw the graph of a function. 

e Find the zeros of a function. 

e Recognize a function from a table of values. 

e Make new functions from two or more given functions. 
e Describe the symmetry properties of a function. 


In this section, we provide a formal definition of a function and examine several ways in 
which functions are represented—namely, through tables, formulas, and graphs. We 
study formal notation and terms related to functions. We also define composition of 
functions and symmetry properties. Most of this material will be a review for you, but it 
serves as a handy reference to remind you of some of the algebraic techniques useful for 
working with functions. 


Functions 


Given two sets A and B, a set with elements that are ordered pairs (x, y), where z is an 
element of A and y is an element of B, is a relation from A to B. A relation from A to 
B defines a relationship between those two sets. A function is a special type of relation 
in which each element of the first set is related to exactly one element of the second set. 
The element of the first set is called the input; the element of the second set is called the 
output. Functions are used all the time in mathematics to describe relationships between 
two sets. For any function, when we know the input, the output is determined, so we say 
that the output is a function of the input. For example, the area of a square is determined 
by its side length, so we say that the area (the output) is a function of its side length (the 
input). The velocity of a ball thrown in the air can be described as a function of the 
amount of time the ball is in the air. The cost of mailing a package is a function of the 
weight of the package. Since functions have so many uses, it is important to have precise 
definitions and terminology to study them. 


Note: 

Definition 

A function f consists of a set of inputs, a set of outputs, and a rule for assigning each 
input to exactly one output. The set of inputs is called the domain of the function. The 
set of outputs is called the range of the function. 


For example, consider the function f, where the domain is the set of all real numbers 
and the rule is to square the input. Then, the input z = 3 is assigned to the output 

3? = 9. Since every nonnegative real number has a real-value square root, every 
nonnegative number is an element of the range of this function. Since there is no real 
number with a square that is negative, the negative real numbers are not elements of the 
range. We conclude that the range is the set of nonnegative real numbers. 


For a general function f with domain D, we often use x to denote the input and y to 
denote the output associated with x. When doing so, we refer to x as the independent 
variable and y as the dependent variable, because it depends on x. Using function 
notation, we write y = f(z), and we read this equation as “y equals f of x.” For the 


squaring function described earlier, we write f(z) = x?. 


The concept of a function can be visualized using [link], [link], and [link]. 


Input = Output 
x f(x) 


A function can be visualized as an 
input/output device. 


\ 
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Domain Range 


A function maps every element in 
the domain to exactly one element 
in the range. Although each input 
can be sent to only one output, two 


different inputs can be sent to the 
same output. 


Dependent 

variable 

y = fx) 
vn 
| (1, f(1)) = (2,2) 
i 2 @ 
: (3, £(3)) = (3, 2) 
5 *(2, £(2)) = (2, 1) 
ag 

x 
Independent 


Domain = {1, 2, 3} variable 


In this case, a graph of a function 
f has a domain of {1, 2,3} anda 
range of {1,2}. The independent 
variable is xz and the dependent 
variable is y. 


Note: 
Visit this applet link to see more about graphs of functions. 


We can also visualize a function by plotting points (2, y) in the coordinate plane where 
y = f(x). The graph of a function is the set of all these points. For example, consider 
the function f, where the domain is the set D = {1, 2,3} and the rule is f(z) = 3 — a. 
In [link], we plot a graph of this function. 
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Domain = {1, 2, 3} 


Here we see a graph of the 
function f with domain 
{1, 2,3} and rule 
f(x) = 3 — a. The graph 
consists of the points 
(x, f (z)) for all x in the 
domain. 


Every function has a domain. However, sometimes a function is described by an 
equation, as in f(x) = x”, with no specific domain given. In this case, the domain is 
taken to be the set of all real numbers x for which f(a) is a real number. For example, 
since any real number can be squared, if no other domain is specified, we consider the 
domain of f(x) = x? to be the set of all real numbers. On the other hand, the square 
root function f(z) = «/z only gives a real output if x is nonnegative. Therefore, the 
domain of the function f (x) = ,/2 is the set of nonnegative real numbers, sometimes 
called the natural domain. 


For the functions f(z) = x? and f(x) = ./z, the domains are sets with an infinite 
number of elements. Clearly we cannot list all these elements. When describing a set 
with an infinite number of elements, it is often helpful to use set-builder or interval 
notation. When using set-builder notation to describe a subset of all real numbers, 
denoted R, we write 

Equation: 


{x|x has some property}. 


We read this as the set of real numbers x such that x has some property. For example, if 
we were interested in the set of real numbers that are greater than one but less than five, 


we could denote this set using set-builder notation by writing 
Equation: 


{a|1 <a < 5}. 


A set such as this, which contains all numbers greater than a and less than b, can also be 
denoted using the interval notation (a, b). Therefore, 
Equation: 


(5) fad ae 


The numbers 1 and 5 are called the endpoints of this set. If we want to consider the set 
that includes the endpoints, we would denote this set by writing 
Equation: 


[1,5] = {2|1 < @ < 5}. 


We can use similar notation if we want to include one of the endpoints, but not the other. 
To denote the set of nonnegative real numbers, we would use the set-builder notation 
Equation: 


{7\0<2a}. 


The smallest number in this set is zero, but this set does not have a largest number. Using 
interval notation, we would use the symbol oo, which refers to positive infinity, and we 
would write the set as 

Equation: 


[0, 00) = {20 < z}. 


It is important to note that oo is not a real number. It is used symbolically here to 
indicate that this set includes all real numbers greater than or equal to zero. Similarly, if 
we wanted to describe the set of all nonpositive numbers, we could write 

Equation: 


(—oo, 0] = {a|x < 0}. 
Here, the notation —oo refers to negative infinity, and it indicates that we are including 


all numbers less than or equal to zero, no matter how small. The set 
Equation: 


(—co, co) = {z|z is any real number} 


refers to the set of all real numbers. 


Some functions are defined using different equations for different parts of their domain. 
These types of functions are known as piecewise-defined functions. For example, 
suppose we want to define a function f with a domain that is the set of all real numbers 
such that f(z) = 32 + 1 for z > 2 and f(x) = x? for x < 2. We denote this function 
by writing 

Equation: 


38r+1 22>2 


ste) = {© 


x£ r<2 


When evaluating this function for an input x, the equation to use depends on whether 
xz > 2oraz < 2. For example, since 5 > 2, we use the fact that f(x) = 32 + 1 for 

x > 2 and see that f(5) = 3(5) + 1 = 16. On the other hand, for x = —1, we use the 
fact that f(x) = x? for < 2 and see that f(—1) = 1. 


Example: 
Exercise: 


Problem: 
Evaluating Functions 


For the function f (x) = 32? + 2x — 1, evaluate 


Aa) 
ber (v2) 
c. f(a+h) 


Solution: 


Substitute the given value for x in the formula for f(z). 


af (OS 8( 2) 422 (2 4 ae 
b. (v2) =3(v2) +2v2-1=6+2V2-1=5 + 2v2 


Cc. 
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= 3a? + 6ah + 3h? + 2a4 2h 


Note: 
Exercise: 


Problem: For f(z) = x? — 3x +5, evaluate f(1) and f(a +h). 


Solution: 


f(1) = 3 and f(a+h) =a? + 2ah + h? — 3a — 3h +5 
Hint 


Substitute 1 and a + h for z in the formula for f(z). 


Example: 
Exercise: 


Problem: 
Finding Domain and Range 


For each of the following functions, determine the i. domain and ii. range. 


a. f(x) = (x — 4)? +5 
b. f(z) = /32+2-1 
Cote) = ay 


Solution: 
a. Consider f (a) = (a — 4)? +5. 


i. Since f(x) = (a — 4)? + 5 is a real number for any real number a, the 
domain of f is the interval (—o00, oo). 

ii. Since (x — 4)” > 0, we know f (a) = (a — 4)? +5 > 5. Therefore, 
the range must be a subset of {y|y > 5}. To show that every element in 


1 


I 


this set is in the range, we need to show that for a given y in that set, 
there is a real number x such that f(a) = (x — 4)” +5 = y. Solving 
this equation for 2, we see that we need x such that 

Equation: 


(C= 4) 5. 
This equation is satisfied as long as there exists a real number x such that 
Equation: 

a +4/ Y= od. 


Since y > 5, the square root is well-defined. We conclude that for 
a =4+,/y—5, f(x) = y, and therefore the range is {yy > 5}. 


b. Consider f (x) = 32 +2 —1. 


i 


as 


i 


To find the domain of f, we need the expression 3x + 2 > 0. Solving 
this inequality, we conclude that the domain is {x|2 > —2/3}. 

To find the range of f, we note that since 

V/3x+2> 0, f(x) = 3a +2—1> —1. Therefore, the range of f 
must be a subset of the set {y|y > —1}. To show that every element in 
this set is in the range of f, we need to show that for all y in this set, 
there exists a real number z in the domain such that f(x) = y. Let 

y > —1. Then, f(x) = yif and only if 

Equation: 


NES i parr lean 


Solving this equation for z, we see that x must solve the equation 
Equation: 
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Since y > —1, such an x could exist. Squaring both sides of this 
equation, we have 32 + 2 = (y+ 1)’. 

Therefore, we need 

Equation: 


3x = (y+1)* -2, 


which implies 
Equation: 


1 oo 
= Geen 
bd 3 Y ) : 


We just need to verify that x is in the domain of f. Since the domain of f 
consists of all real numbers greater than or equal to —2/3, and 
Equation: 
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there does exist an x in the domain of f. We conclude that the range of f 
is {yly > —1}. 


c. Consider f (x) = 3/(xz — 2). 
i. Since 3/(x — 2) is defined when the denominator is nonzero, the 
domain is {x|z # 2}. 


ii. To find the range of f, we need to find the values of y such that there 
exists a real number z in the domain with the property that 


Equation: 
3 — 
ro) ae 
Solving this equation for z, we find that 
Equation: 
3 
en ie 
Y 


Therefore, as long as y 4 0, there exists a real number x in the domain 
such that f(x) = y. Thus, the range is {y|y 4 O}. 


Note: 
Exercise: 


Problem: Find the domain and range for f (x) = V4 — 2x +5. 


Solution: 
Domain = {z|x < 2}, range = {y|y > 5} 
Hint 


Use 4 — 22 > 0. 


Representing Functions 
Typically, a function is represented using one or more of the following tools: 


e A table 
e A graph 
e A formula 


We can identify a function in each form, but we can also use them together. For instance, 
we can plot on a graph the values from a table or create a table from a formula. 


Tables 


Functions described using a table of values arise frequently in real-world applications. 
Consider the following simple example. We can describe temperature on a given day as 
a function of time of day. Suppose we record the temperature every hour for a 24-hour 
period starting at midnight. We let our input variable x be the time after midnight, 
measured in hours, and the output variable y be the temperature x hours after midnight, 
measured in degrees Fahrenheit. We record our data in [link]. 


Hours after Temperature Hours after Temperature 
Midnight (°F) Midnight (°F) 


Hours after Temperature Hours after Temperature 


Midnight (°F) Midnight (°F) 
0 58 12 84 
1 54 13 85 
2 53 14 85 
3 52 15 83 
4 52 16 82 
5 55 17 80 
6 60 18 77 
7 64 19 74 
8 72 20 69 
9 75 21 65 
10 78 22 60 
is 80 23 58 


Temperature as a Function of Time of Day 


We can see from the table that temperature is a function of time, and the temperature 
decreases, then increases, and then decreases again. However, we cannot get a clear 
picture of the behavior of the function without graphing it. 


Graphs 


Given a function f described by a table, we can provide a visual picture of the function 
in the form of a graph. Graphing the temperatures listed in [link] can give us a better 
idea of their fluctuation throughout the day. [link] shows the plot of the temperature 
function. 


Temperature (°F) 


Oo 4 8 12 16 20 «©* 
Hours after midnight 


The graph of the data from [link] 
shows temperature as a function of 
time. 


From the points plotted on the graph in [link], we can visualize the general shape of the 
graph. It is often useful to connect the dots in the graph, which represent the data from 
the table. In this example, although we cannot make any definitive conclusion regarding 
what the temperature was at any time for which the temperature was not recorded, given 
the number of data points collected and the pattern in these points, it is reasonable to 


suspect that the temperatures at other times followed a similar pattern, as we can see in 
[link]. 


Temperature (°F) 


Oo 4 8 12 16 20 «© 
Hours after midnight 


Connecting the dots in [link] shows 
the general pattern of the data. 


Algebraic Formulas 


Sometimes we are not given the values of a function in table form, rather we are given 
the values in an explicit formula. Formulas arise in many applications. For example, the 
area of a circle of radius r is given by the formula A (r) = mr”. When an object is 
thrown upward from the ground with an initial velocity vo ft/s, its height above the 
ground from the time it is thrown until it hits the ground is given by the formula 

s (t) = —16t? + vot. When P dollars are invested in an account at an annual interest 
rate r compounded continuously, the amount of money after ¢ years is given by the 
formula A(t) = Pe™. Algebraic formulas are important tools to calculate function 
values. Often we also represent these functions visually in graph form. 


Given an algebraic formula for a function f, the graph of f is the set of points 

(x, f ()), where z is in the domain of f and f(z) is in the range. To graph a function 
given by a formula, it is helpful to begin by using the formula to create a table of inputs 
and outputs. If the domain of f consists of an infinite number of values, we cannot list 


all of them, but because listing some of the inputs and outputs can be very useful, it is 
often a good way to begin. 


When creating a table of inputs and outputs, we typically check to determine whether 
zero is an output. Those values of x where f (x) = 0 are called the zeros of a function. 
For example, the zeros of f (a) = a? — 4 are z = +2. The zeros determine where the 
graph of f intersects the x-axis, which gives us more information about the shape of the 
graph of the function. The graph of a function may never intersect the x-axis, or it may 
intersect multiple (or even infinitely many) times. 


Another point of interest is the y-intercept, if it exists. The y-intercept is given by 


(0, f (0)). 


Since a function has exactly one output for each input, the graph of a function can have, 
at most, one y-intercept. If = 0 is in the domain of a function f, then f has exactly 
one y-intercept. If « = 0 is not in the domain of f, then f has no y-intercept. Similarly, 
for any real number c, if c is in the domain of f, there is exactly one output f (c), and 
the line z = c intersects the graph of f exactly once. On the other hand, if c is not in the 
domain of f, f(c) is not defined and the line x = c does not intersect the graph of f. 
This property is summarized in the vertical line test. 


Note: 

Rule: Vertical Line Test 

Given a function f, every vertical line that may be drawn intersects the graph of f no 
more than once. If any vertical line intersects a set of points more than once, the set of 
points does not represent a function. 


We can use this test to determine whether a set of plotted points represents the graph of a 
function ((link]). 


(a) (b) 


(a) The set of plotted points represents the graph of a 
function because every vertical line intersects the set of 
points, at most, once. (b) The set of plotted points does 

not represent the graph of a function because some 
vertical lines intersect the set of points more than once. 


Example: 
Exercise: 


Problem: 
Finding Zeros and y-Intercepts of a Function 


Consider the function f (xz) = —4a + 2. 
a. Find all zeros of f. 


b. Find the y-intercept (if any). 
c. Sketch a graph of f. 


Solution: 


a. To find the zeros, solve f(z) = —4a + 2 = 0. We discover that f has one 
zero at x = 1/2. 


b. The y-intercept is given by (0, f (0)) = (0, 2). 
c. Given that f is a linear function of the form f (x) = mz + b that passes 
through the points (1/2, 0) and (0, 2), we can sketch the graph of f ({link]). 
y 


f(x) = —4x + 2 


(0, 2) 


The function f(z) = —4% + 2isa 
line with 
x-intercept (1/2, 0) and y- 
intercept (0, 2). 


Example: 
Exercise: 


Problem: 
Using Zeros and y-Intercepts to Sketch a Graph 


Consider the function f(z) = /z+3+1. 
a. Find all zeros of f. 


b. Find the y-intercept (if any). 
c. Sketch a graph of f. 


Solution: 


a. To find the zeros, solve Vz + 3+ 1 = 0. This equation implies 
V«az-+3 = -—1. Since ~xz+ 3 > 0 for all z, this equation has no solutions, 
and therefore f has no zeros. 

b. The y-intercept is given by (0, f (0)) = (0, V3 +1). 

c. To graph this function, we make a table of values. Since we need z + 3 > 0, 
we need to choose values of x > —3. We choose values that make the square- 
root function easy to evaluate. 


zx —3 —2 1 
f(z) 1 j) 3 


Making use of the table and knowing that, since the function is a square root, the 
graph of f should be similar to the graph of y = \/z, we sketch the graph ((link]). 
hd 


Ws Sell 


The graph of 


f(z) =Vx2+3+1hasa 
y-intercept but no «-intercepts. 


Note: 
Exercise: 


Problem: Find the zeros of f (x) = 2° — 5x? + 62. 


Solution: 
D=U0C238 
Hint 


Factor the polynomial. 


Example: 
Exercise: 


Problem: 
Finding the Height of a Free-Falling Object 


If a ball is dropped from a height of 100 ft, its height s at time ¢ is given by the 
function s (t) = —16t? + 100, where s is measured in feet and t is measured in 
seconds. The domain is restricted to the interval [0, c], where t = 0 is the time 
when the ball is dropped and ¢ = c is the time when the ball hits the ground. 


a. Create a table showing the height s(t) when ¢ = 0,0.5,1,1.5, 2, and 2.5. 
Using the data from the table, determine the domain for this function. That is, 
find the time c when the ball hits the ground. 

b. Sketch a graph of s. 


Solution: 
ae 
t 0 0.5 1 ies 2 205 
s(t) 100 96 84 64 36 0 


Height s as a Function of Time t¢ 


Since the ball hits the ground when t = 2.5, the domain of this function is the 
interval [0, 2.5]. 
b. 


s(t) 
100 


s(t) = —16t? + 100 


Height (ft) 
ra 


Time (s) 


Note that for this function and the function f (~) = —4x + 2 graphed in [link], the 
values of f(x) are getting smaller as x is getting larger. A function with this property is 
said to be decreasing. On the other hand, for the function f (x) = Vz +3-+ 1 graphed 
in [link], the values of f(a) are getting larger as the values of x are getting larger. A 
function with this property is said to be increasing. It is important to note, however, that 
a function can be increasing on some interval or intervals and decreasing over a different 
interval or intervals. For example, using our temperature function in [link], we can see 
that the function is decreasing on the interval (0, 4), increasing on the interval (4, 14), 
and then decreasing on the interval (14, 23). We make the idea of a function increasing 
or decreasing over a particular interval more precise in the next definition. 


Note: 
Definition 


We say that a function f is increasing on the interval J if for all x,, x2 € J, 
Equation: 


f(x1) < f (x2) when 2 < 22. 


We say f is strictly increasing on the interval J if for all x1, x9 € J, 
Equation: 


f(x1) < f (x2) when x1 < 22. 


We say that a function f is decreasing on the interval J if for all x,, 22 € J, 
Equation: 


f(a1) > f(wo) if x1 < 2p. 


We say that a function f is strictly decreasing on the interval J if for all x1, x2 € J, 
Equation: 


f(x1) > f(xo) if x1 < x2. 


For example, the function f(x) = 3z is increasing on the interval (—oo, 00) because 
321 < 3x2 whenever x; < 2. On the other hand, the function f (x) = —2? is 
decreasing on the interval (—oo, co) because —x3 > —23 whenever x1 < £2 ([link)). 


(a) (b) 


(a) The function f(a) = 3z is increasing on the interval (—o0o, 00). (b) The 
function f (x) = —2? is decreasing on the interval (—oo, 00). 


Combining Functions 


Now that we have reviewed the basic characteristics of functions, we can see what 
happens to these properties when we combine functions in different ways, using basic 
mathematical operations to create new functions. For example, if the cost for a company 
to manufacture x items is described by the function C'(a) and the revenue created by the 
sale of x items is described by the function R (zx), then the profit on the manufacture and 
sale of x items is defined as P(x) = R(x) — C'(z). Using the difference between two 
functions, we created a new function. 


Alternatively, we can create a new function by composing two functions. For example, 
given the functions f (x) = x? and g(x) = 3x + 1, the composite function f © g is 
defined such that 

Equation: 


(fo 9) (x) = f(g (#)) = (9(@))” = (3e +1)’. 


The composite function g o f is defined such that 
Equation: 


(go f) (x) = 9 (f (z)) = 3f (x) +1 = 3a? +1. 


Note that these two new functions are different from each other. 


Combining Functions with Mathematical Operators 


To combine functions using mathematical operators, we simply write the functions with 
the operator and simplify. Given two functions f and g, we can define four new 
functions: 


Equation: 
(f+ 9) (2) = f (2) + gz) Sum 
(f — 9) (x) = f(z) — g(a) Dif ference 
(f-9) (a) = f (x)g (2) Product 
(£) (2)= aot for g(x) £0 Quotient 

Example: 

Exercise: 

Problem: 


Combining Functions Using Mathematical Operations 


Given the functions f (2) = 22 — 3 and g(x) = x? — 1, find each of the 
following functions and state its domain. 


cle oe) ce) 
Dealbip eye) 


UR 


a( 


Solution: 


a. (f + g) (x) = (22 — 3) + (2? — 1) = x? + 2a — 4. The domain of this 
function is the interval (—oo, oo). 
b. (f — g) (a) = (22 — 3) — oo - a —g” + 22 — 2. The domain of this 
(—oo 
( 


ya) 


g 
)(@) 


function is the interval (—oo, oo 
G(f- gia) =r —3\@ = i= = 2x — 3x? — 2x + 3. The domain of this 
function is the interval (—co, co). 


a. (£) (2) = 34 


lee Selly 


Note: 
Exercise: 


Problem: 


For f (x) = x? + 3and g(x) = 2x — 5, find (f/g) (x) and state its domain. 


Solution: 


(£) () = — The domain is {z|z # 2}. 


Hint 


The new function (f/g) (x) is a quotient of two functions. For what values of z is the 
denominator zero? 


Function Composition 


When we compose functions, we take a function of a function. For example, suppose the 
temperature 7’ on a given day is described as a function of time ¢ (measured in hours 
after midnight) as in [link]. Suppose the cost C’, to heat or cool a building for 1 hour, can 
be described as a function of the temperature 7’. Combining these two functions, we can 
describe the cost of heating or cooling a building as a function of time by evaluating 
C'(T (t)). We have defined a new function, denoted Co T, which is defined such that 


(C0 T) (t) = C(T (t)) for all ¢ in the domain of T’.. This new function is called a 
composite function. We note that since cost is a function of temperature and temperature 
is a function of time, it makes sense to define this new function (Co T’)(t). It does not 
make sense to consider (T' o C)(t), because temperature is not a function of cost. 


Note: 

Definition 

Consider the function f with domain A and range B, and the function g with domain D 
and range FE. If B is a subset of D, then the composite function (g o f)(z) is the 
function with domain A such that 

Equation: 


(9° f) (2) = 9(f(2)). 


A composite function g o f can be viewed in two steps. First, the function f maps each 
input x in the domain of f to its output f(x) in the range of f. Second, since the range 
of f is a subset of the domain of g, the output f(x) is an element in the domain of g, and 
therefore it is mapped to an output g (f ()) in the range of g. In [link], we see a visual 
image of a composite function. 


Domain Domain of g 
of f 


ff SEs | 
\_ 
eee Range of f 


gof got 


g Range of g 


Range — 
gof 


For the composite function g o f, we have 
(go f) (1) =4,(¢ 0 Ff) 2) =5, and 
(9° f) (3) =4. 


Example: 
Exercise: 


Problem: 
Compositions of Functions Defined by Formulas 


Consider the functions f(z) = x? + 1 and g(x) = 1/z. 


a. Find (g o f)(x) and state its domain and range. 


b. Evaluate (go f)(4),(g 0 f)(—1/2). 
c. Find (f 0 g)(ax) and state its domain and range. 


d. Evaluate (f 0 g)(4), (f 0 g)(—1/2). 


Solution: 


a. We can find the formula for (g o f)(x) in two different ways. We could write 


Equation: 
(9 A)(2) = 9 F(@)) = ole? +1) = So 
Alternatively, we could write 
Equation: 
= mene Seere il 
(9° f)(z) =g9(f(z)) = an Bice 


Since x? + 1 4 0 for all real numbers «, the domain of (g 0 f)(z) is the set 
of all real numbers. Since 0 < 1/(x? + 1) < 1, the range is, at most, the 
interval (0, 1]. To show that the range is this entire interval, we let 

y = 1/(x? + 1) and solve this equation for z to show that for all y in the 
interval (0, 1], there exists a real number x such that y = 1/(x? + 1). 
Solving this equation for z, we see that z? + 1 = 1 /y, which implies that 
Equation: 


If y is in the interval (0, 1], the expression under the radical is nonnegative, 


ie) 


and therefore there exists a real number x such that 1/(2? + 1) = y. We 
conclude that the range of go f is the interval (0, 1}. 


-(g° f)(4) = 9 F(4)) = 94? 4D =907)=4 


(go f) (-4) =9(F (-4)) =9((-4)’+1) =9 (8) =4 


. We can find a formula for (f o g)(x) in two ways. First, we could write 


Equation: 


(Fo9)(e) = Hlo(a)) = 4 (=) = (2) mh 


Alternatively, we could write 
Equation: 


(fo g)(2) = f(o(«)) = (9(e))? +1 = (= “ba, 


The domain of f © g is the set of all real numbers x such that x ¥ 0. To find 
the range of f, we need to find all values y for which there exists a real 


number x ~ 0 such that 
1\?2 
(=) ape h 
10 


Equation: 
Solving this equation for x, we see that we need z to satisfy 
Equation: 
1\2 
(=) 7 z 7 7 
c 


which simplifies to 
Equation: 


Finally, we obtain 


Equation: 
1 


g = +———_.. 
Jy—1 


Since 1/ / y — lis areal number if and only if y > 1, the range of f is the 
set {y|y > 1}. 


In [link], we can see that (f 0 g) (x) 4 (go f) (a). This tells us, in general terms, that 
the order in which we compose functions matters. 


Note: 
Exercise: 


Problem: Let f (x) = 2 — 5x. Let g(x) = \/z. Find (f © g) (z). 
Solution: 


(fog) («) =2-5yz. 


Example: 
Exercise: 


Problem: 
Composition of Functions Defined by Tables 


Consider the functions f and g described by [link] and [link]. 


f(z) 0 4 2 | |e 2 te (gee |e |e 
xz —4 = 0 2 4 
g(x) il 0 3 0 5 


a. Evaluate (go f)(3), (9° f) (0). 
b. State the domain and range of (g 0 f) (2). 
c. Evaluate (f o f)(3), (f° f) (1). 


d. State the domain and range of (f 0 f) (x). 


Solution: 


a. (90 f) (3) = 9 (f (3)) = g(—2) =0 
(9° f)(0) = 9(4) =5 

b. The domain of go f is the set {—3, —2, —1, 0,1, 2,3, 4}. Since the range of 
f is the set {—2, 0, 2, 4}, the range of go f is the set {0, 3, 5}. 

c. (fo f) (3) = f (Ff (3)) = f(-2) =4 
(fo #)(1) = FF) = f(-2) = 4 

d. The domain of f 0 f is the set {—3, —2, —1, 0,1, 2,3, 4}. Since the range of 
f is the set {—2,0, 2, 4}, the range of f 0 f is the set {0, 4}. 


Example: 
Exercise: 


Problem: 
Application Involving a Composite Function 


A store is advertising a sale of 20% off all merchandise. Caroline has a coupon 
that entitles her to an additional 15 % off any item, including sale merchandise. If 
Caroline decides to purchase an item with an original price of x dollars, how much 
will she end up paying if she applies her coupon to the sale price? Solve this 
problem by using a composite function. 


Solution: 


Since the sale price is 20 % off the original price, if an item is x dollars, its sale 
price is given by f (2) = 0.80z. Since the coupon entitles an individual to 15 % 
off the price of any item, if an item is y dollars, the price, after applying the 
coupon, is given by g(y) = 0.85y. Therefore, if the price is originally x dollars, its 
sale price will be f(a) = 0.80z and then its final price after the coupon will be 
OF (2)) — 0:85(0:802)) = 01682. 


Note: 
Exercise: 


Problem: 


If items are on sale for 10 % off their original price, and a customer has a coupon 
for an additional 30 % off, what will be the final price for an item that is originally 
x dollars, after applying the coupon to the sale price? 


Solution: 
(90 f)(x) = 0.632 
Hint 


The sale price of an item with an original price of x dollars is f(x) = 0.90z. The 
coupon price for an item that is y dollars is g(y) = 0.70y. 


Symmetry of Functions 


The graphs of certain functions have symmetry properties that help us understand the 
function and the shape of its graph. For example, consider the function 

f(x) = x* — 2x? — 3 shown in [link](a). If we take the part of the curve that lies to the 
right of the y-axis and flip it over the y-axis, it lays exactly on top of the curve to the left 


of the y-axis. In this case, we say the function has symmetry about the y-axis. On the 
other hand, consider the function f(x) = x° — 42x shown in [link](b). If we take the 
graph and rotate it 180° about the origin, the new graph will look exactly the same. In 
this case, we say the function has symmetry about the origin. 


f(x)|= x4 — 2x? - 3 f(x) |= x3 — 4x 


(a) Symmetry about the y-axis (b) Symmetry about the origin 


(a) A graph that is symmetric about the y-axis. (b) A graph that is symmetric about 
the origin. 


If we are given the graph of a function, it is easy to see whether the graph has one of 
these symmetry properties. But without a graph, how can we determine algebraically 
whether a function f has symmetry? Looking at [link] again, we see that since f is 
symmetric about the y-axis, if the point (az, y) is on the graph, the point (—z, y) is on the 
graph. In other words, f (—x) = f (x). If a function f has this property, we say f is an 
even function, which has symmetry about the y-axis. For example, f(x) = a? is even 
because 

Equation: 


f (-#) = (—2)" = 2? = f(z). 


In contrast, looking at [link] again, if a function f is symmetric about the origin, then 
whenever the point (2, y) is on the graph, the point (—2, —y) is also on the graph. In 


other words, f(—2) = —f(a). If f has this property, we say f is an odd function, which 
has symmetry about the origin. For example, f(x) = x° is odd because 
Equation: 
f(-2) = (-2)° = —2* = — f(a) 
Note: 
Definition 


If f(z) = f(—2) for all z in the domain of f, then f is an even function. An even 
function is symmetric about the y-axis. 
If f(—x) = —f(z) for all z in the domain of f, then f is an odd function. An odd 
function is symmetric about the origin. 


Example: 
Exercise: 


Problem: 
Even and Odd Functions 


Determine whether each of the following functions is even, odd, or neither. 


(@)— =r =e 2 


Solution: 


To determine whether a function is even or odd, we evaluate f(—a) and compare 


it to f(x) and — f(z). 


a. f (—x) = —5(—a)* + 7(—a)? — 2 = —5a4 + 7x? — 2 = f(x). Therefore, 


f is even. 
b. f(—a) = 2(—2)° — 4(—a) + 5 = —225 + 4x + 5. Now, f (—a) # f (2). 
Furthermore, noting that — f(x) = —2x° + 4x — 5, we see that 


f (—a) # —f (x). Therefore, f is neither even nor odd. 


| f(—a) = 3(—2)/((—2)* + 1} = —3a/(2? + 1) = —[32/(x? + 1)] = -f(2). 
Therefore, f is odd. 


Note: 
Exercise: 


Problem: Determine whether f (x) = 4a? — 5a is even, odd, or neither. 


Solution: 


f(z) is odd. 
Hint 


Compare f(—x) with f(x) and —f (2). 


One symmetric function that arises frequently is the absolute value function, written as 
|z|. The absolute value function is defined as 
Equation: 


Some students describe this function by stating that it “makes everything positive.” By 
the definition of the absolute value function, we see that if x < 0, then |z| = —x > 0, 
and if z > 0, then |z| = « > 0. However, for x = 0, |x| = 0. Therefore, it is more 
accurate to say that for all nonzero inputs, the output is positive, but if z = 0, the output 
|z| = 0. We conclude that the range of the absolute value function is {y|y > 0}. In 
[link], we see that the absolute value function is symmetric about the y-axis and is 
therefore an even function. 


f(x) = |x| 


The graph of f(x) = |z| is 
symmetric about the y-axis. 


Example: 
Exercise: 


Problem: 
Working with the Absolute Value Function 


Find the domain and range of the function f(x) = 2|x — 3| + 4. 
Solution: 


Since the absolute value function is defined for all real numbers, the domain of this 
function is (—oo, co). Since | — 3| > 0 for all x, the function 

f(x) = 2|x — 3| + 4 > 4. Therefore, the range is, at most, the set {y|y > 4}. To 
see that the range is, in fact, this whole set, we need to show that for y > 4 there 
exists a real number x such that 

Equation: 


2\2— 3-4 =o 


A real number z satisfies this equation as long as 


Equation: 
1 
— 3| = —(y—-4). 
le -3|=5(y-4) 
Since y > 4, we know y — 4 > 0, and thus the right-hand side of the equation is 


nonnegative, so it is possible that there is a solution. Furthermore, 
Equation: 


=(7 = 3) ife= 3 
nee ee ap ee reece 
— 3 if2 > 3 


Therefore, we see there are two solutions: 
Equation: 


1 


The range of this function is {y|y > 4}. 


Note: 
Exercise: 


Problem: For the function f(z) = |” + 2| — 4, find the domain and range. 


Solution: 


Domain = (—oo, oo), range = {y|y > —4}. 
Hint 


|x + 2| > 0 for all real numbers x. 


Key Concepts 


e A function is a mapping from a set of inputs to a set of outputs with exactly one 
output for each input. 


If no domain is stated for a function y = f (x), the domain is considered to be the 
set of all real numbers x for which the function is defined. 

When sketching the graph of a function f, each vertical line may intersect the 
graph, at most, once. 

e A function may have any number of zeros, but it has, at most, one y-intercept. 

To define the composition g o f, the range of f must be contained in the domain of 
g: 

Even functions are symmetric about the y-axis whereas odd functions are 
symmetric about the origin. 


Key Equations 


¢ Composition of two functions 


(9° f) (xz) =9(f (z)) 


e Absolute value function 


fOr eer 


i a baa 0) 


For the following exercises, (a) determine the domain and the range of each relation, and 
(b) state whether the relation is a function. 


Exercise: 

Problem: 
zr y zr y 
-3 9 1 1 
=D 4 2 4 
-1 1 3 9 
0 0 

Solution: 


a. Domain = {—3, —2, —1, 0,1, 2,3}, range = {0,1, 4, 9} b. Yes, a function 


Exercise: 


Problem: 
zr y zr y 
-3 —2 1 1 
=) -8 2 8 
-1 —1 3 —2 
0 0 

Exercise: 

Problem: 
zr y zr y 
1 -3 1 1 
2 —2 2 2 
3 —1 3 3 
0 0 

Solution: 


a. Domain = {0, 1, 2,3}, range = {—3, —2, —1, 0,1, 2,3} b. No, not a function 


Exercise: 


Problem: 


zr y zr y 
1 1 5 1 
2 1 6 1 
3 1 7 1 
4 1 
Exercise: 

Problem: 
zr y zr y 
3 3 15 1 
5 2: 21 2 
8 1 33 3) 
10 0 

Solution: 


a. Domain = {3, 5, 8, 10, 15, 21, 33}, range = {0, 1, 2,3} b. Yes, a function 
Exercise: 


Problem: 


=y 11 1 me 
pa e) 3 4 
= 1 6 11 
0 = 


For the following exercises, find the values for each function, if they exist, then simplify. 


a. f(0) b. f(1) c. f(3) d. f(—a) e. f(a) f. f(a +h) 


Exercise: 


Problem: f (x) = 5x — 2 
Solution: 


a.—2b.3c.13d.—5xz2 —2e.5a—2f.5a+5h—2 


Exercise: 


Problem: f (x) = 4x” — 32 +1 


Exercise: 


Problem: f (x) = 


8 | 


Solution: 


a. Undefined b. 2 c. 2 d. — e - fee 


Exercise: 


Problem: f (x) = |z — 7|+ 8 


Exercise: 


Problem: f (x) = 6a +5 


Solution: 


a. V5 b. V11 c. V23d. /—6z +5e. /6a + 5f. /6a+ 6h +5 


Exercise: 


Problem: f (x) = cay 


Exercise: 


Problem: f (x) = 9 


Solution: 


a.9b.9c.9d.9e.9f.9 


For the following exercises, find the domain, range, and all zeros/intercepts, if any, of 
the functions. 
Exercise: 


Problem: f (x) = 


_F_ 
z?—16 


Exercise: 
Problem: g(x) = /8x — 1 
Solution: 


cS $i yee = $i no y-intercept 


Exercise: 


Problem: h (x) = ar 


Exercise: 


Problem: f (z) = —1+ Vx +2 
Solution: 


e>-y>—-lje=—-ly=-1+Vv2 


Exercise: 


Problem: f (xz) = 


Exercise: 


Problem: g (x) = 


Solution: 


xz # 4;y A 0; no x-intercept; y = — 


Exercise: 


Problem: / (x) = 4|x + 5| 


Exercise: 


Problem: g (x) = ice 


Solution: 


x > 5; y > 0; no intercepts 
For the following exercises, set up a table to sketch the graph of each function using the 
following values: z« = —3, —2, —1,0,1, 2,3. 


Exercise: 


Problem: f (x) = x7 +1 


xr y - " 
-3 10 1 9 


Exercise: 


Problem: f (x) = 3x — 6 


x y x 7] 
=3 =15 ik -3 
=2 =12 2 0 
el =f 3 3 
0 -6 


Solution: 


Exercise: 


Problem: f (x) = +x +1 


x y 

3 = 

~2 0 

4 a 

0 1 
Exercise: 


Problem: f (x) = 2|z| 


x y 
-3 6 
2 4 
1 2 
0 0 


Solution: 


Exercise: 


Problem: f (xz) = —x? 


Exercise: 


Problem: f (x) = x° 


Solution: 


27 


For the following exercises, use the vertical line test to determine whether each of the 

given graphs represents a function. Assume that a graph continues at both ends if it 
extends beyond the given grid. If the graph represents a function, then determine the 
following for each graph: 


a. Domain and range 

b. x-intercept, if any (estimate where necessary) 

c. y-Intercept, if any (estimate where necessary) 

d. The intervals for which the function is increasing 
e. The intervals for which the function is decreasing 


f. The intervals for which the function is constant 
g. Symmetry about any axis and/or the origin 
h. Whether the function is even, odd, or neither 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


Function; a. Domain: all real numbers, range: y > 0b.2 = +1lc.y=1d. 
—-l1<az<Oandl<2<we-w<z< —land0 < z < 1f. Not constant g. 


y-axis h. Even 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


Function; a. Domain: all real numbers, range: —1.5 << y<1.5b.2=O0c.y=0O0d. 
all real numbers e. None f. Not constant g. Origin h. Odd 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


Function; a. Domain: —oco < x < oo, range: —2< y<2b.x=O0c.y=0d. 
—2 <a < 2e. Not decreasing f. —co < x < —2and2 < x < oog. Origin h. 
Odd 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


Function; a. Domain: —4 < x < 4, range: -4< y<4b.2=1.2c.y=4d. Not 
increasing e.0 <2 < 4f.-4< 2 < 0g. No Symmetry h. Neither 


For the following exercises, for each pair of functions, finda. f+ 9b. f—gc.f-gd. 
f/g. Determine the domain of each of these new functions. 
Exercise: 


Problem: f (xz) = 324+ 4,g(4) =x-2 
Exercise: 

Problem: f (x) = x — 8,9 (x) = 52? 

Solution: 


a. 5a” + x — 8; all real numbers b. —5a” + x — 8; all real numbers c. 
5a? — 40x?; all real numbers d. ae £0 


Exercise: 
Problem: f (rz) = 3z* + 4x +1,g(z) =2+1 
Exercise: 
Problem: f (x) = 9 — x”,g(x) = x7 — 2x —3 
Solution: 


a. —2a7 + 6; all real numbers b. —2x? + 2a + 12; all real numbers c. 


—g* + 2x3 + 122? — 18x — 27; all real numbers d. — aS ;x4#-1,3 


Exercise: 


Problem: f (x) = /z,g(x) = x — 2 


Exercise: 


Problem: f(z) =6++4,9(z) = + 


zx 


Solution: 


a6+2;240b6¢40c24+4;240d62+1;2 40 


zx 


For the following exercises, for each pair of functions, find a. (f o g) (a) and b. 
(g 0 f) (x) Simplify the results. Find the domain of each of the results. 
Exercise: 


Problem: f (x) = 3z,g(z) = «+5 
Exercise: 
Problem: f(z) = 2+4,g(z) =4a¢—1 
Solution: 
a. 4x + 3; all real numbers b. 4a + 15; all real numbers 


Exercise: 


Problem: f (xz) = 2x + 4,g(x) = x” — 2 
Exercise: 

Problem: f (x) = x? + 7,9(x) =x? —3 

Solution: 

a. x4 — 6x? + 16; all real numbers b. 74 + 142? + 46; all real numbers 
Exercise: 

Problem: f (xz) = /z,g(x) =x+9 
Exercise: 


Problem: f (x) = rig @) == 


Solution: 


3zr, 4xr+2 , di 
a. Tait £0,—4b. —3.°3 he = 79 


Exercise: 


Problem: f(z) = |x + 1|,9(z) =a? +2—-4 


Exercise: 


Problem: 


The table below lists the NBA championship winners for the years 2001 to 2012. 


Year 


2001 


2002 


2003 


2004 


2005 


2006 


2007 


2008 


2009 


2010 


2011 


2012 


Winner 

LA Lakers 

LA Lakers 

San Antonio Spurs 
Detroit Pistons 
San Antonio Spurs 
Miami Heat 

San Antonio Spurs 
Boston Celtics 

LA Lakers 

LA Lakers 

Dallas Mavericks 


Miami Heat 


a. Consider the relation in which the domain values are the years 2001 to 2012 
and the range is the corresponding winner. Is this relation a function? Explain 


why or why not. 


b. Consider the relation where the domain values are the winners and the range is 
the corresponding years. Is this relation a function? Explain why or why not. 


Solution: 
a. Yes, because there is only one winner for each year. b. No, because there are 
three teams that won more than once during the years 2001 to 2012. 


Exercise: 


Problem: [T] The area A of a square depends on the length of the side s. 


a. Write a function A(s) for the area of a square. 

b. Find and interpret A(6.5). 

c. Find the exact and the two-significant-digit approximation to the length of the 
sides of a square with area 56 square units. 


Exercise: 


Problem: [T] The volume of a cube depends on the length of the sides s. 


a. Write a function V(s) for the volume of a cube. 
b. Find and interpret V(11.8). 


Solution: 
a. V(s) = s? b. V (11.8) ~ 1643; a cube of side length 11.8 each has a volume of 
approximately 1643 cubic units. 
Exercise: 
Problem: 
[T] A rental car company rents cars for a flat fee of $20 and an hourly charge of 


$10.25. Therefore, the total cost C’ to rent a car is a function of the hours ¢ the car is 
rented plus the flat fee. 


a. Write the formula for the function that models this situation. 
b. Find the total cost to rent a car for 2 days and 7 hours. 
c. Determine how long the car was rented if the bill is $432.73. 


Exercise: 


Problem: 


[T] A vehicle has a 20-gal tank and gets 15 mpg. The number of miles N that can 
be driven depends on the amount of gas x in the tank. 


a. Write a formula that models this situation. 

b. Determine the number of miles the vehicle can travel on (i) a full tank of gas 
and (ii) 3/4 of a tank of gas. 

c. Determine the domain and range of the function. 

d. Determine how many times the driver had to stop for gas if she has driven a 
total of 578 mi. 


Solution: 


a. N(x) = 15a b. i. N (20) = 15 (20) = 300; therefore, the vehicle can travel 300 
mi ona full tank of gas. Ii. N (15) = 225; therefore, the vehicle can travel 225 mi 
on 3/4 of a tank of gas. c. Domain: 0 < x < 20; range: [0, 300] d. The driver had to 
stop at least once, given that it takes approximately 39 gal of gas to drive a total of 
978 mi. 


Exercise: 


Problem: 


[T] The volume V of a sphere depends on the length of its radius as V = (4/3)zr°. 
Because Earth is not a perfect sphere, we can use the mean radius when measuring 
from the center to its surface. The mean radius is the average distance from the 
physical center to the surface, based on a large number of samples. Find the volume 
of Earth with mean radius 6.371 x 10° m. 


Exercise: 


Problem: 


[T] A certain bacterium grows in culture in a circular region. The radius of the 
circle, measured in centimeters, is given by r (t) = 6 — [5/ (t? + 1)], where t is 
time measured in hours since a circle of a 1-cm radius of the bacterium was put into 
the culture. 


a. Express the area of the bacteria as a function of time. 

b. Find the exact and approximate area of the bacterial culture in 3 hours. 
c. Express the circumference of the bacteria as a function of time. 

d. Find the exact and approximate circumference of the bacteria in 3 hours. 


Solution: 


2 
a. A(t) = A(r(t))=7- (6 —- oy] b. Exact: #4/*; approximately 95 cm? c. 


CH =]Crt)) 21 (6 _ ay) d. Exact: 117; approximately 35 cm 


Exercise: 


Problem: 


[T] An American tourist visits Paris and must convert U.S. dollars to Euros, which 
can be done using the function & (x) = 0.79x, where x is the number of U.S. 
dollars and £ («) is the equivalent number of Euros. Since conversion rates 
fluctuate, when the tourist returns to the United States 2 weeks later, the conversion 
from Euros to U.S. dollars is D (x) = 1.245z, where x is the number of Euros and 
D(z) is the equivalent number of U.S. dollars. 


a. Find the composite function that converts directly from U.S. dollars to U.S. 
dollars via Euros. Did this tourist lose value in the conversion process? 

b. Use (a) to determine how many U.S. dollars the tourist would get back at the 
end of her trip if she converted an extra $200 when she arrived in Paris. 


Exercise: 


Problem: 


[T] The manager at a skateboard shop pays his workers a monthly salary S of $750 
plus a commission of $8.50 for each skateboard they sell. 


a. Write a function y = S (a) that models a worker’s monthly salary based on 
the number of skateboards x he or she sells. 

b. Find the approximate monthly salary when a worker sells 25, 40, or 55 
skateboards. 

c. Use the INTERSECT feature on a graphing calculator to determine the number 
of skateboards that must be sold for a worker to earn a monthly income of 
$1400. (Hint: Find the intersection of the function and the line y = 1400.) 


S(x) = 8.5x + 750 


10 20 30 40 50 60 70 80 90 100% 


Solution: 


a. S (x) = 8.5a + 750 b. $962.50, $1090, $1217.50 c. 77 skateboards 
Exercise: 


Problem: 


[T] Use a graphing calculator to graph the half-circle y = 4/25 — (a — 4)”. Then, 
use the INTERCEPT feature to find the value of both the x- and y-intercepts. 


Glossary 


absolute value function 


#@)= oer 


x,xz > 0 


composite function 
given two functions f and g, a new function, denoted g o f, such that 


(9° f) (z) =9(f (z)) 


decreasing on the interval I 
a function decreasing on the interval J if, for all 71,72 € I, f(x,) > f(x) if 
“1 < 2X2 


dependent variable 
the output variable for a function 


domain 
the set of inputs for a function 


even function 
a function is even if f(—x) = f(x) for all z in the domain of f 


function 
a set of inputs, a set of outputs, and a rule for mapping each input to exactly one 
output 


graph of a function 
the set of points (a, y) such that x is in the domain of f and y = f(z) 


increasing on the interval [ 
a function increasing on the interval I if for all 1,2 € I, f(a1) < f(a) if 
“1 < 2X2 


independent variable 
the input variable for a function 


odd function 
a function is odd if f(—«) = —f(z) for all in the domain of f 


range 
the set of outputs for a function 


symmetry about the origin 
the graph of a function f is symmetric about the origin if (—a2, —y) is on the graph 
of f whenever (, y) is on the graph 


symmetry about the y-axis 
the graph of a function f is symmetric about the y-axis if (—z, y) is on the graph of 
f whenever (z, y) is on the graph 


table of values 
a table containing a list of inputs and their corresponding outputs 


vertical line test 
given the graph of a function, every vertical line intersects the graph, at most, once 


zeros of a function 
when a real number z is a zero of a function f, f(z) = 0 


Basic Classes of Functions 


¢ Calculate the slope of a linear function and interpret its meaning. 

e Recognize the degree of a polynomial. 

e Find the roots of a quadratic polynomial. 

e Describe the graphs of basic odd and even polynomial functions. 

¢ Identify a rational function. 

e Describe the graphs of power and root functions. 

e Explain the difference between algebraic and transcendental functions. 

¢ Graph a piecewise-defined function. 

e Sketch the graph of a function that has been shifted, stretched, or reflected from its 
initial graph position. 


We have studied the general characteristics of functions, so now let’s examine some 
specific classes of functions. We begin by reviewing the basic properties of linear and 
quadratic functions, and then generalize to include higher-degree polynomials. By 
combining root functions with polynomials, we can define general algebraic functions 
and distinguish them from the transcendental functions we examine later in this chapter. 
We finish the section with examples of piecewise-defined functions and take a look at 
how to sketch the graph of a function that has been shifted, stretched, or reflected from 
its initial form. 


Linear Functions and Slope 


The easiest type of function to consider is a linear function. Linear functions have the 
form f(x) = ax + b, where a and 0 are constants. In [link], we see examples of linear 
functions when a is positive, negative, and zero. Note that if a > 0, the graph of the line 
rises as x increases. In other words, f(z) = ax + b is increasing on (—oo, oo). If 

a < 0, the graph of the line falls as x increases. In this case, f(x) = ax + bis 
decreasing on (—oo, oo). If a = 0, the line is horizontal. 


f(x) = 3x +1 


g(x) = 2 


These linear functions are 


increasing or decreasing on 
(00, 00) and one function is a 
horizontal line. 


As suggested by [link], the graph of any linear function is a line. One of the 
distinguishing features of a line is its slope. The slope is the change in y for each unit 
change in x. The slope measures both the steepness and the direction of a line. If the 
slope is positive, the line points upward when moving from left to right. If the slope is 
negative, the line points downward when moving from left to right. If the slope is zero, 
the line is horizontal. To calculate the slope of a line, we need to determine the ratio of 
the change in y versus the change in x. To do so, we choose any two points (21, yi) and 
(x2, y2) on the line and calculate =e In [link], we see this ratio is independent of the 


points chosen. 


~s-2 4 
5-1 
“3-1 ¢ 


For any linear function, the slope 
(y2 — y1)/(x2 — 21) is independent of the choice of 
points (21, yi) and (a2, y2) on the line. 


Note: 
Definition 
Consider line LZ passing through points (21, y1) and (x2, y2). Let Ay = y2 — y; and 
Ax = x2 — x; denote the changes in y and z, respectively. The slope of the line is 
Equation: 

Oe il Ay 


i = ; 
Lo—- 2] Az 


We now examine the relationship between slope and the formula for a linear function. 
Consider the linear function given by the formula f (x) = az + b. As discussed earlier, 
we know the graph of a linear function is given by a line. We can use our definition of 


slope to calculate the slope of this line. As shown, we can determine the slope by 
calculating (y2 — y1)/(x2 — 21) for any points (x1, yi) and (a2, y2) on the line. 
Evaluating the function f at 2 = 0, we see that (0, b) is a point on this line. Evaluating 
this function at z = 1, we see that (1, a + b) is also a point on this line. Therefore, the 
slope of this line is 

Equation: 


(a+b)—b © 
1-O 


We have shown that the coefficient a is the slope of the line. We can conclude that the 
formula f(x) = ax + b describes a line with slope a. Furthermore, because this line 
intersects the y-axis at the point (0, b), we see that the y-intercept for this linear function 
is (0,6). We conclude that the formula f(z) = ax + b tells us the slope, a, and the y- 
intercept, (0, 6), for this line. Since we often use the symbol m to denote the slope of a 
line, we can write 

Equation: 


f(z) =mz+b 


to denote the slope-intercept form of a linear function. 


Sometimes it is convenient to express a linear function in different ways. For example, 
suppose the graph of a linear function passes through the point (21, yi) and the slope of 
the line is m. Since any other point (x, f(a)) on the graph of f must satisfy the equation 
Equation: 


f(z)-m 


p) 
Ly 
this linear function can be expressed by writing 
Equation: 


f(a) —y1, = m(z — 21). 


We call this equation the point-slope equation for that linear function. 


Since every nonvertical line is the graph of a linear function, the points on a nonvertical 
line can be described using the slope-intercept or point-slope equations. However, a 
vertical line does not represent the graph of a function and cannot be expressed in either 
of these forms. Instead, a vertical line is described by the equation x = k for some 


constant k. Since neither the slope-intercept form nor the point-slope form allows for 
vertical lines, we use the notation 
Equation: 


ax + by=c, 


where a, b are both not zero, to denote the standard form of a line. 


Note: 

Definition 

Consider a line passing through the point (21, y1) with slope m. The equation 
Equation: 


y¥—% =m (a — 2) 


is the point-slope equation for that line. 
Consider a line with slope m and y-intercept (0, b). The equation 
Equation: 


y=mz+b 


is an equation for that line in slope-intercept form. 
The standard form of a line is given by the equation 
Equation: 


ax + by = c, 


where a and 6 are both not zero. This form is more general because it allows for a 
vertical line, x = k. 


Example: 
Exercise: 


Problem: 
Finding the Slope and Equations of Lines 


Consider the line passing through the points (11, —4) and (—4, 5), as shown in 
[link]. 


Finding the equation of a linear function with a graph that is a line between 
two given points. 


a. Find the slope of the line. 
b. Find an equation for this linear function in point-slope form. 
c. Find an equation for this linear function in slope-intercept form. 


Solution: 


a. The slope of the line is 
Equation: 


2 be 2 Bae) 2 8 


Pea | =e w ) iso8 oS 


b. To find an equation for the linear function in point-slope form, use the slope 


m = —3/5 and choose any point on the line. If we choose the point (11, —4), 
we get the equation 


Equation: 


c. To find an equation for the linear function in slope-intercept form, solve the 
equation in part b. for f(x). When we do this, we get the equation 


Equation: 
13 
ING = ip 
5 
Note: 
Exercise: 
Problem: 


Consider the line passing through points (—3, 2) and (1, 4). Find the slope of the 
line. 


Find an equation of that line in point-slope form. Find an equation of that line in 
slope-intercept form. 


Solution: 


m = 1/2. The point-slope form is 


y-4= : (x — 1). 
The slope-intercept form is 
— 52 a q. 

Hint 


The slope m = Ay/Az. 


Example: 
Exercise: 


Problem: 
A Linear Distance Function 


Jessica leaves her house at 5:50 a.m. and goes for a 9-mile run. She returns to her 
house at 7:08 a.m. Answer the following questions, assuming Jessica runs at a 
constant pace. 


a. Describe the distance D (in miles) Jessica runs as a linear function of her run 
time ¢ (in minutes). 

b. Sketch a graph of D. 

c. Interpret the meaning of the slope. 


Solution: 


a. At time t = 0, Jessica is at her house, so D (0) = 0. At time ¢ = 78 minutes, 
Jessica has finished running 9 mi, so D (78) = 9. The slope of the linear 
function is 
Equation: 


The y-intercept is (0,0), so the equation for this linear function is 
Equation: 


b. To graph D, use the fact that the graph passes through the origin and has slope 
me 3) 26) 


y (78, 9) 


Distance (mi) 


Time (min) 


c. The slope m = 3/26 ~ 0.115 describes the distance (in miles) Jessica runs 
per minute, or her average velocity. 


Polynomials 


A linear function is a special type of a more general class of functions: polynomials. A 
polynomial function is any function that can be written in the form 
Equation: 


f(z) = da” aaa t+... t+ Qjtx + ag 


for some integer n > 0 and constants an, @n_1,..-,@9, Where a, ~ 0. In the case when 

n = 0, we allow for ag = 0; if ag = 0, the function f(x) = 0 is called the zero function. 
The value n is called the degree of the polynomial; the constant a, is called the leading 
coefficient. A linear function of the form f (x) = mz + bisa polynomial of degree 1 if 
m # 0 and degree 0 if m = 0. A polynomial of degree 0 is also called a constant 
function. A polynomial function of degree 2 is called a quadratic function. In particular, 
a quadratic function has the form f (x) = ax? + br + c, where a # 0. A polynomial 
function of degree 3 is called a cubic function. 


Power Functions 


Some polynomial functions are power functions. A power function is any function of 
the form f(x) = ax®, where a and b are any real numbers. The exponent in a power 
function can be any real number, but here we consider the case when the exponent is a 
positive integer. (We consider other cases later.) If the exponent is a positive integer, then 
f(x) = az” is a polynomial. If n is even, then f(x) = az” is an even function because 
f(—2) = a(—2x)" = ax” if n is even. If n is odd, then f(x) = az” is an odd function 
because f(—2) = a(—2x)"” = —az” if n is odd ([link)). 


(a) (b) 


(a) For any even integer n, f(x) = ax” is an even function. (b) For any odd integer 
n, f(x) = ax” is an odd function. 


Behavior at Infinity 


To determine the behavior of a function f as the inputs approach infinity, we look at the 
values f(x) as the inputs, z, become larger. For some functions, the values of f(x) 
approach a finite number. For example, for the function f (x) = 2 + 1/z, the values 
1/ax become closer and closer to zero for all values of x as they get larger and larger. For 
this function, we say “f(a) approaches two as x goes to infinity,” and we write 

f (x) + 2as x —> oo. The line y = 2 is a horizontal asymptote for the function 


f (x) =2 + 1/z because the graph of the function gets closer to the line as x gets 
larger. 


For other functions, the values f(a) may not approach a finite number but instead may 
become larger for all values of x as they get larger. In that case, we say “f (a) 
approaches infinity as x approaches infinity,” and we write f (2) — oo as x — oo. For 
example, for the function f (x) = 3x, the outputs f(x) become larger as the inputs x 
get larger. We can conclude that the function f(x) = 3x? approaches infinity as x 
approaches infinity, and we write 32? — 00 as 2 —> oo. The behavior as 2 —> —oo and 
the meaning of f (x) — —oo as x + oo or  —> —oo can be defined similarly. We can 
describe what happens to the values of f(a) as x — oo and as x —> —oo as the end 
behavior of the function. 


To understand the end behavior for polynomial functions, we can focus on quadratic and 
cubic functions. The behavior for higher-degree polynomials can be analyzed similarly. 
Consider a quadratic function f (x) = ax? + ba + c. If a > 0, the values f (x) > 00 
as « —> too. If a < 0, the values f (2) — —oo as x — +00. Since the graph of a 
quadratic function is a parabola, the parabola opens upward if a > 0; the parabola opens 
downward if a < 0. (See [link](a).) 


Now consider a cubic function f (x) = ax* + bx? + cx + d. If a > 0, then f (x) — 00 
as z —> oo and f (x) — —ooas x — —oo. Ifa < 0, then f (x) + —co as x — oo and 
f (x) — co as x — —oo. As we can see from both of these graphs, the leading term of 
the polynomial determines the end behavior. (See [link](b).) 


ya fix) = 2x? — 12x + 18 


(a) (b) 


(a) For a quadratic function, if the leading coefficient a > 0, the parabola opens 
upward. If a < 0, the parabola opens downward. (b) For a cubic function f, if the 
leading coefficient a > 0, the values f (2) — oo as x — oo and the values 
f (x) + —co as x — —oo. If the leading coefficient a < 0, the opposite is true. 


Zeros of Polynomial Functions 


Another characteristic of the graph of a polynomial function is where it intersects the x- 
axis. To determine where a function f intersects the x-axis, we need to solve the 
equation f(a) = 0 for .n the case of the linear function f(z) = mz + 6, the x-intercept 
is given by solving the equation mz + b = 0. In this case, we see that the x-intercept is 
given by (—b/m, 0). In the case of a quadratic function, finding the x-intercept(s) 
requires finding the zeros of a quadratic equation: ax” + bx + c = 0. In some cases, it is 
easy to factor the polynomial ax? + ba + c¢ to find the zeros. If not, we make use of the 
quadratic formula. 


Note: 


Rule: The Quadratic Formula 
Consider the quadratic equation 
Equation: 


ax? + bx +c=0, 


where a + 0. The solutions of this equation are given by the quadratic formula 
Equation: 


ee + /b — 4ac dac 
2a 


If the discriminant b? — 4ac > 0, this formula tells us there are two real numbers that 
satisfy the quadratic equation. If b? — 4ac = 0, this formula tells us there is only one 
solution, and it is a real number. If b? — 4ac < 0, no real numbers satisfy the quadratic 
equation. 


In the case of higher-degree polynomials, it may be more complicated to determine 
where the graph intersects the x-axis. In some instances, it is possible to find the z- 
intercepts by factoring the polynomial to find its zeros. In other cases, it is impossible to 
calculate the exact values of the x-intercepts. However, as we see later in the text, in 
cases such as this, we can use analytical tools to approximate (to a very high degree) 
where the x-intercepts are located. Here we focus on the graphs of polynomials for 
which we can calculate their zeros explicitly. 


Example: 
Exercise: 


Problem: 
Graphing Polynomial Functions 


For the following functions a. and b., i. describe the behavior of f (x) as 
x —> +00, ii. find all zeros of f, and iii. sketch a graph of f. 


a. f (x) = —2a7+ 42-1 
b. f (z) = 2° — 32? — 4a 
Solution: 


a. The function f (x) = —2x? + 4x — 1 is a quadratic function. 


i. Because a = —2 < 0,asx% — +00, f (x) — —o0. 
ii. To find the zeros of f, use the quadratic formula. The zeros are 
Equation: 


—4+ ,/42—4(-2)(-1) 44 V8  -44+2V2_ 242 
B=?) ee ee 
iii. To sketch the graph of f, use the information from your previous 


answers and combine it with the fact that the graph is a parabola opening 
downward. 


f(x) = —2x2 + 4x -1 
(1.7071, 0) 


b. The function f (x) = 2° — 3x? — 42 is a cubic function. 


i. Because a = 1 > 0, as x — oo, f (x) > oo. As 
xz — —oo, f (x) > —o0. 

ii. To find the zeros of f, we need to factor the polynomial. First, when we 
factor x out of all the terms, we find 
Equation: 


@) =n 3 =”). 


Then, when we factor the quadratic function x? — 3x — 4, we find 
Equation: 


f(z) = a(x — 4)(@ +1). 


Therefore, the zeros of f are x = 0,4, —1. 
iii. Combining the results from parts i. and ii., draw a rough sketch of f. 


Yh f(x) = x3 — 3x2 — 4x 


Note: 
Exercise: 


Problem: 


Consider the quadratic function f (x) = 3x? — 6x + 2. Find the zeros of f. Does 
the parabola open upward or downward? 


Solution: 


The zeros are = 1+ V3 /3. The parabola opens upward. 
Hint 


Use the quadratic formula. 


Mathematical Models 


A large variety of real-world situations can be described using mathematical models. A 
mathematical model is a method of simulating real-life situations with mathematical 
equations. Physicists, engineers, economists, and other researchers develop models by 
combining observation with quantitative data to develop equations, functions, graphs, 
and other mathematical tools to describe the behavior of various systems accurately. 
Models are useful because they help predict future outcomes. Examples of mathematical 
models include the study of population dynamics, investigations of weather patterns, and 
predictions of product sales. 


As an example, let’s consider a mathematical model that a company could use to 
describe its revenue for the sale of a particular item. The amount of revenue Ra 
company receives for the sale of n items sold at a price of p dollars per item is described 
by the equation R = p- n. The company is interested in how the sales change as the 
price of the item changes. Suppose the data in [link] show the number of units a 
company sells as a function of the price per item. 


p 6 8 10 12 14 
n 19.4 18.5 16.2 13.8 12.2 


Number of Units Sold n (in Thousands) as a Function of Price per Unit p (in Dollars) 


In [link], we see the graph the number of units sold (in thousands) as a function of price 
(in dollars). We note from the shape of the graph that the number of units sold is likely a 
linear function of price per item, and the data can be closely approximated by the linear 
function n = —1.04p + 26 for 0 < p < 25, where n predicts the number of units sold 
in thousands. Using this linear function, the revenue (in thousands of dollars) can be 
estimated by the quadratic function 

Equation: 


R(p) = p- (—1.04p + 26) = —1.04p? + 26p 


for 0 < p < 25. In [link], we use this quadratic function to predict the amount of 
revenue the company receives depending on the price the company charges per item. 
Note that we cannot conclude definitively the actual number of units sold for values of p, 
for which no data are collected. However, given the other data values and the graph 
shown, it seems reasonable that the number of units sold (in thousands) if the price 
charged is p dollars may be close to the values predicted by the linear function 

n = —1.04p + 26. 


20 


10 


Units sold (thousands) 


n= -—1.04p + 26 


10 20 
Price (dollars) 


The data collected for the number of items sold as a function of price is 
roughly linear. We use the linear function n = —1.04p + 26 to 
estimate this function. 


Example: 
Exercise: 


Problem: 
Maximizing Revenue 


A company is interested in predicting the amount of revenue it will receive 
depending on the price it charges for a particular item. Using the data from [link], 
the company arrives at the following quadratic function to model revenue R as a 
function of price per item p: 

Equation: 


R(p) = p- (—1.04p + 26) = —1.04p? + 26p 


100 Ol pl = Zo) 


a. Predict the revenue if the company sells the item at a price of p = $5 and 
p= Sle 

b. Find the zeros of this function and interpret the meaning of the zeros. 

c. Sketch a graph of R. 

d. Use the graph to determine the value of p that maximizes revenue. Find the 
maximum revenue. 


Solution: 


a. Evaluating the revenue function at p = 5 and p = 17, we can conclude that 
Equation: 


R(5) = —1.04(5)? + 26(5) = 104, so revenue = $104,000; 
R(17) = —1.04(17)? + 26(17) = 141.44, so revenue = $144,440. 


b. The zeros of this function can be found by solving the equation 
—1.04p? + 26p = 0. When we factor the quadratic expression, we get 
p(—1.04p + 26) = 0. The solutions to this equation are given by p = 0, 25. 
For these values of p, the revenue is zero. When p = $0, the revenue is zero 
because the company is giving away its merchandise for free. When p = $25, 
the revenue is zero because the price is too high, and no one will buy any 
items. 

. Knowing the fact that the function is quadratic, we also know the graph is a 
parabola. Since the leading coefficient is negative, the parabola opens 
downward. One property of parabolas is that they are symmetric about the 
axis, so since the zeros are at p = O and p = 25, the parabola must be 
symmetric about the line halfway between them, or p = 12.5. 


ie) 


150 
R(p) = —1.04p2 + 26p 


100 


50 


Revenue (in thousands of dollars) 


10 20 P 
Price (dollars) 


d. The function is a parabola with zeros at p = 0 and p = 25, and it is 
symmetric about the line p = 12.5, so the maximum revenue occurs at a price 
of p = $12.50 per item. At that price, the revenue is 


R(p) = —1.04(12.5)? + 26 (12.5) = $162, 500. 


Algebraic Functions 


By allowing for quotients and fractional powers in polynomial functions, we create a 
larger class of functions. An algebraic function is one that involves addition, 
subtraction, multiplication, division, rational powers, and roots. Two types of algebraic 
functions are rational functions and root functions. 


Just as rational numbers are quotients of integers, rational functions are quotients of 
polynomials. In particular, a rational function is any function of the form 

f (x) = p(x) /q (ax), where p(x) and g(x) are polynomials. For example, 
Equation: 


32 —1 4 
=< d SS. 
be +2 “ Ld ase a 


f(x) 


are rational functions. A reot function is a power function of the form f (x) = glln, 


where n is a positive integer greater than one. For example, f(z) = x!/? = ,/z is the 
square-root function and g(x) = z'/3 — ¥/z is the cube-root function. By allowing for 
compositions of root functions and rational functions, we can create other algebraic 
functions. For example, f (x) = V4 — x? is an algebraic function. 


Example: 
Exercise: 


Problem: 
Finding Domain and Range for Algebraic Functions 


For each of the following functions, find the domain and range. 


_ 32-1 
b. To find the domain of f, we need 4-2? > 0. Or, 4 > x? Or 2? < 4, the 
solution to which is—2 < x < 2. Therefore, the domain is {z|-2 < x < 2}. 
If—2 < x < 2, then0 < 4-2? < 4. Therefore, 0 < V4—2z2 < 2 and the 
range of f is {y|0 < x < 2}. 


Solution: 


a. It is not possible to divide by zero, so the domain is the set of real numbers x 
such that z # —2/5. To find the range, we need to find the values y for which 
there exists a real number zx such that 
Equation: 


_ 32 —1 
a eo 


When we multiply both sides of this equation by 5a + 2, we see that x must 


satisfy the equation 
Equation: 


hoy + 2y = 32 — 1. 


From this equation, we can see that z must satisfy 
Equation: 


2y+1=2(3 — 5y). 


If y = 3/5, this equation has no solution. On the other hand, as long as 


y# 3/5, 


Equation: 


2y 
L = —— 
3 OY 


satisfies this equation. We can conclude that the range of f is {y|y 4 3/5}. 
. To find the domain of f, we need 4 — x” > 0. When we factor, we write 

4 —g* = (2-—2)(2+72) > 0. This inequality holds if and only if both 
terms are positive or both terms are negative. For both terms to be positive, 
we need to find x such that 

Equation: 


2—xr>0 and 2+2> 0. 


These two inequalities reduce to 2 > x and x > —2. Therefore, the set 

{x| — 2 <x < 2} must be part of the domain. For both terms to be negative, 
we need 

Equation: 


27 20 and 2+2> 0. 


These two inequalities also reduce to 2 < x and x > —2. There are no values 
of x that satisfy both of these inequalities. Thus, we can conclude the domain 
of this function is {z| — 2 < x < 2}. 

If —2 <a < 2, then0 < 4— 2? < 4. Therefore, 0 < /4 — x? < 2, and the 
range of f is {y|0 < y < 2}. 


Note: 
Exercise: 


Problem: Find the domain and range for the function f (x) = (5a + 2)/(2x — 1). 


Solution: 


The domain is the set of real numbers « such that « # 1/2. The range is the set 
{yly # 5/2}. 


Hint 


The denominator cannot be zero. Solve the equation y = (5x2 + 2)/(2a — 1) for x to 
find the range. 


The root functions f (x) = a!/” have defining characteristics depending on whether n is 
odd or even. For all even integers n > 2, the domain of f (x) = «’/” is the interval 

[0, 00). For all odd integers n > 1, the domain of f (x) = x!/” is the set of all real 
numbers. Since «!/” = (=3)'" for odd integers n, f (x) = 2!” is an odd function if n 
is odd. See the graphs of root functions for different values of n in [link]. 


f,(x) = yx! 


(a) (b) 


(a) If n is even, the domain of f (x) = */Zz is [0, 00). (b) If n is odd, the domain of 
f (2) = */z is (—00, 00) and the function f (x) = %/z is an odd function. 


Example: 
Exercise: 


Problem: 
Finding Domains for Algebraic Functions 


For each of the following functions, determine the domain of the function. 


a f(t) = ay 
b. f(z) = girr4 
c. f(z) = V4 - 32 
d. f(z) = V/22—-1 


Solution: 


a. You cannot divide by zero, so the domain is the set of values x such that 
a” — 1 +0. Therefore, the domain is {x|xz 4 +1}. 

b. You need to determine the values of x for which the denominator is zero. 
Since 3x? + 4 > 4 for all real numbers z, the denominator is never zero. 
Therefore, the domain is (—oo, 00). 

c. Since the square root of a negative number is not a real number, the domain is 
the set of values x for which 4 — 3x > 0. Therefore, the domain is 
{ae 4/3). 

d. The cube root is defined for all real numbers, so the domain is the interval 
(—oo, 00). 


Note: 
Exercise: 


Problem: 


Find the domain for each of the following functions: f (x) = (5 — 2x)/(x? + 2) 


and g(x) = V5za —1. 
Solution: 


The domain of f is (—oo, oo). The domain of g is {x|z > 1/5}. 


Hint 


Determine the values of x when the expression in the denominator of f is nonzero, and 
find the values of z when the expression inside the radical of g is nonnegative. 


Transcendental Functions 


Thus far, we have discussed algebraic functions. Some functions, however, cannot be 
described by basic algebraic operations. These functions are known as transcendental 
functions because they are said to “transcend,” or go beyond, algebra. The most 
common transcendental functions are trigonometric, exponential, and logarithmic 
functions. A trigonometric function relates the ratios of two sides of a right triangle. 
They are sin x, cos 2, tan z, cot 2, sec x, and csc x. (We discuss trigonometric 
functions later in the chapter.) An exponential function is a function of the form 

f (x) = b*, where the base b > 0, b 4 1. A logarithmic function is a function of the 
form f (x) = log,(«) for some constant b > 0, b £ 1, where log, (x) = y if and only if 
bY = x. (We also discuss exponential and logarithmic functions later in the chapter.) 


Example: 
Exercise: 


Problem: 
Classifying Algebraic and Transcendental Functions 


Classify each of the following functions, a. through c., as algebraic or 
transcendental. 


ii = ee 


4r+2 
b. f (x) = 2” 
c. f (x) = sin(2z) 


Solution: 


a. Since this function involves basic algebraic operations only, it is an algebraic 
function. 

b. This function cannot be written as a formula that involves only basic algebraic 
operations, so it is transcendental. (Note that algebraic functions can only 
have powers that are rational numbers. ) 


c. As in part b., this function cannot be written using a formula involving basic 
algebraic operations only; therefore, this function is transcendental. 


Note: 
Exercise: 


Problem: Is f (x) = x/2 an algebraic or a transcendental function? 


Solution: 


Algebraic 


Piecewise-Defined Functions 


Sometimes a function is defined by different formulas on different parts of its domain. A 
function with this property is known as a piecewise-defined function. The absolute 
value function is an example of a piecewise-defined function because the formula 
changes with the sign of z: 

Equation: 


=£,0 <0 
z,c2>0- 


f(e)={ 


Other piecewise-defined functions may be represented by completely different formulas, 
depending on the part of the domain in which a point falls. To graph a piecewise-defined 
function, we graph each part of the function in its respective domain, on the same 
coordinate system. If the formula for a function is different for z < aandz > a, we 
need to pay special attention to what happens at 2 = a when we graph the function. 
Sometimes the graph needs to include an open or closed circle to indicate the value of 
the function at x = a. We examine this in the next example. 


Example: 
Exercise: 


Problem: 
Graphing a Piecewise-Defined Function 


Sketch a graph of the following piecewise-defined function: 
Equation: 


Coe, Hee | 
(c—2)?, #2>1— 


fle) = { 


Solution: 


Graph the linear function y = x + 3 on the interval (—co, 1) and graph the 
quadratic function y = (a — 2)? on the interval [1, 00). Since the value of the 
function at z = 1 is given by the formula f(x) = (x — 2)”, we see that f(1) = 1. 
To indicate this on the graph, we draw a closed circle at the point (1, 1). The value 
of the function is given by f(x) = x + 2 for all x < 1, but not at z = 1. To 
indicate this on the graph, we draw an open circle at (1, 4). 


f(x) = (x -— 2) 
forx=1 


f(x) =x +3 
forx <1 


This piecewise-defined function is linear for x < 1 and 
quadratic for x > 1. 


Note: 
Exercise: 


Problem: Sketch a graph of the function 
Equation: 


2a 
oe 


f(e)={ 


Solution: 


f(x) =x+2 
for x > 2 


Hint 


Graph one linear function for x < 2 and then graph a different linear function for 
Le 2. 


Example: 
Exercise: 


Problem: 
Parking Fees Described by a Piecewise-Defined Function 


In a big city, drivers are charged variable rates for parking in a parking garage. 
They are charged $10 for the first hour or any part of the first hour and an 
additional $2 for each hour or part thereof up to a maximum of $30 for the day. The 
parking garage is open from 6 a.m. to 12 midnight. 


a. Write a piecewise-defined function that describes the cost C’ to park in the 
parking garage as a function of hours parked x. 
b. Sketch a graph of this function C(z). 


Solution: 


a. Since the parking garage is open 18 hours each day, the domain for this 
function is {x|0 < x < 18}. The cost to park a car at this parking garage can 
be described piecewise by the function 
Equation: 


LOO arse: 
iW) il eee 
142<2<3 
Clz)=%) 163<a<4 - 


30,10 <<a <18 


b. The graph of the function consists of several horizontal line segments. 


Cost (in dollars) 


Hours 


Note: 
Exercise: 


Problem: 


The cost of mailing a letter is a function of the weight of the letter. Suppose the 
cost of mailing a letter is 49¢ for the first ounce and 21¢ for each additional ounce. 
Write a piecewise-defined function describing the cost C’ as a function of the 
weight x for 0 < x < 3, where C is measured in cents and x is measured in 
ounces. 


Solution: 
49,0<a2<l 
CG) = 0 ee? 
Peon <8 
Hint 


The piecewise-defined function is constant on the intervals (0, 1], (1, 2],.... 


Transformations of Functions 


We have seen several cases in which we have added, subtracted, or multiplied constants 
to form variations of simple functions. In the previous example, for instance, we 
subtracted 2 from the argument of the function y = 2? to get the function 

f (x) = (a — 2)*. This subtraction represents a shift of the function y = x? two units to 
the right. A shift, horizontally or vertically, is a type of transformation of a function. 
Other transformations include horizontal and vertical scalings, and reflections about the 
axes. 


A vertical shift of a function occurs if we add or subtract the same constant to each 
output y. For c > 0, the graph of f (x) + cis a shift of the graph of f(x) up c units, 
whereas the graph of f (x) — c is a shift of the graph of f (x) down c units. For 
example, the graph of the function f(x) = x° + 4 is the graph of y = z° shifted up 4 
units; the graph of the function f(x) = x — 4 is the graph of y = 2° shifted down 4 
units ([link]). 


f(x) = x2 + 4 


(a) (b) 


(a) For c > 0, the graph of y = f (x) + cis a vertical shift up c units of the graph 


of y = f(x). (b) Forc > 0, the graph of y = f (x) — cis a vertical shift down c 
units of the graph of y = f(z). 


A horizontal shift of a function occurs if we add or subtract the same constant to each 
input x. For c > 0, the graph of f(x + c) is a shift of the graph of f(z) to the left c 
units; the graph of f(a — c) is a shift of the graph of f(a) to the right c units. Why does 
the graph shift left when adding a constant and shift right when subtracting a constant? 
To answer this question, let’s look at an example. 


Consider the function f (x) = |x + 3] and evaluate this function at x — 3. Since 

f (x — 3) = |z| and x — 3 < a, the graph of f (x) = |x + 3] is the graph of y = |a| 
shifted left 3 units. Similarly, the graph of f (x) = |x — 3| is the graph of y = |z| shifted 
right 3 units ({link]). 


¢ 


f(x) = XL“ 


f(x) = |x + 3] f(x) = |x — 3] 


(a) (b) 


(a) For c > 0, the graph of y = f(a + c) is a horizontal shift left c units of the 
graph of y = f(z). (b) For c > 0, the graph of y = f(z — c) is a horizontal shift 
right c units of the graph of y = f(z). 


A vertical scaling of a graph occurs if we multiply all outputs y of a function by the same 
positive constant. For c > 0, the graph of the function cf(z) is the graph of f(a) scaled 
vertically by a factor of c. If c > 1, the values of the outputs for the function cf(«) are 
larger than the values of the outputs for the function f(a); therefore, the graph has been 
stretched vertically. If 0 < c < 1, then the outputs of the function cf (a) are smaller, so 
the graph has been compressed. For example, the graph of the function f (x) = 32? is 


the graph of y = x? stretched vertically by a factor of 3, whereas the graph of 
f (x) = x?/3 is the graph of y = x” compressed vertically by a factor of 3 ({link]). 


(a) (b) 


(a) If c > 1, the graph of y = cf(z) is a vertical stretch of the graph of 
y = f(x). (b) If 0 < ¢ < 1, the graph of y = cf(z) is a vertical compression 
of the graph of y = f(z). 


The horizontal scaling of a function occurs if we multiply the inputs 2 by the same 
positive constant. For c > 0, the graph of the function f(ca) is the graph of f(a) scaled 
horizontally by a factor of c. If c > 1, the graph of f(cx) is the graph of f(x) 
compressed horizontally. If 0 < c < 1, the graph of f (cz) is the graph of f (x) 
stretched horizontally. For example, consider the function f (x) = 2a and evaluate f 
at /2. Since f(a/2) = \/zx, the graph of f (x) = V/2z is the graph of y = /z 
compressed horizontally. The graph of y = / z/2 is a horizontal stretch of the graph of 
y = v/a ([link)). 


(a) (b) 


(a) If c > 1, the graph of y = f (cx) is a horizontal compression of the graph of 
y = f(x). (b) If 0 < ¢ < 1, the graph of y = f(cz) is a horizontal stretch of the 


graph of y = f(z). 


We have explored what happens to the graph of a function f when we multiply f by a 
constant c > 0 to get a new function cf(x). We have also discussed what happens to the 
graph of a function f when we multiply the independent variable x by c > 0 to get a 
new function f(ca). However, we have not addressed what happens to the graph of the 
function if the constant c is negative. If we have a constant c < 0, we can write casa 
positive number multiplied by —1; but, what kind of transformation do we get when we 
multiply the function or its argument by —1? When we multiply all the outputs by —1, 
we get areflection about the z-axis. When we multiply all inputs by —1, we get a 
reflection about the y-axis. For example, the graph of f (x) = —(x® + 1) is the graph of 
y = (x* + 1) reflected about the x-axis. The graph of f (~) = (—2x)* + 1 is the graph of 
y = x + 1 reflected about the y-axis ([link]). 


Yhf(x) =x3 +1 


Yh f(x) =x3+1 


- 
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f(x)l= (—x)? + 1 
(b) 


F(x) = (x? + 1) 
(a) 


(a) The graph of y = — f(a) is the graph of y = f(z) 
reflected about the x-axis. (b) The graph of y = f(—2) 
is the graph of y = f(z) reflected about the 
y-axis. 


If the graph of a function consists of more than one transformation of another graph, it is 
important to transform the graph in the correct order. Given a function f(x), the graph of 
the related function y = cf (a (2 + b)) + d can be obtained from the graph of y = f(z) 


by performing the transformations in the following order. 
1. Horizontal shift of the graph of y = f(x). If b > 0, shift left. If b < 0, shift right. 
2. Horizontal scaling of the graph of y = f(x + b) by a factor of |a|. If a < 0, reflect 


the graph about the y-axis. 
3. Vertical scaling of the graph of y = f(a (x + b)) by a factor of |c|. If c < 0, reflect 


the graph about the z-axis. 
4. Vertical shift of the graph of y = cf(a (x + b)). If d > 0, shift up. If d < 0, shift 


down. 
We can summarize the different transformations and their related effects on the graph of 


a function in the following table. 


Transformation of 


f(c>0) Effect on the graph of f 
f(z)+e Vertical shift up c units 
f(x)-c¢ Vertical shift down c units 
f(e+o0) Shift left by c units 
f(z —c) Shift right by c units 
cf (a) Vertical stretch if c > 1; 
vertical compression if0 <<c< 1 
flcx) Horizontal stretch if 0 < c < 1; horizontal 
compression if c > 1 
— f(x) Reflection about the x-axis 
f(-2) Reflection about the y-axis 


Transformations of Functions 


Example: 
Exercise: 


Problem: 
Transforming a Function 


For each of the following functions, a. and b., sketch a graph by using a sequence 
of transformations of a well-known function. 


a. f(x) = —|x+2|-3 
b. f(z) =3V—-z+4+1 
Solution: 


a. Starting with the graph of y = ||, shift 2 units to the left, reflect about the x- 
axis, and then shift down 3 units. 


Transformed function 


The function f (x) = — |x + 2| — 3 can be viewed as 
a sequence of three transformations of the function 
y = |z|. 


b. Starting with the graph of y = 4/2, reflect about the y-axis, stretch the graph 
vertically by a factor of 3, and move up 1 unit. 


Transformed function 


The function f (x) = 3\/—a + 1 can be viewed as a 
sequence of three transformations of the function 


y= Vz. 


Note: 
Exercise: 


Problem: 


Describe how the function f (x) = —(x + 1)” — 4 can be graphed using the graph 
of y = x? and a sequence of transformations. 


Solution: 


Shift the graph y = zx to the left 1 unit, reflect about the x-axis, then shift down 4 
units. 


Hint 


Use [link]. 


Key Concepts 


The power function f (x) = x” is an even function if n is even and n # 0, and it is 
an odd function if n is odd. 

The root function f (a) = a!/” has the domain [0, 00) if n is even and the domain 
(—00, 00) if n is odd. If n is odd, then f (x) = x1/” is an odd function. 

The domain of the rational function f (x) = p(x)/q (a), where p(x) and q(x) are 
polynomial functions, is the set of x such that q(x) 4 0. 

Functions that involve the basic operations of addition, subtraction, multiplication, 
division, and powers are algebraic functions. All other functions are transcendental. 
Trigonometric, exponential, and logarithmic functions are examples of 
transcendental functions. 

A polynomial function f with degree n > 1 satisfies f (x) + too as x + too. 
The sign of the output as z —> oo depends on the sign of the leading coefficient 
only and on whether 7 is even or odd. 

Vertical and horizontal shifts, vertical and horizontal scalings, and reflections about 
the x- and y-axes are examples of transformations of functions. 


Key Equations 


Point-slope equation of a line 

y— yi = m(zx— 2) 

Slope-intercept form of a line 

y=mz+b 

Standard form of a line 

ax+by=c 

Polynomial function 

f (x) =a,2" 4+ a,_32" 1+ +--+ a,2 +a 


For the following exercises, for each pair of points, a. find the slope of the line passing 
through the points and b. indicate whether the line is increasing, decreasing, horizontal, 
or vertical. 

Exercise: 


Problem: (—2, 4) and (1, 1) 


Solution: 


a. —1 b. Decreasing 


Exercise: 


Problem: (—1, 4) and (3, —1) 


Exercise: 
Problem: (3,5) and (—1, 2) 


Solution: 


a. 3/4 b. Increasing 


Exercise: 


Problem: (6, 4) and (4, —3) 
Exercise: 

Problem: (2,3) and (5, 7) 

Solution: 


a. 4/3 b. Increasing 


Exercise: 


Problem: (1,9) and (—8, 5) 


Exercise: 
Problem: (2, 4) and (1, 4) 


Solution: 


a. 0 b. Horizontal 


Exercise: 
Problem: (1, 4) and (1, 0) 


For the following exercises, write the equation of the line satisfying the given conditions 
in slope-intercept form. 
Exercise: 


Problem: Slope = —6, passes through (1, 3) 


Solution: 
y==-62+9 


Exercise: 


Problem: Slope = 3, passes through (—3, 2) 


Exercise: 


¥ passes through (0, 4) 


Problem: Slope = 
Solution: 

ea 
Y= 32 + 4 


Exercise: 


Problem: Slope = 2, x-intercept = 8 
Exercise: 
Problem: Passing through (2, 1) and (—2, —1) 
Solution: 
y= 7e 
Exercise: 


Problem: Passing through (—3, 7) and (1, 2) 
Exercise: 

Problem: x-intercept = 5 and y-intercept = —3 

Solution: 

y= 2a —3 


Exercise: 


Problem: x-intercept = —6 and y-intercept = 9 


For the following exercises, for each linear equation, a. give the slope m and y-intercept 
b, if any, and b. graph the line. 
Exercise: 


Problem: y = 2z — 3 


Solution: 


Exercise: 


Problem: y = ta ge 


Exercise: 


Problem: f (x) = —6z 


Solution: 


a. (m = —6,b = 0)b. 


Exercise: 


Problem: f (xz) = —5a+4 


Exercise: 


Problem: 4y + 24 = 0 


Solution: 


Exercise: 


Problem: 8z — 4 = 0 


Exercise: 


Problem: 2z + 3y = 6 


Solution: 


a. (n= —2,)=2) b. 


Exercise: 
Problem: 6z — 5y+ 15 = 0 


For the following exercises, for each polynomial, a. find the degree; b. find the zeros, if 
any; c. find the y-intercept(s), if any; d. use the leading coefficient to determine the 
graph’s end behavior; and e. determine algebraically whether the polynomial is even, 
odd, or neither. 

Exercise: 


Problem: f (x) = 2x? — 3a —5 


Solution: 


a. 2b. 3, —1; c. -5 d. Both ends rise e. Neither 


Exercise: 


Problem: f (x) = —3x? + 6x 


Exercise: 
Problem: f (x) = +2? —1 
Solution: 


a. 2b. +V2 cc. -1d. Both ends rise e. Even 


Exercise: 


Problem: f (x) = 2° + 3z*— 2-3 


Exercise: 
Problem: f (x) = 3x — x° 
Solution: 


a. 3b. 0, £V3 c. 0d. Left end rises, right end falls e. Odd 


For the following exercises, use the graph of f (x) = 2? to graph each transformed 
function g. 


Exercise: 


Problem: g (x) = x? — 1 


Exercise: 


Problem: g(a) = (x +3)’ +1 


Solution: 


For the following exercises, use the graph of f (2) = ./z to graph each transformed 
function g. 
Exercise: 


Problem: g(x) = /z + 2 


Exercise: 


Problem: g(x) = —./z — 1 


Solution: 


For the following exercises, use the graph of y = f(x) to graph each transformed 
function g. 


Exercise: 


Problem: g(x) = f(z) +1 


Exercise: 


Problem: g(x) = f(x —1)+2 


Solution: 


For the following exercises, for each of the piecewise-defined functions, a. evaluate at 
the given values of the independent variable and b. sketch the graph. 
Exercise: 


Problem: f (x) = eee f (—3); f (0); f(2) 
Exercise: 
2 
Problem: f (x) = ‘i _ : . f (—4); f (0); F(2) 


Solution: 


a. 13,3, 5b. 


Exercise: 


la<5 
Problem A(a)=4" 8” °: HOPG ERO) 
A.e>5 
Exercise: 
3 2 #2 
Problem: g(x) = 4 ** ; 9(0); 9(—4); 9(2) 
A = 2 
Solution: 
a = 2. 


2% 2% 


For the following exercises, determine whether the statement is true or false. Explain 
why. 
Exercise: 


Problem: f (x) = (4x + 1)/(7x — 2) is a transcendental function. 


Exercise: 


Problem: g (x) = ¥/z is an odd root function 


Solution: 


True; n = 3 


Exercise: 


Problem: A logarithmic function is an algebraic function. 
Exercise: 
Problem: 


A function of the form f (x) = °, where b is a real valued constant, is an 
exponential function. 


Solution: 


False; f (x) = x°, where 0 is a real-valued constant, is a power function 


Exercise: 


Problem: The domain of an even root function is all real numbers. 


Exercise: 


Problem: 


[T] A company purchases some computer equipment for $20,500. At the end of a 3- 
year period, the value of the equipment has decreased linearly to $12,300. 


a. Find a function y = V(t) that determines the value V of the equipment at the 
end of t years. 

b. Find and interpret the meaning of the x- and y-intercepts for this situation. 

c. What is the value of the equipment at the end of 5 years? 

d. When will the value of the equipment be $3000? 


Solution: 


a. V (t) = —2733t + 20500 b. (0, 20, 500) means that the initial purchase price of 
the equipment is $20,500; (7.5, 0) means that in 7.5 years the computer equipment 
has no value. c. $6835 d. In approximately 6.4 years 


Exercise: 


Problem: 


[T] Total online shopping during the Christmas holidays has increased dramatically 
during the past 5 years. In 2012 (t = 0), total online holiday sales were $42.3 
billion, whereas in 2013 they were $48.1 billion. 


a. Find a linear function S that estimates the total online holiday sales in the year 
t. 

b. Interpret the slope of the graph of S. 

c. Use part a. to predict the year when online shopping during Christmas will 
reach $60 billion. 


Exercise: 


Problem: 


[T] A family bakery makes cupcakes and sells them at local outdoor festivals. For a 
music festival, there is a fixed cost of $125 to set up a cupcake stand. The owner 
estimates that it costs $0.75 to make each cupcake. The owner is interested in 
determining the total cost C' as a function of number of cupcakes made. 


a. Find a linear function that relates cost C to x, the number of cupcakes made. 

b. Find the cost to bake 160 cupcakes. 

c. If the owner sells the cupcakes for $1.50 apiece, how many cupcakes does she 
need to sell to start making profit? (Hint: Use the INTERSECTION function 
on a calculator to find this number.) 


Solution: 


a. C' = 0.75a + 125 b. $245 c. 167 cupcakes 
Exercise: 
Problem: 


[T] A house purchased for $250,000 is expected to be worth twice its purchase 
price in 18 years. 


a. Find a linear function that models the price P of the house versus the number 
of years t since the original purchase. 

b. Interpret the slope of the graph of P. 

c. Find the price of the house 15 years from when it was originally purchased. 


Exercise: 
Problem: 


[T] A car was purchased for $26,000. The value of the car depreciates by $1500 per 
year. 


a. Find a linear function that models the value V of the car after t years. 
b. Find and interpret V(4). 
Solution: 


a. V (t) = —1500¢ + 26,000 b. In 4 years, the value of the car is $20,000. 


Exercise: 


Problem: 
[T] A condominium in an upscale part of the city was purchased for $432,000. In 
35 years it is worth $60,500. Find the rate of depreciation. 
Exercise: 
Problem: 
[T] The total cost C (in thousands of dollars) to produce a certain item is modeled 


by the function C(x) = 10.50x + 28,500, where x is the number of items 
produced. Determine the cost to produce 175 items. 


Solution: 


$30,337.50 
Exercise: 
Problem: 
[T] A professor asks her class to report the amount of time ¢ they spent writing two 


assignments. Most students report that it takes them about 45 minutes to type a four- 
page assignment and about 1.5 hours to type a nine-page assignment. 


a. Find the linear function y = N(t) that models this situation, where JN is the 
number of pages typed and t is the time in minutes. 

b. Use part a. to determine how many pages can be typed in 2 hours. 

c. Use part a. to determine how long it takes to type a 20-page assignment. 


Exercise: 
Problem: 
[T] The output (as a percent of total capacity) of nuclear power plants in the United 
States can be modeled by the function P (t) = 1.8576¢ + 68.052, where t is time 


in years and t = 0 corresponds to the beginning of 2000. Use the model to predict 
the percentage output in 2015. 


Solution: 


96% of the total capacity 


Exercise: 


Problem: 


[T] The admissions office at a public university estimates that 65% of the students 
offered admission to the class of 2019 will actually enroll. 


a. Find the linear function y = N(x), where N is the number of students that 
actually enroll and z is the number of all students offered admission to the 
class of 2019. 

b. If the university wants the 2019 freshman class size to be 1350, determine how 
many students should be admitted. 


Glossary 


algebraic function 
a function involving any combination of only the basic operations of addition, 
subtraction, multiplication, division, powers, and roots applied to an input variable 
x 


cubic function 
a polynomial of degree 3; that is, a function of the form 
f (x) = ax* + ba? + cx + d, where a 4 0 


degree 
for a polynomial function, the value of the largest exponent of any term 


linear function 
a function that can be written in the form f (x) = mx + b 


logarithmic function 
a function of the form f (2) = log, (x) for some base b > 0,b # 1 such that 
y = log,(z) if and only if b¥ = 


mathematical model 
A method of simulating real-life situations with mathematical equations 


piecewise-defined function 
a function that is defined differently on different parts of its domain 


point-slope equation 
equation of a linear function indicating its slope and a point on the graph of the 
function 


polynomial function 
a function of the form f (2) = apr” + anya" 1+...+ ax + a9 


power function 
a function of the form f (x) = x” for any positive integer n > 1 


quadratic function 
a polynomial of degree 2; that is, a function of the form f (x) = ax’? + ba+c 
where a 4 0 


rational function 
a function of the form f (x) = p(x)/q (a), where p (x) and q(z) are polynomials 


root function 
a function of the form f (x) = x'/” for any integer n > 2 


slope 
the change in y for each unit change in x 


slope-intercept form 
equation of a linear function indicating its slope and y-intercept 


transcendental function 
a function that cannot be expressed by a combination of basic arithmetic operations 


transformation of a function 
a shift, scaling, or reflection of a function 


Introduction 
class="introduction" 


The vision of 
human 
exploration by 
the National 
Aeronautics 
and Space 
Administratio 
n (NASA) to 
distant parts of 
the universe 
illustrates the 
idea of space 
travel at high 
speeds. But, is 
there a limit to 
how fast a 
spacecraft can 
go? (credit: 
NASA) 


Science fiction writers often imagine spaceships that can travel to far-off 
planets in distant galaxies. However, back in 1905, Albert Einstein showed 
that a limit exists to how fast any object can travel. The problem is that the 
faster an object moves, the more mass it attains (in the form of energy), 


according to the equation 
Equation: 


where Mo is the object’s mass at rest, v is its speed, and c is the speed of 
light. What is this speed limit? (We explore this problem further in [link].) 


The idea of a limit is central to all of calculus. We begin this chapter by 
examining why limits are so important. Then, we go on to describe how to 


find the limit of a function at a given point. Not all functions have limits at 
all points, and we discuss what this means and how we can tell if a function 
does or does not have a limit at a particular value. This chapter has been 
created in an informal, intuitive fashion, but this is not always enough if we 
need to prove a mathematical statement involving limits. The last section of 
this chapter presents the more precise definition of a limit and shows how to 
prove whether a function has a limit. 


A Preview of Calculus 


e Describe the tangent problem and how it led to the idea of a derivative. 

e Explain how the idea of a limit is involved in solving the tangent 
problem. 

e Recognize a tangent to a curve at a point as the limit of secant lines. 

e Identify instantaneous velocity as the limit of average velocity over a 
small time interval. 

e Describe the area problem and how it was solved by the integral. 

e Explain how the idea of a limit is involved in solving the area problem. 

e Recognize how the ideas of limit, derivative, and integral led to the 
studies of infinite series and multivariable calculus. 


As we embark on our study of calculus, we shall see how its development 
arose from common solutions to practical problems in areas such as 
engineering physics—like the space travel problem posed in the chapter 
opener. Two key problems led to the initial formulation of calculus: (1) the 
tangent problem, or how to determine the slope of a line tangent to a curve 
at a point; and (2) the area problem, or how to determine the area under a 
curve. 


The Tangent Problem and Differential Calculus 


Rate of change is one of the most critical concepts in calculus. We begin 
our investigation of rates of change by looking at the graphs of the three 


lines f (x) = —2x — 3,9(x) = +2 +1, and h(z) = 2, shown in [link]. 


y ¥: y 


f(x) = -2x — 3 gx) =% +1 h(x) = 2 


The rate of change of a linear function is constant in each of these 
three graphs, with the constant determined by the slope. 


As we move from left to right along the graph of f (2) = —2a — 3, we see 
that the graph decreases at a constant rate. For every 1 unit we move to the 
right along the x-axis, the y-coordinate decreases by 2 units. This rate of 
change is determined by the slope (—2) of the line. Similarly, the slope of 
1/2 in the function g () tells us that for every change in x of 1 unit there is 
a corresponding change in y of 1/2 unit. The function h (x) = 2 has a slope 
of zero, indicating that the values of the function remain constant. We see 
that the slope of each linear function indicates the rate of change of the 
function. 

Compare the graphs of these three functions with the graph of k (x) = x? 
({link]). The graph of k (x) = 2? starts from the left by decreasing rapidly, 
then begins to decrease more slowly and level off, and then finally begins to 
increase—slowly at first, followed by an increasing rate of increase as it 
moves toward the right. Unlike a linear function, no single number 
represents the rate of change for this function. We quite naturally ask: How 
do we measure the rate of change of a nonlinear function? 


k(x) = x? 


The function k (a2) = x? does not have a constant rate 
of change. 


We can approximate the rate of change of a function f (a) at a point 

(a, f (a)) on its graph by taking another point (x, f (x)) on the graph of 

f (x), drawing a line through the two points, and calculating the slope of 
the resulting line. Such a line is called a secant line. [link] shows a secant 
line to a function f (x) at a point (a, f (a)). 


(x, F(x) 


a Xx 


' f(x) — 
slope of secant line = 


The slope of a secant line through a point (a, f (a)) 
estimates the rate of change of the function at the point 


(a, f (a)). 
We formally define a secant line as follows: 


Note: 
Definition 
The secant to the function f (a) through the points (a, f (a)) and 


(x, f (x)) is the line passing through these points. Its slope is given by 
Equation: 


f(#)— F(a) 


w— a 


Msec = 


The accuracy of approximating the rate of change of the function with a 
secant line depends on how close x is to a. As we see in [link], if x is closer 
to a, the slope of the secant line is a better measure of the rate of change of 


f (x) ata. 


x 


f(x) — F(a) 


slope of secant line = —~—— 


As x gets closer to a, the slope of the secant line 
becomes a better approximation to the rate of change of 
the function f (a) at a. 


The secant lines themselves approach a line that is called the tangent to the 
function f (x) at a ([link]). The slope of the tangent line to the graph at a 
measures the rate of change of the function at a. This value also represents 
the derivative of the function f (a) at a, or the rate of change of the 
function at a. This derivative is denoted by f’ (a). Differential calculus is 
the field of calculus concerned with the study of derivatives and their 
applications. 


Note: 

For an interactive demonstration of the slope of a secant line that you can 
manipulate yourself, visit this applet (Note: this site requires a Java 
browser plugin): Math Insight. 


tangent 
line 


Solving the Tangent Problem: As x approaches a, the 
secant lines approach the tangent line. 


[link] illustrates how to find slopes of secant lines. These slopes estimate 
the slope of the tangent line or, equivalently, the rate of change of the 
function at the point at which the slopes are calculated. 


Example: 
Exercise: 


Problem: 


Finding Slopes of Secant Lines 


Estimate the slope of the tangent line (rate of change) to f (x) = x? at 


x = 1 by finding slopes of secant lines through (1, 1) and each of the 
following points on the graph of f (x) = x”. 


a. 
[oy 
Solution: 

Use the formula for the slope of a secant line from the definition. 


—-1 __ 
a. Msee = 5-7 = 8 


9 
2] 
b. Msec = #— = 3 = 2.5 


The point in part b. is closer to the point (1, 1), so the slope of 2.5 is 
closer to the slope of the tangent line. A good estimate for the slope of 
the tangent would be in the range of 2 to 2.5 ([link]). 


The secant lines to f (x) = x? at (1, 1) through (a) 

(2, 4) and (b) (= =) provide successively closer 

approximations to the tangent line to f (x) = x? at 
(Ces 


Note: 
Exercise: 


Problem: 


Estimate the slope of the tangent line (rate of change) to f (x) = x? at 
x = 1 by finding slopes of secant lines through (1, 1) and the point 


(2, 22) on the graph of f (x) = 2. 


Solution: 


W25 
Hint 


Use [link] and [link] as a solving guide. 


We continue our investigation by exploring a related question. Keeping in 
mind that velocity may be thought of as the rate of change of position, 
suppose that we have a function, s (t), that gives the position of an object 
along a coordinate axis at any given time t. Can we use these same ideas to 
create a reasonable definition of the instantaneous velocity at a given time 
t = a? We start by approximating the instantaneous velocity with an 
average velocity. First, recall that the speed of an object traveling at a 
constant rate is the ratio of the distance traveled to the length of time it has 
traveled. We define the average velocity of an object over a time period to 
be the change in its position divided by the length of the time period. 


Note: 

Definition 

Let s (t) be the position of an object moving along a coordinate axis at 
time t. The average velocity of the object over a time interval [a, t] where 
Geb (Olena | ik -a))\his 

Equation: 


As t is chosen closer to a, the average velocity becomes closer to the 
instantaneous velocity. Note that finding the average velocity of a position 
function over a time interval is essentially the same as finding the slope of a 
secant line to a function. Furthermore, to find the slope of a tangent line at a 
point a, we let the x-values approach a in the slope of the secant line. 
Similarly, to find the instantaneous velocity at time a, we let the t-values 
approach a in the average velocity. This process of letting x or t approach a 
in an expression is called taking a limit. Thus, we may define the 
instantaneous velocity as follows. 


Note: 

Definition 

For a position function s (t), the instantaneous velocity at a time t = a is 
the value that the average velocities approach on intervals of the form [a, ¢] 
and [t, a] as the values of t become closer to a, provided such a value 
exists. 


[link] illustrates this concept of limits and average velocity. 


Example: 
Exercise: 


Problem: 
Finding Average Velocity 


A rock is dropped from a height of 64 ft. It is determined that its 
height (in feet) above ground t seconds later (for 0 < t < 2) is given 
by s (t) = —16t? + 64. Find the average velocity of the rock over 
each of the given time intervals. Use this information to guess the 
instantaneous velocity of the rock at time t = 0.5. 


a. [0.49, 0.5] 
b.0:5,,0:54] 
Solution: 


Substitute the data into the formula for the definition of average 
velocity. 


s(0.5)—s(0.49) 


a. Vave = —pe-p 49 = —15.84 
ge = es = Se 


The instantaneous velocity is somewhere between —15.84 and —16.16 
ft/sec. A good guess might be —16 ft/sec. 


Note: 
Exercise: 


Problem: 


An object moves along a coordinate axis so that its position at time t 
is given by s (t) = t?. Estimate its instantaneous velocity at time 
t = 2 by computing its average velocity over the time interval 


iz, 2.000) 


Solution: 


12.006001 


Hint 


s(2.001)—s(2) 
ee 


The Area Problem and Integral Calculus 


We now turn our attention to a classic question from calculus. Many 
quantities in physics—for example, quantities of work—may be interpreted 
as the area under a curve. This leads us to ask the question: How can we 
find the area between the graph of a function and the x-axis over an interval 
([link])? 


The Area Problem: How do we 
find the area of the shaded region? 


As in the answer to our previous questions on velocity, we first try to 
approximate the solution. We approximate the area by dividing up the 
interval |a, b| into smaller intervals in the shape of rectangles. The 
approximation of the area comes from adding up the areas of these 
rectangles ([link]). 


The area of the region under the 
curve is approximated by summing 
the areas of thin rectangles. 


As the widths of the rectangles become smaller (approach zero), the sums 
of the areas of the rectangles approach the area between the graph of f (x) 
and the x-axis over the interval [a, 6]. Once again, we find ourselves taking 
a limit. Limits of this type serve as a basis for the definition of the definite 
integral. Integral calculus is the study of integrals and their applications. 


Example: 
Exercise: 


Problem: 
Estimation Using Rectangles 


Estimate the area between the x-axis and the graph of f (x) = 27+ 1 
over the interval |0, 3] by using the three rectangles shown in [link]. 


f(x) =x? +1 


The area of the region under the 
curve of f (x) = x? + 1 canbe 
estimated using rectangles. 


Solution: 


The areas of the three rectangles are 1 unit”, 2 unit”, and 5 unit?. 
Using these rectangles, our area estimate is 8 unit?. 


Note: 
Exercise: 


Problem: 


Estimate the area between the x-axis and the graph of f (x) = x?+1 
over the interval |0, 3] by using the three rectangles shown here: 


y 


f(x) = x2 +1 


Solution: 


16 unit? 


Hint 


Use [link] as a guide. 


Other Aspects of Calculus 


So far, we have studied functions of one variable only. Such functions can 
be represented visually using graphs in two dimensions; however, there is 
no good reason to restrict our investigation to two dimensions. Suppose, for 
example, that instead of determining the velocity of an object moving along 
a coordinate axis, we want to determine the velocity of a rock fired from a 
catapult at a given time, or of an airplane moving in three dimensions. We 
might want to graph real-value functions of two variables or determine 
volumes of solids of the type shown in [link]. These are only a few of the 
types of questions that can be asked and answered using multivariable 
calculus. Informally, multivariable calculus can be characterized as the 
study of the calculus of functions of two or more variables. However, 
before exploring these and other ideas, we must first lay a foundation for 
the study of calculus in one variable by exploring the concept of a limit. 


x 


We can use multivariable calculus 


to find the volume between a 
surface defined by a function of 
two variables and a plane. 


Key Concepts 


e Differential calculus arose from trying to solve the problem of 
determining the slope of a line tangent to a curve at a point. The slope 
of the tangent line indicates the rate of change of the function, also 
called the derivative. Calculating a derivative requires finding a limit. 

e Integral calculus arose from trying to solve the problem of finding the 
area of a region between the graph of a function and the x-axis. We can 
approximate the area by dividing it into thin rectangles and summing 
the areas of these rectangles. This summation leads to the value of a 
function called the integral. The integral is also calculated by finding a 
limit and, in fact, is related to the derivative of a function. 

e Multivariable calculus enables us to solve problems in three- 
dimensional space, including determining motion in space and finding 
volumes of solids. 


Key Equations 


e Slope of a Secant Line 
f(z)—f(@) 


™Msec = —yoq 


e Average Velocity over Interval [a, ¢] 
» = 3=8(a) 
ave a 
For the following exercises, points P (1, 2) and Q (2, y) are on the graph of 
the function f (x) = 27 +1. 
Exercise: 


Problem: 


[T] Complete the following table with the appropriate values: y- 
coordinate of Q, the point Q (a, y), and the slope of the secant line 
passing through points P and Q. Round your answer to eight 
significant digits. 


x y Q (x,y) Meec 

1.1 a. e 1 

1.01 b f j 

1.001 Cc g k 

1.0001 d h l 
Solution: 


a. 2.2100000; b. 2.0201000; c. 2.0020010; d. 2.0002000; e. 
(1.1000000, 2.2100000); f. (1.0100000, 2.0201000); g. (1.0010000, 
2.0020010); h. (1.0001000, 2.0002000); i. 2.1000000; j. 2.0100000; k. 
2.0010000; 1. 2.0001000 


Exercise: 
Problem: 
Use the values in the right column of the table in the preceding 


exercise to guess the value of the slope of the line tangent to f at 
5 a Be 


Exercise: 
Problem: 


Use the value in the preceding exercise to find the equation of the 
tangent line at point P. Graph f (a) and the tangent line. 


Solution: 


y= 2 


For the following exercises, points P (1,1) and Q (2, y) are on the graph of 
the function f (x) = 2°. 


Exercise: 


Problem: 


[T] Complete the following table with the appropriate values: y- 
coordinate of Q, the point Q (a, y), and the slope of the secant line 
passing through points P and Q. Round your answer to eight 
significant digits. 


x y Q (x,y) Mec 
1.1 a. e 1 
1.01 b f j 
1.001 c g k 


Exercise: 
Problem: 
Use the values in the right column of the table in the preceding 


exercise to guess the value of the slope of the tangent line to f at 
se Be 


Solution: 


3 
Exercise: 
Problem: 


Use the value in the preceding exercise to find the equation of the 
tangent line at point P. Graph f (a) and the tangent line. 


For the following exercises, points P (4, 2) and Q (2, y) are on the graph of 
the function f (x) = 1/2. 
Exercise: 


Problem: 


[T] Complete the following table with the appropriate values: y- 
coordinate of Q, the point Q (a, y), and the slope of the secant line 
passing through points P and Q. Round your answer to eight 
significant digits. 


Xx y Q (x, y) Msec 


4.1 a. e. 1. 


xX y Q (z; y) Myec 


4.01 b f j 

4.001 C g k 

4.0001 d h ] 
Solution: 


a. 2.0248457; b. 2.0024984; c. 2.0002500; d. 2.0000250; e. 
(4.1000000,2.0248457); f. (4.0100000,2.0024984); g. 
(4.0010000,2.0002500); h. (4.00010000,2.0000250); i. 0.24845673; j. 
0.24984395; k. 0.24998438; 1. 0.24999844 


Exercise: 
Problem: 
Use the values in the right column of the table in the preceding 


exercise to guess the value of the slope of the tangent line to f at 
£=A. 


Exercise: 


Problem: 


Use the value in the preceding exercise to find the equation of the 
tangent line at point P. 


Solution: 
y=7t+1 
For the following exercises, points P (1.5, 0) and Q (4, y) are on the graph 


of the function f (¢) = cos (7). 
Exercise: 


Problem: 


[T] Complete the following table with the appropriate values: y- 
coordinate of Q, the point Q (y, y), and the slope of the secant line 
passing through points P and Q. Round your answer to eight 
significant digits. 


x y Q(¢,y) Mec 
1.4 a. e, i. 
1.49 b. f. j. 
1.499 Cc. g. k. 
1.4999 d. h. L. 
Exercise: 
Problem: 


Use the values in the right column of the table in the preceding 
exercise to guess the value of the slope of the tangent line to f at 
oO = 1.5. 


Solution: 


7U 


Exercise: 


Problem: 


Use the value in the preceding exercise to find the equation of the 
tangent line at point P. 


For the following exercises, points P (—1, —1) and Q (a, y) are on the 
graph of the function f (x) = +. 


x 
Exercise: 


Problem: 


[T] Complete the following table with the appropriate values: y- 
coordinate of Q, the point Q (a, y), and the slope of the secant line 
passing through points P and Q. Round your answer to eight 
significant digits. 


x y Q (2, y) Msec 

—1.05 a e i 

-1.01 b f j 

—1.005 Cc g k 

-1.001 d h 
Solution: 


a. -0.95238095; b. —0.99009901; c. —0.99502488; d. —0.99900100; e. 
(—1;.0500000,-0;.95238095); f. (—1;.0100000,-0;.9909901); g. 


(—1;.0050000,—0;.99502488); h. (1.0010000,—0;.99900100); i. 
—0.95238095; j. -0.99009901; k. -0.99502488; I. -0.99900100 


Exercise: 
Problem: 
Use the values in the right column of the table in the preceding 


exercise to guess the value of the slope of the line tangent to f at 
eS; 


Exercise: 
Problem: 


Use the value in the preceding exercise to find the equation of the 
tangent line at point P. 


Solution: 


y=—-“2-2 


For the following exercises, the position function of a ball dropped from the 
top of a 200-meter tall building is given by s (t) = 200 — 4.9¢?, where 
position s is measured in meters and time t is measured in seconds. Round 
your answer to eight significant digits. 

Exercise: 


Problem: 


[T] Compute the average velocity of the ball over the given time 
intervals. 


Exercise: 


Problem: 


Use the preceding exercise to guess the instantaneous velocity of the 
ball at ¢ = 5 sec. 


Solution: 


—49 m/sec (velocity of the ball is 49 m/sec downward) 


For the following exercises, consider a stone tossed into the air from ground 
level with an initial velocity of 15 m/sec. Its height in meters at time t 
seconds is h(t) = 15¢ — 4.9¢?. 


Exercise: 


Problem: 


[T] Compute the average velocity of the stone over the given time 
intervals. 


Exercise: 


Problem: 


Use the preceding exercise to guess the instantaneous velocity of the 
stone at t = 1 sec. 


Solution: 


5.2 m/sec 


For the following exercises, consider a rocket shot into the air that then 
returns to Earth. The height of the rocket in meters is given by 


h (t) = 600 + 78.4¢ — 4.9t?, where t is measured in seconds. 
Exercise: 


Problem: 


[T] Compute the average velocity of the rocket over the given time 
intervals. 


a. [9, 9.01] 
b. [8.99, 9] 
c. [9, 9.001] 
d. (8.999, 9] 


Exercise: 
Problem: 


Use the preceding exercise to guess the instantaneous velocity of the 
rocket at t = 9 sec. 


Solution: 


—9.8 m/sec 


For the following exercises, consider an athlete running a 40-m dash. The 
position of the athlete is given by d (t) = eC + 4t, where d is the position 
in meters and t is the time elapsed, measured in seconds. 

Exercise: 


Problem: 


[T] Compute the average velocity of the runner over the given time 
intervals. 


a. 
b. 
en 
d. 


1.95, 2.05] 
1.995, 2.005] 
1.9995, 2.0005] 
2, 2.00001] 


Se iS 


Exercise: 
Problem: 


Use the preceding exercise to guess the instantaneous velocity of the 
runner at t = 2 sec. 


Solution: 


6 m/sec 


For the following exercises, consider the function f (x) = |z|. 
Exercise: 


Problem: 
Sketch the graph of f over the interval [-1, 2] and shade the region 
above the x-axis. 

Exercise: 
Problem: 
Use the preceding exercise to find the aproximate value of the area 
between the x-axis and the graph of f over the interval [—1, 2] using 


rectangles. For the rectangles, use the square units, and approximate 
both above and below the lines. Use geometry to find the exact answer. 


Solution: 
Under, 1 unit*; over: 4 unit”. The exact area of the two triangles is 


+ (1) (1) + $(2) (2) = 2.5 units”. 


For the following exercises, consider the function f (x) = V1 — 2?. (Hint: 
This is the upper half of a circle of radius 1 positioned at (0, 0).) 
Exercise: 


Problem: Sketch the graph of f over the interval [—1, 1]. 


Exercise: 
Problem: 
Use the preceding exercise to find the aproximate area between the x- 
axis and the graph of f over the interval [—1, 1] using rectangles. For 
the rectangles, use squares 0.4 by 0.4 units, and approximate both 
above and below the lines. Use geometry to find the exact answer. 


Solution: 


Under, 0.96 unit?; over, 1.92 unit?. The exact area of the semicircle 


2 
with radius 1 is ny =F unit’. 
For the following exercises, consider the function f (a) = —x? +1. 


Exercise: 


Problem: Sketch the graph of f over the interval [—1, 1]. 
Exercise: 
Problem: 


Approximate the area of the region between the x-axis and the graph of 
f over the interval [—1, 1]. 


Solution: 


Approximately 1.3333333 unit? 


Glossary 


average velocity 
the change in an object’s position divided by the length of a time 
period; the average velocity of an object over a time interval [t, a] (if 
t < aor |a,t] ift > a), with a position given by s (t), that is 
_ s(t)—s(a) 


Vave — t—a 


differential calculus 
the field of calculus concerned with the study of derivatives and their 
applications 


instantaneous velocity 
The instantaneous velocity of an object with a position function that is 
given by s (t) is the value that the average velocities on intervals of the 
form [t, a] and {a, ¢] approach as the values of t move closer to a, 
provided such a value exists 


integral calculus 
the study of integrals and their applications 


limit 
the process of letting x or t approach a in an expression; the limit of a 
function f (a) as x approaches a is the value that f (x) approaches as x 
approaches a 


multivariable calculus 
the study of the calculus of functions of two or more variables 


secant 
A secant line to a function f (x) at a is a line through the point 


(a, f (a)) and another point on the function; the slope of the secant 
f(z)—f(@) 


L—-a 


line is given by Mgece = 


tangent 
A tangent line to the graph of a function at a point (a, f (a)) is the line 
that secant lines through (a, f (a)) approach as they are taken through 
points on the function with x-values that approach aq; the slope of the 
tangent line to a graph at a measures the rate of change of the function 
at a 


The Limit of a Function 


e Using correct notation, describe the limit of a function. 

e Use a table of values to estimate the limit of a function or to identify when the 
limit does not exist. 

e Use a graph to estimate the limit of a function or to identify when the limit does 
not exist. 

e Define one-sided limits and provide examples. 

e Explain the relationship between one-sided and two-sided limits. 

e Using correct notation, describe an infinite limit. 

e Define a vertical asymptote. 


The concept of a limit or limiting process, essential to the understanding of calculus, 
has been around for thousands of years. In fact, early mathematicians used a limiting 
process to obtain better and better approximations of areas of circles. Yet, the formal 
definition of a limit—as we know and understand it today—did not appear until the 
late 19th century. We therefore begin our quest to understand limits, as our 
mathematical ancestors did, by using an intuitive approach. At the end of this chapter, 
armed with a conceptual understanding of limits, we examine the formal definition of a 
limit. 


We begin our exploration of limits by taking a look at the graphs of the functions 
Equation: 


2—4 —2 1 
ud ¢ oS) = 
z—2 (x — 2) 


which are shown in [link]. In particular, let’s focus our attention on the behavior of 
each graph at and around x = 2. 


k-2 _ 4 
hx) = Go 


(a) (b) (c) 


f(x) = ~—4 g(x) = 


These graphs show the behavior of three different functions around x = 2. 


Each of the three functions is undefined at x = 2, but if we make this statement and no 
other, we give a very incomplete picture of how each function behaves in the vicinity 
of x = 2. To express the behavior of each graph in the vicinity of 2 more completely, 
we need to introduce the concept of a limit. 


Intuitive Definition of a Limit 


Let’s first take a closer look at how the function f (x) = (x? — 4) /(x — 2) behaves 
around « = 2 in [link]. As the values of x approach 2 from either side of 2, the values 
of y = f (x) approach 4. Mathematically, we say that the limit of f (x) as x 
approaches 2 is 4. Symbolically, we express this limit as 

Equation: 


lim f (x) = 4. 


From this very brief informal look at one limit, let’s start to develop an intuitive 
definition of the limit. We can think of the limit of a function at a number a as being 
the one real number L that the functional values approach as the x-values approach a, 
provided such a real number L exists. Stated more carefully, we have the following 
definition: 


Note: 
Definition 
Let f (x) be a function defined at all values in an open interval containing a, with the 
possible exception of a itself, and let L be a real number. If all values of the function 
f (x) approach the real number L as the values of x (4 a) approach the number a, 
then we say that the limit of f (2) as x approaches a is L. (More succinct, as x gets 
closer to a, f (x) gets closer and stays close to L.) Symbolically, we express this idea 
as 
Equation: 

lim f (x) = L. 


wa 


We can estimate limits by constructing tables of functional values and by looking at 
their graphs. This process is described in the following Problem-Solving Strategy. 


Note: 
Problem-Solving Strategy: Evaluating a Limit Using a Table of Functional Values 


1. To evaluate lim f (x), we begin by completing a table of functional values. We 


should choose two sets of x-values—one set of values approaching a and less 
than a, and another set of values approaching a and greater than a. [link] 
demonstrates what your tables might look like. 


x f (x) x f (2) 

ai f(a—0.1) a+0.1 f(a+0.1) 

a — 0.01 f (a — 0.01) a+0.01 f(a + 0.01) 

a — 0.001 f (a — 0.001) a + 0.001 f (a + 0.001) 
a—0.0001  f (a—0.0001) a+0.0001 f (a+ 0.0001) 


x f (a) x f(z) 


Use additional values as Use additional values as 
necessary. necessary. 


Table of Functional Values for lim f (x) 


2. Next, let’s look at the values in each of the f (2) columns and determine whether 
the values seem to be approaching a single value as we move down each column. 
In our columns, we look at the sequence 
f (a — 0.1), f (a — 0.01), f (a — 0.001). , f (a — 0.0001), and so on, and 
f(a+0.1), f(a + 0.01), f (a+ 0.001), f (a + 0.0001), and so on. (Note: 
Although we have chosen the x-values 
a+0.1,a+0.01,a + 0.001, a+ 0.0001, and so forth, and these values will 
probably work nearly every time, on very rare occasions we may need to modify 
our choices.) 

3. If both columns approach a common y-value L, we state lim f (a) = L. We can 


use the following strategy to confirm the result obtained from the table or as an 
alternative method for estimating a limit. 

4. Using a graphing calculator or computer software that allows us graph functions, 
we can plot the function f (a), making sure the functional values of f (x) for x- 
values near a are in our window. We can use the trace feature to move along the 
graph of the function and watch the y-value readout as the x-values approach a. If 
the y-values approach L as our x-values approach a from both directions, then 
lim f (x) = L. We may need to zoom in on our graph and repeat this process 


several times. 


We apply this Problem-Solving Strategy to compute a limit in [link]. 


Example: 
Exercise: 


Problem: 
Evaluating a Limit Using a Table of Functional Values 1 


sin x 
ae 


Evaluate lim, using a table of functional values. 
x 


Solution: 


We have calculated the values of f (2) = (sina) /a for the values of x listed in 
[link]. 


-0.1 0.998334166468 0.1 0.998334166468 
—0.01 0.999983333417 0.01 0.999983333417 
—0.001 0999999033333 0.001 0.999999833333 
—0.0001 0.999999998333 0.0001 0.999999998333 


Table of Functional Values for lim #22 

z30 
Note: The values in this table were obtained using a calculator and using all the 
places given in the calculator output. 
As we read down each E28) column, we see that the values in each column 
appear to be approaching one. Thus, it is fairly reasonable to conclude that 


Ln = 1. A calculator-or computer-generated graph of f (x) = one 
«t—> 


be similar to that shown in [link], and it confirms our estimate. 


would 


The graph of f (x) = (sinx)/z confirms the estimate 
from [link]. 


Example: 
Exercise: 


Problem: 
Evaluating a Limit Using a Table of Functional Values 2 


Veo 
a—A4 


Evaluate lim using a table of functional values. 
anit 


Solution: 


As before, we use a table—in this case, [link ]|—to list the values of the function 
for the given values of x. 


xX 24 x a—A4 
39 0.251582341869 4.1 0.248456731317 
Sieh 0.25015644562 4.01 0.24984394501 
Susie) 0.250015627 4.001 0.249984377 
3.9999 0.250001563 4.0001 0.249998438 
3.99999 0.25000016 4.00001 0.24999984 

ee = 


Table of Functional Values for lim 


After inspecting this table, we see that the functional values less than 4 appear to 
be decreasing toward 0.25 whereas the functional values greater than 4 appear to 


= 0.25. We confirm this 


aes 


estimate using the graph of f (x) = on in [link]. 


2 4 6 gx 


= confirms the estimate 
Aon Tink. 


The graph of f (x) = 


Note: 
Exercise: 


Problem: 


a 
@: 
i — 


using a table of functional values. Use a graph to confirm your 


Estimate lim i 
zl 


estimate. 


Solution: 


ll 
lim = 7 
oS = 


Hint 


=-1 


Use 0.9, 0.99, 0.999, 0.9999, 0.99999 and 1.1, 1.01, 1.001, 1.0001, 1.00001 as your 
table values. 


At this point, we see from [link] and [link] that it may be just as easy, if not easier, to 
estimate a limit of a function by inspecting its graph as it is to estimate the limit by 
using a table of functional values. In [link], we evaluate a limit exclusively by looking 
at a graph rather than by using a table of functional values. 


Example: 
Exercise: 


Problem: 
Evaluating a Limit Using a Graph 


For g(x) shown in [link], evaluate lim 9 (ae 
r—— 


g(x) 


The graph of g (x) includes one value not on a smooth 
curve. 


Solution: 


Despite the fact that g (—1) = 4, as the x-values approach —1 from either side, 
the g(x) values approach 3. Therefore, lim, g (x) = 3. Note that we can 


determine this limit without even knowing the algebraic expression of the 
function. 


Based on [link], we make the following observation: It is possible for the limit of a 
function to exist at a point, and for the function to be defined at this point, but the limit 
of the function and the value of the function at the point may be different. 


Note: 
Exercise: 


Problem: Use the graph of h (2) in [link] to evaluate limh (x), if possible. 
y 


h(x) 


Solution: 


limh (2) = —1. 


x2 


Hint 


What y-value does the function approach as the x-values approach 2? 


Looking at a table of functional values or looking at the graph of a function provides us 
with useful insight into the value of the limit of a function at a given point. However, 
these techniques rely too much on guesswork. We eventually need to develop 
alternative methods of evaluating limits. These new methods are more algebraic in 
nature and we explore them in the next section; however, at this point we introduce two 
special limits that are foundational to the techniques to come. 


Note: 
Two Important Limits 


Let a be a real number and c be a constant. 


i. Equation: 


limz =a 
SpA) 

ii. Equation: 
limc=c 
S10) 


We can make the following observations about these two limits. 


i. For the first limit, observe that as x approaches a, so does f (a), because 
f (x) = x. Consequently, limz = a. 


ii. For the second limit, consider [link]. 


x f(z) =c x fiaj=e 
a—0.1 C a+0.1 c 
a — 0.01 c a+0.01 Cc 
a — 0.001 Cc a+ 0.001 c 
a — 0.0001 c a + 0.0001 Cc 


Table of Functional Values for limc = c 
za 


Observe that for all values of x (regardless of whether they are approaching a), the 
values f (x) remain constant at c. We have no choice but to conclude lime =¢. 
wa 


The Existence of a Limit 


As we consider the limit in the next example, keep in mind that for the limit of a 
function to exist at a point, the functional values must approach a single real-number 
value at that point. If the functional values do not approach a single value, then the 
limit does not exist. 


Example: 
Exercise: 


Problem: 
Evaluating a Limit That Fails to Exist 


Evaluate limsin (1/2) using a table of values. 
xr 


Solution: 


[link] lists values for the function sin(1/z) for the given values of x. 


x sin ( +) x sin ( =) 

—0.1 0.544021110889 0.1 —0.544021110889 
—0.01 0.50636564111 0.01 —0.50636564111 
—-0.001 —0.8268795405312 0.001 0.826879540532 
—0.0001 0.305614388888 0.0001 —0.305614388888 
—0.00001 —0.035748797987 0.00001 0.035748797987 
—0.000001 0.349993504187 0.000001 —0.349993504187 


Table of Functional Values for limsin (+) 
xz—0 x 


After examining the table of functional values, we can see that the y-values do 
not seem to approach any one single value. It appears the limit does not exist. 


Before drawing this conclusion, let’s take a more systematic approach. Take the 
following sequence of x-values approaching 0: 
Equation: 


2 2) 2) 22 2 


The corresponding y-values are 
Equation: 


iis Os esa eee 


At this point we can indeed conclude that limsin (1/2) does not exist. 
(Mathematicians frequently abbreviate “does not exist” as DNE. Thus, we would 
write limsin (1/x) DNE.) The graph of f (2) = sin (1/2) is shown in [link] 


and it gives a clearer picture of the behavior of sin(1/z) as x approaches 0. You 
can see that sin(1/z) oscillates ever more wildly between —1 and 1 as x 
approaches 0. 


The graph of f (x) = sin(1/z) oscillates rapidly 
between —1 and 1 as x approaches 0. 


Note: 
Exercise: 


|e? 
= 


5» if possible. 


Problem: Use a table of functional values to evaluate lim 
«> 


Solution: 


- |a?—4| 5 
lim as does not exist. 
Le 


Hint 


Use x-values 1.9, 1.99, 1.999, 1.9999, 1.9999 and 2.1, 2.01, 2.001, 2.0001, 2.00001 in 
your table. 


One-Sided Limits 


Sometimes indicating that the limit of a function fails to exist at a point does not 
provide us with enough information about the behavior of the function at that particular 
point. To see this, we now revisit the function g(x) = |x — 2|/ (a — 2) introduced at 
the beginning of the section (see [link](b)). As we pick values of x close to 2, g (x) 
does not approach a single value, so the limit as x approaches 2 does not exist—that is, 
lim g (x) DNE. However, this statement alone does not give us a complete picture of 

x 


the behavior of the function around the x-value 2. To provide a more accurate 
description, we introduce the idea of a one-sided limit. For all values to the left of 2 
(or the negative side of 2), g(x) = —1. Thus, as x approaches 2 from the left, g (x) 
approaches —1. Mathematically, we say that the limit as x approaches 2 from the left is 
—1. Symbolically, we express this idea as 

Equation: 


jim g (2) = -1. 


Similarly, as x approaches 2 from the right (or from the positive side), g (x) approaches 
1. Symbolically, we express this idea as 
Equation: 


lim g(x) = 1. 
xr—2t 


We can now present an informal definition of one-sided limits. 


Note: 

Definition 

We define two types of one-sided limits. 

Limit from the left: Let f (x) be a function defined at all values in an open interval of 
the form (c, a), and let L be a real number. If the values of the function f (2) approach 
the real number L as the values of x (where x < a) approach the number a, then we 
say that L is the limit of f (a) as x approaches a from the left. Symbolically, we 
express this idea as 

Equation: 


iim f (oho: 


Limit from the right: Let f (a) be a function defined at all values in an open interval 
of the form (a,c), and let L be a real number. If the values of the function f (x) 
approach the real number L as the values of x (where x > a) approach the number a, 
then we say that L is the limit of f (a) as x approaches a from the right. Symbolically, 
we express this idea as 


Equation: 
li = E 
ee) 
Example: 
Exercise: 
Problem: 


Evaluating One-Sided Limits 


x+1 ife<2 


For the function f (2) = 
F(z) ow) if >2 


, evaluate each of the following 
limits. 
a. lim f (z) 
wa 
Deelinnef (cz) 
er 


Solution: 


We can use tables of functional values again [link]. Observe that for values of x 
less than 2, we use f (x) = x + 1 and for values of x greater than 2, we use 
f@=2—4 


x f(z)=a+1 x f(z) =2°—4 
19 2.9 Dall 0.41 

199 2299) 2.01 0.0401 

1.999 2.999 2.001 0.004001 
1.9999 2.9999 2.0001 0.00040001 
199999 2.99999 2.00001 0.0000400001 


x+life<2 


Table of Functional Values for f («) = ‘ ; 
2427 S72 


Based on this table, we can conclude that a. lim f (@)—s3 andb. 

bier d 
lim f (a) = 0. Therefore, the (two-sided) limit of f (a) does not exist at x = 2. 
cao 


[link] shows a graph of f (a) and reinforces our conclusion about these limits. 


x 
x+lifa<2 
The graph of f (x) = te Se has a break at 
ih ==, 7 


Note: 
Exercise: 


Problem: 


Use a table of functional values to estimate the following limits, if possible. 


Solution: 


; |x?—4| 
a. lim = 
oo pap = 


Hint 


Zee 
a. Use x-values 1.9, 1.99, 1.999, 1.9999, 1.9999 to estimate lim 
z—2- 


r— 


eta 
xz—-2 ° 


b. Use x-values 2.1, 2.01, 2.001, 2.0001, 2.00001 to estimate lim, 
rz 


(These tables are available from a previous Checkpoint problem.) 


Let us now consider the relationship between the limit of a function at a point and the 
limits from the right and left at that point. It seems clear that if the limit from the right 
and the limit from the left have a common value, then that common value is the limit 
of the function at that point. Similarly, if the limit from the left and the limit from the 
right take on different values, the limit of the function does not exist. These 
conclusions are summarized in [link]. 


Note: 

Relating One-Sided and Two-Sided Limits 

Let f (x) be a function defined at all values in an open interval containing a, with the 
possible exception of a itself, and let L be a real number. Then, 

Equation: 

lim f (x) = L. if and only if jim f (x) = Land jim f (2) =, 


wa 


Infinite Limits 


Evaluating the limit of a function at a point or evaluating the limit of a function from 
the right and left at a point helps us to characterize the behavior of a function around a 
given value. As we shall see, we can also describe the behavior of functions that do not 
have finite limits. 


We now turn our attention to h (x) = 1/(x — 2)”, the third and final function 
introduced at the beginning of this section (see [link](c)). From its graph we see that as 
the values of x approach 2, the values of h (a) = 1/(x — 2)” become larger and larger 


and, in fact, become infinite. Mathematically, we say that the limit of h (x) as x 
approaches 2 is positive infinity. Symbolically, we express this idea as 
Equation: 

limh (x) = +00. 


x22 


More generally, we define infinite limits as follows: 


Note: 

Definition 

We define three types of infinite limits. 

Infinite limits from the left: Let f (x) be a function defined at all values in an open 
interval of the form (8, a). 


i. If the values of f (x) increase without bound as the values of x (where x < a) 
approach the number a, then we say that the limit as x approaches a from the left 
is positive infinity and we write 
Equation: 

lim f (x) = +00. 
O40) 

ii. If the values of f (x) decrease without bound as the values of x (where x < a) 
approach the number a, then we say that the limit as x approaches a from the left 
is negative infinity and we write 
Equation: 

lim f (x) = —oo. 


ra 


Infinite limits from the right: Let f (x) be a function defined at all values in an open 
interval of the form (a, c). 


i. If the values of f (x) increase without bound as the values of x (where x > a) 
approach the number a, then we say that the limit as x approaches a from the 
right is positive infinity and we write 
Equation: 

lim f (x) = +00. 


zat 


ii. If the values of f (x) decrease without bound as the values of x (where x > a) 
approach the number a, then we say that the limit as x approaches a from the 
right is negative infinity and we write 
Equation: 

lim f (x) = —oo. 


rat 


Two-sided infinite limit: Let f (a) be defined for all x ¥ a in an open interval 
containing a. 


i. If the values of f (x) increase without bound as the values of x (where x 4 a) 
approach the number a, then we say that the limit as x approaches a is positive 
infinity and we write 
Equation: 

lim f (t= co: 

ii. If the values of f (x) decrease without bound as the values of x (where x 4 a) 
approach the number a, then we say that the limit as x approaches a is negative 
infinity and we write 
Equation: 

lim f (2) = —oo. 


ra 


It is important to understand that when we write statements such as lim f (x) = +00 
x a 
or lim f (x) = —oo we are describing the behavior of the function, as we have just 
za 


defined it. We are not asserting that a limit exists. For the limit of a function f (x) to 

exist at a, it must approach a real number L as x approaches a. That said, if, for 

example, lim f (x) = +00, we always write lim f (x) = +00 rather than lim f (x) 
wa wa wa 


DNE. 


Example: 
Exercise: 


Problem: 


Recognizing an Infinite Limit 


Evaluate each of the following limits, if possible. Use a table of functional values 
and graph f (x) = 1/2 to confirm your conclusion. 
1 


a. lim = 
za 0- & 


b. lim 4 
ez 30t 7 


c. lim + 
230 7 


Solution: 


Begin by constructing a table of functional values. 


x = x = 

-0.1 —10 0.1 10 

-0.01 -100 0.01 100 
—0.001 —1000 0.001 1000 
—0.0001 — 10,000 0.0001 10,000 
—0.00001 —100,000 0.00001 100,000 
—0.000001 — 1,000,000 0.000001 1,000,000 


Table of Functional Values for f (x) — 4 


a. The values of 1/x decrease without bound as x approaches 0 from the left. 
We conclude that 
Equation: 


b. The values of 1/z increase without bound as x approaches 0 from the right. 
We conclude that 


Equation: 
lim — = +00 
z—-0* 7 
c. Since lim + = —oo and lim + = +00 have different values, we conclude 
2307 * z—0t * 
that 
Equation: 
a 
lim — DNE. 
z—0 x 


The graph of f (x) = 1/z in [link] confirms these conclusions. 
¥ 


The graph of f (x) = 1/z 
confirms that the limit as x 
approaches 0 does not exist. 


Note: 
Exercise: 


Problem: 


Evaluate each of the following limits, if possible. Use a table of functional values 
and graph f (2) = 1/2? to confirm your conclusion. 


a. lim = 
xz0- * 
b. lim — 
rt 2 


c. lim+ 
xr—0 ® 


Solution: 
a. lim + = +oo; b. lim t= SPOON, lim 4+. = +00 
a0" * 0 0 * 
Hint 


Follow the procedures from [link]. 


It is useful to point out that functions of the form f (x) = 1/(a — a)", where n isa 
positive integer, have infinite limits as x approaches a from either the left or right 
({link]). These limits are summarized in [link]. 


f(x) = 


100 = Gar 


ifn is an odd 
positive integer 


(x a a)" 
ifn is an even 
positive integer 


The function f (x) = 1/(x — a)” has infinite limits at a. 


Note: 

Infinite Limits from Positive Integers 
If nis a positive even integer, then 
Equation: 


If n is a positive odd integer, then 
Equation: 


and 
Equation: 


We should also point out that in the graphs of f (x) = 1/(x — a)”, points on the graph 
having x-coordinates very near to a are very close to the vertical line x = a. That is, as 
x approaches a, the points on the graph of f (a) are closer to the line x = a. The line 

x = ais called a vertical asymptote of the graph. We formally define a vertical 
asymptote as follows: 


Note: 

Definition 

Let f (x) be a function. If any of the following conditions hold, then the line x = a is 
a vertical asymptote of f (z). 


Equation: 
lim f(z) = +000r—oco 
La 
lim f(z) = -+000r—oco 
zat 
or 
lim f (x) = +000r—o0 
Example: 
Exercise: 
Problem: 


Finding a Vertical Asymptote 


Evaluate each of the following limits using [link]. Identify any vertical 
asymptotes of the function f (x) = 1/(a + 3)’. 


a. 


b. 


: 1 

lim —; 
R= (+3)° 

lim —— 
z>—3t (a+3)* 


. i) 
c. lim ———{ 
t——3 («+3)* 


Solution: 
We can use [link] directly. 


a. lim — = 4566 


a—+—3- (x+3) 
, 1 = 
Day Gear 
. il) = 
ou (x+3)* ue 


The function f (x) = 1/(a + 3)* has a vertical asymptote of x = —3. 


Note: 
Exercise: 


Problem: 


Evaluate each of the following limits. Identify any vertical asymptotes of the 
function f (x) = aay 


. i 
a. jim oe 
b. lim 


r—2t (x—2)° 


Say 


Solution: 


alia =o, bs im = co, & lim 7 DNE. The line x = 2 
e—>2- (x— FF = (w—2)° 2 (2— yy 
is the vertical asymptote of f (x) = 1/(x — 2)’. 


Hint 


Use [link]. 


In the next example we put our knowledge of various types of limits to use to analyze 
the behavior of a function at several different points. 


Example: 
Exercise: 


Problem: 
Behavior of a Function at Different Points 


Use the graph of f (a) in [link] to determine each of the following values: 


The graph shows f (x). 


Solution: 
Using [link] and the graph for reference, we arrive at the following values: 


a lim f (2) = 0; lm f (7) —0; lim 7 (2) = 0; f(—4) = 0 
Ce pa G4 

b. lim f(z) =3.; lim f (x) = 3; lim f(z) = 3; f (—2) is undefined 
i) oS" r——2 


e iim f (2) = 6; lim f (2 3: lim f (2) DNES Ff (l= 6 


d. iim f (2) = —00; im f (2) = —oo; lim f (2) = —oo; f (3) is undefined 
Note: 
Exercise: 


Problem: Evaluate lim f (x) for f (a) shown here: 
2 


ar. 


Solution: 


Does not exist. 


Hint 


Compare the limit from the right with the limit from the left. 


Example: 
Exercise: 


Problem: 


Chapter Opener: Einstein’s Equation 


(credit: NASA) 


In the chapter opener we mentioned briefly how Albert Einstein showed that a 
limit exists to how fast any object can travel. Given Einstein’s equation for the 
mass of a moving object, what is the value of this bound? 


Solution: 


Our starting point is Einstein’s equation for the mass of a moving object, 
Equation: 


™mo 
WO = —_ 
2 
U 
yi-3 


where mo is the object’s mass at rest, v is its speed, and c is the speed of light. To 
see how the mass changes at high speeds, we can graph the ratio of masses 
m/mp as a function of the ratio of speeds, v/c ([link)). 


0.2 04 06 08 10% 
v/c 


This graph shows the ratio of 
masses as a function of the ratio of 
speeds in Einstein’s equation for 
the mass of a moving object. 


We can see that as the ratio of speeds approaches 1—that is, as the speed of the 
object approaches the speed of light—the ratio of masses increases without 
bound. In other words, the function has a vertical asymptote at v/c = 1. We can 
try a few values of this ratio to test this idea. 


“ es a 

0.99 0.1411 7.089 
0.999 0.0447 22.37 
0.9999 0.0141 70.71 


Ratio of Masses and Speeds for a Moving Object 


Thus, according to [link], if an object with mass 100 kg is traveling at 0.9999c, 
its mass becomes 7071 kg. Since no object can have an infinite mass, we 


conclude that no object can travel at or more than the speed of light. 


Key Concepts 


e A table of values or graph may be used to estimate a limit. 
e If the limit of a function at a point does not exist, it is still possible that the limits 


from the left and right at that point may exist. 


e Ifthe limits of a function from the left and right exist and are equal, then the limit 


of the function is that common value. 


e We may use limits to describe infinite behavior of a function at a point. 


Key Equations 


For the following exercises, consider the function f (x) = 


Intuitive Definition of the Limit 
lim f(x) = L 

Two Important Limits 

lima =o lime =-c 

za wa 

One-Sided Limits 

lim: (2) S28... ef (a) 
z—a- zat 

Infinite Limits from the Left 


Jim f(2)=-+00 im. (6) = -20 


Infinite Limits from the Right 


lim f(z) = +00 lim f (x) = —co 
tat tat 


Two-Sided Infinite Limits 


lim f (x) = +00: lim f (x) = +00 and lim 
ra ra” raat 


lim f (x) = —oo: jim f (x) = —oo and jim, 


Exercise: 


Problem: 


f(z) = +00 

f(z) = —0o 
x1 
eI 


[T] Complete the following table for the function. Round your solutions to four 
decimal places. 


x f (x) x f (z) 


0.9 a. it e. 
0.99 b. 1.01 f. 
0.999 c. 1.001 g. 
0.9999 d. 1.0001 h. 
Exercise: 
Problem: 


What do your results in the preceding exercise indicate about the two-sided limit 
lim f (x)? Explain your response. 
Bed 


Solution: 
lim f (x) does not exist because jim f (2) ==—2F jim f (a2. 


For the following exercises, consider the function f (x) = (1 + 2)‘/”. 
Exercise: 


Problem: 
[T] Make a table showing the values of f for 


x = —0.01, —0.001, —0.0001, —0.00001 and for 
x = 0.01, 0.001, 0.0001, 0.00001. Round your solutions to five decimal places. 


x f (x) x f(z) 


—0.0001 Cc. 0.0001 g. 
—0.00001 d. 0.00001 h. 
Exercise: 
Problem: 


What does the table of values in the preceding exercise indicate about the function 
f(z) =(L+2)"" 


Solution: 
: Tifa 
lim(1 + 2)°’" = 2.7183 
xz—0 
Exercise: 
Problem: 


To which mathematical constant does the limit in the preceding exercise appear to 
be getting closer? 


In the following exercises, use the given values to set up a table to evaluate the limits. 
Round your solutions to eight decimal places. 
Exercise: 


Problem: [T] lim 3 0.1, £0.01, +0.001, +.0001 
«wt— 


sin 2x sin 2x 


sin 2x sin 2x 


xX x x “a 

—0.001 a 0.001 g 

—0.0001 d. 0.0001 h 
Solution: 


a. 1.98669331; b. 1.99986667; c. 1.99999867; d. 1.99999999; e. 1.98669331; f. 
1.99986667; g. 1.99999867; h. 1.99999999; lima ar =2 
Ed 


Exercise: 


Problem: [T] lim “= +0.1, +0.01, +0.001, +0.0001 
t—> 


X singe x sine 
—-0.1 a. 0.1 e. 
-0.01 b. 0.01 f. 
-0.001 c. 0.001 g. 
-0.0001 d. 0.0001 h. 
Exercise: 
Problem: 


Use the preceding two exercises to conjecture (guess) the value of the following 


limit: lim =“** for a, a positive real value. 
z—0 


Solution: 


lim sinax __ a 
x0 


[T] In the following exercises, set up a table of values to find the indicated limit. 
Round to eight digits. 


Exercise: 
‘ 2 
Problem: lim aa 
a?—4 22-4 
x z?+r—6 x x2’?+2—6 
1.9 a. 2.1 e. 
1.99 b. 2.01 f. 
1.999 Cc. 2.001 g. 
1.9999 d. 2.0001 h. 


Exercise: 


Problem: lim (1 — 2z) 
a1 


x 1 — 22 x 1 — 22 
0.9 a. 1.1 e 
0.99 b. 1.01 f 


0.999 c. 1.001 g. 


xX 1 — 22 x 1 — 22 


0.9999 d. 1.0001 h. 


Solution: 


a. —0.80000000; b. —0.98000000; c. —0.99800000; d. -0.99980000; e. 
-1.2000000; f. -1.0200000; g. -1.0020000; h. -1.0002000; lim (1 — 2x”) = -1 
re 


Exercise: 


Problem: lim Pare 
a0 1-e'? 


x ae x rE 
—0.1 a. 0.1 e. 
-0.01 b. 0.01 f. 
-0.001 C. 0.001 g. 
-0.0001 d. 0.0001 h. 


Exercise: 


el: z—1 
Problem: lim Pasay 


Z 23(z24+3 Z 24(2+3 


-0.1 a. 0.1 e 

—0.01 b. 0.01 f 

—0.001 Cc 0.001 g 

—0.0001 d. 0.0001 h 
Solution: 


a. -37.931934; b. -3377.9264; c. -333,777.93; d. -33,337,778; e. —29.032258; f. 
—3289.0365; g. —332,889.04; h. -33,328,889 lim = —0O 
z—0 2 (z+3) 
Exercise: 


Problem: lim cost 
t0t 


cost 


t t 

0.1 a. 

0.01 b. 

0.001 c. 

0.0001 d. 
Exercise: 


4. St 
Problem: lim —; 
r—2 —4 


Xx e2—4 x x?—4 

Lg a. 2el e 

1.99 b. 2.01 f 

1.999 Cc 2.001 g 

1.9999 d. 2.0001 h 
Solution: 


a. 0.13495277; b. 0.12594300; c. 0.12509381; d. 0.12500938; e. 0.11614402; f. 
2 
0.12406794; g, 0.12490631; h. 0.12499063; ... lim—>- = 0.1250 = + 
r—2 & 


[T] In the following exercises, set up a table of values and round to eight significant 
digits. Based on the table of values, make a guess about what the limit is. Then, use a 
calculator to graph the function and determine the limit. Was the conjecture correct? If 
not, why does the method of tables fail? 

Exercise: 


Problem: limsin (3) 


0 sin (7) 0 sin (7) 
-0.1 a. 0.1 e 
-0.01 b. 0.01 f 
-0.001 Cc 0.001 g 


Exercise: 


Problem: lim. cos (+) 


a0 
a acest.) 
0.1 a 
0.01 b. 
0.001 Cc 
0.0001 d 
Solution: 


a. —10.00000; b. -100.00000; c. -1000.0000; d. -10,000.000; Guess: 


: 1 mT\ __ s 
Jim z cos (=) = oo, actual: DNE 


In the following exercises, consider the graph of the function y = f (a) shown here. 
Which of the statements about y = f (x) are true and which are false? Explain why a 
statement is false. 


Exercise: 


Problem: Jim, i{zj=0 


Exercise: 


Problem: lim f(x) =3 


2—>—2* 


Solution: 


False; lim f(x) = +00 
r>—2t 
Exercise: 
Problem: lim. f (x) = f (-8) 
r~— 
Exercise: 


Problem: lim f (x) = 5 
x—6 


Solution: 


False; lim f (x) DNE since lim f (x) = 2 and lim f (x) = 5. 
z—6 r—6- t—6* 


In the following exercises, use the following graph of the function y = f (z) to find 
the values, if possible. Estimate when necessary. 


Exercise: 


Problem: lim f (2) 


Exercise: 


Problem: lim f (x) 


elt 
Solution: 
2 
Exercise: 
Problem: lim f (x) 
r—-1 


Exercise: 


Problem: lim f (x) 


£22 
Solution: 
1 
Exercise: 


Problem: / (1) 


In the following exercises, use the graph of the function y = f (x) shown here to find 
the values, if possible. Estimate when necessary. 


Exercise: 


Problem 


Solution: 


i] 


Exercise: 


Problem: 


Exercise: 


Problem: 


ling j (2) 


z—0t 


lim f (2) 


Solution: 


DNE 


Exercise: 


Problem: lim 7(e) 


In the following exercises, use the graph of the function y = f (x) shown here to find 
the values, if possible. Estimate when necessary. 


Exercise: 


Problem: lim f(z) 


Solution: 


0 


Exercise: 


Problem: lim f (x) 


xz—>—2* 


Exercise: 


Problem: Jim, j (z) 


Solution: 


DNE 


Exercise: 


Problem: lim f (x) 


r2- 


Exercise: 


Problem: lim f (x) 


22+ 
Solution: 
2 


Exercise: 


Problem: lim J (@) 


In the following exercises, use the graph of the function y = g(a) shown here to find 
the values, if possible. Estimate when necessary. 


: 
5 


Exercise: 


Problem: lim g(x) 


xr—0- 
Solution: 
3 


Exercise: 


Problem: lim g(x) 


x2—0t 


Exercise: 


Problem: limg (x) 


xz—0 
Solution: 


DNE 


In the following exercises, use the graph of the function y = h (x) shown here to find 
the values, if possible. Estimate when necessary. 


Exercise: 


Problem: lim h () 


x0 


Exercise: 
Problem: lim h (x) 
z—0t 


Solution: 


0 


Exercise: 


Problem: limh (x) 


rt 


In the following exercises, use the graph of the function y = f (x) shown here to find 
the values, if possible. Estimate when necessary. 


Exercise: 


Problem 


: lim f (z) 


z—0- 


Solution: 


2 


Exercise: 


Problem: 


Exercise: 


Problem: 


lim f (x) 


xz—0t 


lim f (x) 


xz—0 


Solution: 


DNE 


Exercise: 


Problem: 


Exercise: 


Problem: 


lim f (2) 


lim f (x) 


Solution: 


0 


In the following exercises, sketch the graph of a function with the given properties. 


Exercise: 


Problem: lim f (z) = 1, lim f (xz) = 3, lim f (x) = 6, z = 4 is not defined. 
xr—2 rz 4— zt 


Exercise: 


Problem: 


li =0, li = —00, 
jim f(x) =0, lim f(x) = —oo 


Solution: 


Answers may vary. 


—14-12-10 -8 -6 -4 


Exercise: 
Problem: 
gpd CV ey) oes 
1 = li = Z 0 — = 
lim f(z) oo, lim f (x) FfO=F5 
Exercise: 


Problem: lim f (“= 2, lim f (x) = —oo, Jim f (2) =2,7 (0) =0 


Solution: 


Answers may vary. 


Exercise: 


Problem: 

im f(z) =0, lim f(x) = 00, lim f(x) =—oo, 

f (0) = 1, lim f («) = —oo, lim f («) = 00, lim f (2) = 0 
Exercise: 

Problem: 


Shock waves arise in many physical applications, ranging from supernovas to 
detonation waves. A graph of the density of a shock wave with respect to 
distance, x, is shown here. We are mainly interested in the location of the front of 
the shock, labeled zgp in the diagram. 


Xsp - 


a. Evaluate lim p(z). 
L-agrt 


b. Evaluate lim p(z). 
H Se a Ko 


c. Evaluate lim p (a). Explain the physical meanings behind your answers. 
TTL SF 


Solution: 


a. 02 b. 9; c. DNE unless p; = pz. As you approach asp from the right, you are in 
the high-density area of the shock. When you approach from the left, you have not 
experienced the “shock” yet and are at a lower density. 


Exercise: 
Problem: 
A track coach uses a camera with a fast shutter to estimate the position of a runner 
with respect to time. A table of the values of position of the athlete versus time is 


given here, where x is the position in meters of the runner and t is time in seconds. 
What is lima (t)? What does it mean physically? 
—_ 


t (sec) x (m) 
1.75 4.5 
1.95 6.1 


1.99 6.42 


t (sec) x (m) 


2.01 6.58 

2.05 6.9 

2.25 8.5 
Glossary 


infinite limit 
A function has an infinite limit at a point a if it either increases or decreases 
without bound as it approaches a 


intuitive definition of the limit 
If all values of the function f (x) approach the real number L as the values of 
x (# a) approach a, f (x) approaches L 


one-sided limit 
A one-sided limit of a function is a limit taken from either the left or the right 


vertical asymptote 
A function has a vertical asymptote at x = a if the limit as x approaches a from 
the right or left is infinite 


The Limit Laws 


e Recognize the basic limit laws. 

e Use the limit laws to evaluate the limit of a function. 

e Evaluate the limit of a function by factoring. 

e Use the limit laws to evaluate the limit of a polynomial or rational function. 
e Evaluate the limit of a function by factoring or by using conjugates. 

e Evaluate the limit of a function by using the squeeze theorem. 


In the previous section, we evaluated limits by looking at graphs or by constructing a table of values. In this 
section, we establish laws for calculating limits and learn how to apply these laws. In the Student Project at 
the end of this section, you have the opportunity to apply these limit laws to derive the formula for the area 
of a circle by adapting a method devised by the Greek mathematician Archimedes. We begin by restating 
two useful limit results from the previous section. These two results, together with the limit laws, serve as a 
foundation for calculating many limits. 


Evaluating Limits with the Limit Laws 


The first two limit laws were stated in [link] and we repeat them here. These basic results, together with the 
other limit laws, allow us to evaluate limits of many algebraic functions. 


Note: 
Basic Limit Results 
For any real number a and any constant c, 


i. Equation: 


limz =a 
ra 

ii. Equation: 
lime = e 
JA eh 


Example: 
Exercise: 


Problem: 
Evaluating a Basic Limit 


Evaluate each of the following limits using [link]. 
a. lima 
22 


b. lim5 


r2 


Solution: 


a. The limit of x as x approaches a is a: lim x = 2. 
z—> 


b. The limit of a constant is that constant: lims =i) 
a 


We now take a look at the limit laws, the individual properties of limits. The proofs that these laws hold are 
omitted here. 


Note: 

Limit Laws 

Let f (x) and g(a) be defined for all « 4 a over some open interval containing a. Assume that L and M 
are real numbers such that lim f (a) = Land limg (a) = M. Let c bea constant. Then, each of the 


following statements holds: 

Sum law for limits: lim (f(z) + 9(a)) = lim f (a) + limg (2) =L+M 
Difference law for limits: lim (f (x) — g(a)) = lim f (x) — limg (c)=L-—-M 
Constant multiple law for limits: limcf (cj lim f (ol eb 


Product law for limits: lim (hae gta) = lim f (x) - limg (hee 


lim f(x 
Quotient law for limits: lim : os = a = + forM 40 


Power law for limits: lim ( (2) = (im i (z)) = L” for every positive integer n. 


Root law for limits: lim ¥/ f (ele /ims (x) = VF for all L if nis odd and for L > 0 if nis even. 


We now practice applying these limit laws to evaluate a limit. 


Example: 
Exercise: 


Problem: 
Evaluating a Limit Using Limit Laws 


Use the limit laws to evaluate li (4a + 2). 
a 


Solution: 


Let’s apply the limit laws one step at a time to be sure we understand how they work. We need to keep 
in mind the requirement that, at each application of a limit law, the new limits must exist for the limit 
law to be applied. 


lim (42 -+2) = lim 4r+ lim 2 Apply the sum law. 
2-3 z—3 z—-3 


=A) lim, x + lim 2 Apply the constant multiple law. 
@I>- @L>- 
=4-.(-—3)4+2=-10. Apply the basic limit results and simplify. 


Example: 
Exercise: 


Problem: 
Using Limit Laws Repeatedly 


. . . 2 
Use the limit laws to evaluate lim 22=22+ | 
roQ vt 


Solution: 


To find this limit, we need to apply the limit laws several times. Again, we need to keep in mind that 
as we rewrite the limit in terms of other limits, each new limit must exist for the limit law to be 
applied. 


lim (2?—32+1) 


F PP c : 3 
lim ae et ae ina (=) Apply the quotient law, making sure that. (2)° + 4 4 0 
2-lima?—3-lima+lim1 ‘ 
= "ae tlimd Apply the sum law and constant multiple law. 
i a ie i 
_ 2 (me) -Stigetigt ' 
= = pply the power law. 
(lime) +lim4 
a2 22 
= sense = i Apply the basic limit laws and simplify. 
Note: 
Exercise: 
Problem: 


Use the limit laws to evaluate lim (2x — 1)/x + 4. In each step, indicate the limit law applied. 
w= 


Solution: 


11V10 


Hint 


Begin by applying the product law. 


Limits of Polynomial and Rational Functions 


By now you have probably noticed that, in each of the previous examples, it has been the case that 
lim f (x) = f (a). This is not always true, but it does hold for all polynomials for any choice of a and for 


all rational functions at all values of a for which the rational function is defined. 


Note: 
Limits of Polynomial and Rational Functions 
Let p (zx) and q (x) be polynomial functions. Let a be a real number. Then, 
Equation: 
limp (x) = p (a) 


«ra 


Equation: 


ele) ene nq(a 
Brae) ae) ee 


To see that this theorem holds, consider the polynomial p (x) = cna” + cp_1a" 1 +++ + cya +c. By 
applying the sum, constant multiple, and power laws, we end up with 
Equation: 


i — jj n m-li.., 
limp (x) = lim (Cpe + Cp-ye"-1 + +++ + 1a + €) 


n n-1 
= cp (lima) + cnx (lime) t+ +c) (lima) + limcy 
ra ra ta wa 
= e060" +6460°° +54 gat Co 


= p(a). 


It now follows from the quotient law that if p(x) and q (a) are polynomials for which g(a) 4 0, then 
Equation: 


[link] applies this result. 


Example: 
Exercise: 


Problem: 
Evaluating a Limit of a Rational Function 


. 2= 
Evaluate the lim i 
23 a+4 
Solution: 
2 . . 
Since 3 is in the domain of the rational function f (1) = 2a cSet) , we can calculate the limit by 


substituting 3 for x into the function. Thus, 
Equation: 


Qe? — 8a +1 10 
bron ——______— > —_,, 


Note: 
Exercise: 


Problem: Evaluate lim (Sa° = Dye An 7 Ve 
z——2 


Solution: 
= 1132 
Hint 


Use [link] 


Additional Limit Evaluation Techniques 


As we have seen, we may evaluate easily the limits of polynomials and limits of some (but not all) rational 

functions by direct substitution. However, as we saw in the introductory section on limits, it is certainly 

possible for lim f (x) to exist when f (a) is undefined. The following observation allows us to evaluate 
«ra 


many limits of this type: 


If for all 2 4 a, f (x) = g(x) over some open interval containing a, then lim f (x) = limg (z). 
rw—a 


ra 
. 2 
To understand this idea better, consider the limit lim — 
«I= 
The function 
Equation: 
a1 
f (x) = "g-1 
__ (#-1)(#+1) 
~~ z—1 


and the function g(x) = x + 1 are identical for all values of « 4 1. The graphs of these two functions are 
shown in [link]. 


#-1 


g(x)=x+1 f(x) = 


x- 


The graphs of f (a) and g (x) are identical for all z 4 1. Their limits at 1 are equal. 


We see that 
Equation: 
lim@=) = Jim @ VEY) 
a1 2-1 zl z—1 
ee 
= 2. 
The limit has the form lim £@ , where lim f (a) = 0 and limg (a) = 0. (In this case, we say that 
2a g(x) 2a 2a 


f(x)/g(a) has the indeterminate form 0/0.) The following Problem-Solving Strategy provides a general 
outline for evaluating limits of this type. 


Note: 
Problem-Solving Strategy: Calculating a Limit When f (x) /g (x) has the Indeterminate Form 0/0 


1. First, we need to make sure that our function has the appropriate form and cannot be evaluated 
immediately using the limit laws. 

2. We then need to find a function that is equal to h (x) = f(x)/g(x) for all 4 a over some interval 
containing a. To do this, we may need to try one or more of the following steps: 


a. If f (x) and g(x) are polynomials, we should factor each function and cancel out any common 
factors. 

b. If the numerator or denominator contains a difference involving a square root, we should try 
multiplying the numerator and denominator by the conjugate of the expression involving the 
square root. 

c. If f(x) /g(x) is a complex fraction, we begin by simplifying it. 


3. Last, we apply the limit laws. 


The next examples demonstrate the use of this Problem-Solving Strategy. [link] illustrates the factor-and- 
cancel technique; [link] shows multiplying by a conjugate. In [link], we look at simplifying a complex 
fraction. 


Example: 
Exercise: 


Problem: 
Evaluating a Limit by Factoring and Canceling 


: x?—3x 
Evaluate lim ar 


Solution: 


Step 1. The function f (x) = Perea is undefined for z = 3. In fact, if we substitute 3 into the 
function we get 0/0, which is undefined. Factoring and canceling is a good strategy: 


Equation: 


. x? — 3a : xt (x — 3) 
lim —_—_——— = lim 
233 27? 5a —3 2-3 (x — 3)(2x+4+1) 


Step 2. For all x ¥ 3, =e = 3,77 - Therefore, 
Equation: 


zx (x — 3) ' x 


ira, —$<—<——$ => lim A 
23 (x = 3) (22 aL, 1) 233 27 +1 


Step 3. Evaluate using the limit laws: 


Equation: 
li z 
im = —, 
Note: 
Exercise: 
Problem: Evaluate lim 2473, 
r>—3 2-9 


Solution: 


1 


3 
Hint 


Follow the steps in the Problem-Solving Strategy and [link]. 


Example: 
Exercise: 


Problem: 
Evaluating a Limit by Multiplying by a Conjugate 


Ve+2—-1 
at+1 ° 


Evaluate lim 
2-1 


Solution: 


Step 1. ee has the form 0/0 at -1. Let’s begin by multiplying by x + 2 + 1, the conjugate of 


az + 2 — 1, on the numerator and denominator: 
Equation: 


/ pee — ill A eee ly ee 
100, $$ = 10098, 
z—>—1 g+1 z>—1 z+ Ve Sea 


Step 2. We then multiply out the numerator. We don’t multiply out the denominator because we are 
hoping that the (a + 1) in the denominator cancels out in the end: 
Equation: 
: zr+1 
= lim : 
ages Cae (vz aap ae 1) 


Step 3. Then we cancel: 
Equation: 


= lim 


1 
m1 Jet 24+1 


Step 4. Last, we apply the limit laws: 
Equation: 


1 1 
lim — 
z->-1 / x + 2 =15 1 2 


Note: 
Exercise: 


Problem: Evaluate lim “2. 
25 z—-5 


Solution: 


1 


4 
Hint 


Follow the steps in the Problem-Solving Strategy and [link]. 


Example: 
Exercise: 


Problem: 
Evaluating a Limit by Simplifying a Complex Fraction 


eee 
ce oh 2 
z—-1 


Evaluate lim 
a1 


Solution: 


AL 
2 


Siiee 
Step 1. == 


has the form 0/0 at 1. We simplify the algebraic fraction by multiplying by 


z—1 
2(@+1)/2(@+1): 
Equation: 
1 1 1 1 
ey oe 2(# +1) 
zol ge z>1 g—1 2(z+1) 


Step 2. Next, we multiply through the numerators. Do not multiply the denominators because we want 
to be able to cancel the factor (x — 1): 
Equation: 


fe 2—(#+1) 
2712(x—1)(z+1) 


Step 3. Then, we simplify the numerator: 
Equation: 
; —xr+1 
= lim : 
#12 (x —1)(x+4+1) 


Step 4. Now we factor out —1 from the numerator: 
Equation: 


lim ole!) : 
z12(2—1)(x+1) 


Step 5. Then, we cancel the common factors of (x — 1): 
Equation: 

: —1 

lim ———_.. 
#1 2(¢+1) 


Step 6. Last, we evaluate using the limit laws: 
Equation: 


Note: 
Exercise: 


al 
+3 ° 


Problem: Evaluate lim 
@r>—-3 


Solution: 


Hint 


Follow the steps in the Problem-Solving Strategy and [link]. 


[link] does not fall neatly into any of the patterns established in the previous examples. However, with a 
little creativity, we can still use these same techniques. 


Example: 
Exercise: 


Problem: 
Evaluating a Limit When the Limit Laws Do Not Apply 
Evaluate lim ( ee ) : 

z—0 


=) B(@=5) 
Solution: 


Both 1/z and 5/2 (x — 5) fail to have a limit at zero. Since neither of the two functions has a limit at 
zero, we cannot apply the sum law for limits; we must use a different strategy. In this case, we find the 
limit by performing addition and then applying one of our previous strategies. Observe that 
Equation: 


mn 5 ae 
fe at z(z@—5) ~—  -x(x—5) 


x(x—5) ° 


Thus, 
Equation: 
lim (2 aoe) im—< 
z30 \& al z(x—5) 20 &(z—5) 
= lim— 
x20 z—-5 
ae 
on 
Note: 
Exercise: 
Problem: Evaluate lim ( —_ — —4+— ). 
pas) x2—-3 x*—22-—3 
Solution: 
aly 
4 
Hint 


Use the same technique as [link]. Don’t forget to factor x? — 2a — 3 before getting a common 
denominator. 


Let’s now revisit one-sided limits. Simple modifications in the limit laws allow us to apply them to one- 


sided limits. For example, to apply the limit laws to a limit of the form lim h (x), we require the function 
ra” 
h (a) to be defined over an open interval of the form (6, a); for a limit of the form lim h (a), we require 
zat 


the function h (x) to be defined over an open interval of the form (a, c). [link] illustrates this point. 


Example: 
Exercise: 


Problem: 
Evaluating a One-Sided Limit Using the Limit Laws 


Evaluate each of the following limits, if possible. 


Solution: 


[link] illustrates the function f (a) = Va — 3 and aids in our understanding of these limits. 


The graph shows the function 


f (x) = Ve -3. 


a. The function f (x) = Vx — 3 is defined over the interval [3, +00). Since this function is not 
defined to the left of 3, we cannot apply the limit laws to compute lim vx — 3. In fact, since 
bie ao 


f (z) = Vz — 3 is undefined to the left of 3, lim Vz — 3 does not exist. 
237 
b. Since f (x) = Vx — 3 is defined to the right of 3, the limit laws do apply to lim Vaz — 3. By 
x—3t 
applying these limit laws we obtain lim. Wan = 3} = 0. 
xz 


In [link] we look at one-sided limits of a piecewise-defined function and use these limits to draw a 
conclusion about a two-sided limit of the same function. 


Example: 
Exercise: 


Problem: 
Evaluating a Two-Sided Limit Using the Limit Laws 
Ag 3 ite =< 2 


® « , evaluate each of the following limits: 
(e—3) ife>2 


For f(2) = { 


Solution: 


[link] illustrates the function f (a) and aids in our understanding of these limits. 


f(x) 


This graph shows a function f (2). 


a. Since f (x) = 4x — 3 for all x in (—oo, 2), replace f (zx) in the limit with 42 — 3 and apply the 
limit laws: 
Equation: 


lim f (2) — lim (4a — 3) =5. 


r2- 


b. Since f (x) = (a — 3)? for all x in (2, +00), replace f (2) in the limit with (« — 3)? and apply 
the limit laws: 
Equation: 


lim f (x) = lim (x — 3)’ =1. 
Gas 


22+ 


c. Since lim f (x) = 5 and lim f (x) = 1, we conclude that lim f (x) does not exist. 
r2- x2 z2 


Note: 
Exercise: 
SH OG ee | 
Problem: Graph f (x) = 2if~=-1  andevaluate lim f(z). 


3. 2-17 
2 if 2 > —1 


Solution: 


f(x) 
° 
x 
lim f(z) =—-1 
z—>-—1- 
Hint 


Use the method in [link] to evaluate the limit. 


We now turn our attention to evaluating a limit of the form lim 42, where lim f (xz) = K, where K 40 
and limg (a) = 0. That is, f(a)/g(x) has the form K/0,K #4 O ata. 


Example: 
Exercise: 


Problem: 
Evaluating a Limit of the Form K/0, K # 0 Using the Limit Laws 


Evaluate lim —=2. 
a2 t*—2x 


Solution: 


Step 1. After substituting in z = 2, we see that this limit has the form —1/0. That is, as x approaches 
2 from the left, the numerator approaches —1; and the denominator approaches 0. Consequently, the 


magnitude of = becomes infinite. To get a better idea of what the limit is, we need to factor the 
denominator: 
Equation: 
x = 
lim = lim 


Step 2. Since x — 2 is the only part of the denominator that is zero when 2 is substituted, we then 
separate 1/(a — 2) from the rest of the function: 


Equation: 


Step 3. iim 2-3 — _1 and lim —1 = —oo. Therefore, the product of (2 — 3)/x and 1/(z — 2) 
wee H be a 


ae x—2 
has a limit of ++oo: 
Equation: 


Note: 
Exercise: 


Problem: Evaluate lim —**2.. 
z—1 (#—1) 


Solution: 
too 
Hint 


Use the methods from [link]. 


The Squeeze Theorem 


The techniques we have developed thus far work very well for algebraic functions, but we are still unable to 
evaluate limits of very basic trigonometric functions. The next theorem, called the squeeze theorem, proves 
very useful for establishing basic trigonometric limits. This theorem allows us to calculate limits by 
“squeezing” a function, with a limit at a point a that is unknown, between two functions having a common 
known limit at a. [link] illustrates this idea. 


The Squeeze Theorem applies when 
f (@) < g(«) < h(x) and lim f (2) = limh (2). 


Note: 

The Squeeze Theorem 

Let f (x), g(a), and h (x) be defined for all 2 # a over an open interval containing a. If 
Equation: 


f(z) <g(z) < h(z) 


for all z ¥ a in an open interval containing a and 
Equation: 


lim f (2) = L = limh (2) 


where L is a real number, then limg (a) 
«ra 


Example: 
Exercise: 


Problem: 
Applying the Squeeze Theorem 


Apply the squeeze theorem to evaluate lim x cos z. 
Hie 


Solution: 


Because —1 < cosz < 1 forall x, we have —|z| < cosa < |z|. Since lim (—|z|) = 0 = lim|z|, 
z—0 z—0 


from the squeeze theorem, we obtain lim x cosx = 0. The graphs of f (x) = —|z|, g(x) = xcosz, 
=> 


and h (x) = |z| are shown in [link]. 
y 


The graphs of f (x), g(x), and 
h (x) are shown around the point 
@ =. 


Note: 
Exercise: 


Problem: Use the squeeze theorem to evaluate lima*sin =. 
We 


Solution: 


0 
Hint 


Use the fact that —x? < x’sin (1/x) < x? to help you find two functions such that x?sin (1/2) is 
squeezed between them. 


We now use the squeeze theorem to tackle several very important limits. Although this discussion is 
somewhat lengthy, these limits prove invaluable for the development of the material in both the next section 


and the next chapter. The first of these limits is limsin 9. Consider the unit circle shown in [link]. In the 
— 


figure, we see that sin 0 is the y-coordinate on the unit circle and it corresponds to the line segment shown in 
blue. The radian measure of angle @ is the length of the arc it subtends on the unit circle. Therefore, we see 
that for0 <0 < 5,0 <sin@ < #. 


(cosé, sin@) 


For0<@<2,0<sino <0. 


The sine function is shown as a line on the unit circle. 


Because lim 0 = 0 and lim @ = 0, by using the squeeze theorem we conclude that 
d—0+ 00+ 


Equation: 


lim sin# = 0. 
60+ 


To see that jim sin@ = 0 as well, observe that for — z <8<0,0<-0< s and hence, 
are 


0 < sin (—@) < —@. Consequently, 0 < —sin@ < —0. It follows that 0 > sin@ > 6. An application of the 
squeeze theorem produces the desired limit. Thus, since jim sin@ = 0 and jim sin = 0, 
— —0- 


Equation: 


limsin6 = 0. 
650 


Next, using the identity cos? = J 1 — sin6 for =5 < 0 <5, wesee tliat 
Equation: 


limcos@ = lim 1 — sin26 = 1. 
650 650 


si 


We now take a look at a limit that plays an important role in later chapters—namely, lim > . To evaluate 
—> 


this limit, we use the unit circle in [link]. Notice that this figure adds one additional triangle to [link]. We 
see that the length of the side opposite angle 6 in this new triangle is tan@. Thus, we see that for 
0<0< $,sinO < 0 < tané. 


For0<@< = sind < 6 < tand. 


The sine and tangent functions are shown as lines on 
the unit circle. 


By dividing by sin in all parts of the inequality, we obtain 
Equation: 


6 1 
sind cos0- 


Equivalently, we have 


Equation: 
sind 
1 > —— > cos8. 
0 
Since lim 1 = 1 = limcos9@, we conclude that lim sn? = 1. By applying a manipulation similar to that 
60+ 60+ 6—0* 


used in demonstrating that dim sin = 0, we can show that jim — = 1. Thus, 
—¥O~ 0 


Equation: 


= 0. This limit also proves useful in later chapters. 


In [link] we use this limit to establish lim “9s? 
I 


Example: 
Exercise: 


Problem: 
Evaluating an Important Trigonometric Limit 


Evaluate lim 2-222 , 
650 


Solution: 


In the first step, we multiply by the conjugate so that we can use a trigonometric identity to convert the 
cosine in the numerator to a sine: 


Equation: 
« l-cos@ __ ys, 1-cos@ | 1+cosé 
lim 0 = lim 0 1+cos6 
48 1—cos?6 
= lim 6(1+c0s 4) 
iS sin20 
bass lim 6(1+cos6) 
_ ys... sind sind 
=, lim 6° 1+cos0 
=1. £ =0 
Therefore, 
Equation: 
. l-—cosdé 
lim = 
60 0 
Note: 
Exercise: 
Problem: Evaluate lim +0984 
= 0a 


Solution: 
0 
Hint 


Multiply numerator and denominator by 1 + cos@. 


Note: 

Deriving the Formula for the Area of a Circle 

Some of the geometric formulas we take for granted today were first derived by methods that anticipate 
some of the methods of calculus. The Greek mathematician Archimedes (ca. 287-212; BCE) was 


particularly inventive, using polygons inscribed within circles to approximate the area of the circle as the 
number of sides of the polygon increased. He never came up with the idea of a limit, but we can use this 
idea to see what his geometric constructions could have predicted about the limit. 

We can estimate the area of a circle by computing the area of an inscribed regular polygon. Think of the 

regular polygon as being made up of n triangles. By taking the limit as the vertex angle of these triangles 
goes to zero, you can obtain the area of the circle. To see this, carry out the following steps: 


1. Express the height h and the base b of the isosceles triangle in [link] in terms of 0 and r. 
b 


2. Using the expressions that you obtained in step 1, express the area of the isosceles triangle in terms of 
6 andr. 
(Substitute (1 /2) sin @ for sin(@ / 2) cos(6 /2) in your expression.) 

3. If an n-sided regular polygon is inscribed in a circle of radius r, find a relationship between 6 and n. 
Solve this for n. Keep in mind there are 27 radians in a circle. (Use radians, not degrees.) 

4. Find an expression for the area of the n-sided polygon in terms of r and 0. 

5. To find a formula for the area of the circle, find the limit of the expression in step 4 as 0 goes to zero. 


(Hint: lim =A) 


The technique of estimating areas of regions by using polygons is revisited in Introduction to Integration. 


Key Concepts 


e The limit laws allow us to evaluate limits of functions without having to go through step-by-step 
processes each time. 

* For polynomials and rational functions, lim f (¢) =f (a). 

e You can evaluate the limit of a function by factoring and canceling, by multiplying by a conjugate, or 
by simplifying a complex fraction. 

e The squeeze theorem allows you to find the limit of a function if the function is always greater than 
one function and less than another function with limits that are known. 


Key Equations 


e Basic Limit Results 
liimz =alimc=c 
«ra wa 


e Important Limits 
limsiné = 0 
00 


limcosé = 1 

65> 

: sind __ 
= 1 


In the following exercises, use the limit laws to evaluate each limit. Justify each step by indicating the 
appropriate limit law(s). 
Exercise: 


Problem: lim (42” — 2x + 3) 
z—0 


Solution: 
Use constant multiple law and difference law: lim (42? — 22+ 3) = 4limx? — 2limz + lim3 = 3 
z—0 z—0 r—-0 r—>0 
Exercise: 
Problem: lim se +5 
x1 = 


Exercise: 


Problem: lim V z*—62+3 
I 


Solution: 
Use root law: lim Vz? — 62 +3 = / lim (x? — 624+ 3) = V19 
z—2 z——2 
Exercise: 


Problem: lim (9x + 1)’ 
z—>-1 


In the following exercises, use direct substitution to evaluate each limit. 
Exercise: 


Problem: lim x” 
27 


Solution: 


49 


Exercise: 


Problem: lim (42° — 1) 
2-2 


Exercise: 


Problem: lim ane 


Solution: 


1 


Exercise: 


. aaa: 
Problem: lime2*~* 
xr—2 


Exercise: 


Problem: lim 2=— 
rol tt+6 


Solution: 


Nou 


Exercise: 


Problem: limIne*” 
233 


In the following exercises, use direct substitution to show that each limit leads to the indeterminate form 
0/0. Then, evaluate the limit. 


Exercise: 
2 2 
Problem: lim = 
ro4 et 
Solution: 
«2-16 _ 16-16 _ 0, «16 __ ys (at4)(a—4) 
lim“;-4 = “4-4 = 93 then, lim*-y° = lim"; =8 
Exercise: 


Problem: lim 


Exercise: 
6 ia 3t—18 
Problem: lim ae 
Solution: 
F = : = «  3(x—6) 3 
lim 22 18 _ 18 18 — ©. then, lim 22 18 _ | oat | Bs 
556 20-12 12-12 0” 136 2t-12 54g 2(a—6) 2 
Exercise: 
. (1+h)?-1 
Problem: lim G+h) 1 


h-0 


Exercise: 


oe <t=9 
Problem: lim art 


t39 
Solution: 
lim -t=2- = 9-9 = 9. then, im—t=9 = lim—t=2 Y#3 — lim ( i 3) 2G 
z39 Vt-3 3-3 0? t39 Vt-3 t39 Vi-3 Vt+3 t9 ve+ 
Exercise: 


a4 
Problem: lim -“—* , where a is a real-valued constant 


h-0 
Exercise: 
1. sind 
Problem: lim fan 
Solution: 
sind _ sina _ O. h li sind __ li sin@ __ li A= 1 
M7and = aan oot en, 1M 73nd = lm- zy, = imcos¢ = — 
0-7 FAN 037 00 cost 07 
Exercise: 
a x1 
Problem: lim + 
gol vl 
Exercise: 
? 2435 
Problem: lim seat 
x—1/2 a 
Solution: 

: 243 i432 : a : Qa—1)(a+2 
lim erent 2 _ ar = >; then, lim eat 2 _ lim Ge Ke ) =3 
eol/2 *F— ~ zl/2 “7 z—1/2 a 

Exercise: 
Problem: lim wat 


2-3 
In the following exercises, use direct substitution to obtain an undefined expression. Then, use the method 


of [link] to simplify the function to help determine the limit. 
Exercise: 


A 2 = 
Problem: lim 2272-4 
gg ete! 


Solution: 


Exercise: 


: on a 
Problem: lim 22+72—4 
ro—2t rte—2 
Exercise: 
2 
Problem: lim 22+/2-4 
gol vw t+a—2 
Solution: 
—00 
Exercise: 


Problem: lim 


In the following exercises, assume that lim ite) =4, limg (x) = 9, and limh (x) = 6. Use these three 
«2 oe t—> 


facts and the limit laws to evaluate each limit. 
Exercise: 


Problem: lim 2 (x)g (x) 
2-6 


Solution: 
lim2f (x)g (x) = 2lim f (x)limg (x) = 72 
Exercise: 


elie 92-1 
Problem: lim iC) 


Exercise: 


Problem: lim (f (x) + 49(z)) 


x26 
Solution: 
lim (f(x) + 39(#)) = limf (x) + plimg (x) =7 


Exercise: 
(h(2))? 
2 


Problem: lim 
xr—6 


Exercise: 


Problem: lin Vg (x) — f (z) 


Solution: 


lim /9(#) — F(@) = ,/mg (@) — lim (@) = V5 


2-6 


Exercise: 


Problem: limz - h (x) 
2-6 

Exercise: 
Problem: lim [(2@+1)- f(z) 
Solution: 
lim [(w + 1)f (z)] = (im (a+ 1) (iim (2)) =28 
xz 

Exercise: 


Problem: lim (f (x) - g(x) — h(z)) 


2-6 


[T] In the following exercises, use a calculator to draw the graph of each piecewise-defined function and 
study the graph to evaluate the given limits. 
Exercise: 


x, r<3 


Problem: f (x) = on one 


a. lim f (x) 


t—3- 


b. lim f (z) 


r33t 


Solution: 


a. 9; b. 7 


Exercise: 


ze—1, «<0 


Problem: g (x) = {i Nee 


a. lim g(a) 


z—0- 


b. lim g(a) 


x2—>0t 
Exercise: 


a?—2+1, 2<2 


Solution: 


a.1;b.1 


In the following exercises, use the following graphs and the limit laws to evaluate each limit. 


+ + + + + 
16 -14 -12 -10 -8 


y = 9(x) 
Exercise: 
Problem: lim (f (z) + g(x)) 
r>—3t 


Exercise: 


Problem: tim _ (f (z) — 3g (z)) 


r—>— 
Solution: 

lim (f(z) —3g(z))= lim f(x) —3 lim g(x) =0+6=6 
2—3- r>—3- r—3> 


Exercise: 


Problem: lim eee) 
xz—0 


Exercise: 


vas 2+9(z) 
Problem: Jim, Fc) 


Solution: 


im 2t92) — 2+ (tm,9 ©) 240 4 


1m SS OS SS SS 
zo—5 F(z) iim, f(z) 2 
Exercise: 


. ; 2 
Problem: lim (f (x)) 


Exercise: 
Problem: lim a/ f (x) — g(x) 
2 
Solution: 
lim / f (x = y/lim f (x ) —limg(z) = 1/24+5=¥77 
ar->l rl 
Exercise: 


Problem: lim (z - g(z)) 
rT 
Exercise: 
Problem: lim, [x - f(x) +2-g(z)] 
@I>- 
Solution: 


dim, (ef (2) + 29(#)) = (time) (tim f(a) ) + 2,im, (9 (2)) = (-9) (6) + 2(4) = 40 


For the following problems, evaluate the limit using the squeeze theorem. Use a calculator to graph the 
functions f (x), g(x), and h (x) when possible. 
Exercise: 


Problem: [T] True or False? If 2x — 1 < g(x) < az? — 2x + 3, then limg (2) =0. 
2 


Exercise: 


SIT 1 
Problem: [T] lim6*cos (3) 


Solution: 


The limit is zero. 


Exercise: 


0, zrational 


x*, gv irrrational 


Problem: lim f (x), where f (x) = { 
I> 
Exercise: 
Problem: 


[T] In physics, the magnitude of an electric field generated by a point charge at a distance r in vacuum 
is governed by Coulomb’s law: FE (r) = Bae where E represents the magnitude of the electric field, 


q is the charge of the particle, r is the distance between the particle and where the strength of the field 


is measured, and is is Coulomb’s constant: 8.988 x 10°N- m?/C’, 


a. Use a graphing calculator to graph E (r) given that the charge of the particle is g = 10~7°. 
b. Evaluate lim E (r). What is the physical meaning of this quantity? Is it physically relevant? Why 
rT 


are you evaluating from the right? 


Solution: 


b. co, The magnitude of the electric field as you approach the particle q becomes infinite. It does not 
make physical sense to evaluate negative distance. 


Exercise: 


Problem: [T] The density of an object is given by its mass divided by its volume: p = m/V. 


a. Use a calculator to plot the volume as a function of density (V = m/p), assuming you are 
examining something of mass 8 kg (m = 8). 
b. Evaluate lim V (p) and explain the physical meaning. 
p> 


Glossary 


constant multiple law for limits 
the limit law limef (2) = lim f (x) =cL 


difference law for limits 
the limit law lim (f (x) — g(x)) = lim f (x) —limg(z) = L—M 


ra 


limit laws 


the individual properties of limits; for each of the individual laws, let f (7) and g (x) be defined for all 


x 4 a over some open interval containing a; assume that L and M are real numbers so that 
lim f (a) = Land limg (a) = M; let c be a constant 
ra «ra 


power law for limits 


the limit law lim (f (2) = (ims (z)) = L” for every positive integer n 


ra 


product law for limits 


the limit law lim (f (2) - g(x)) = limf (x) -limg (x) = L- M 


ra ra ra 


quotient law for limits 


lim f(z 
the limit law lim 43} = re 3 = + for M 40 


root law for limits 
the limit law lim W/f @)= q/lims (x) = VL forall L if nis odd and for L > 0 if nis even 


squeeze theorem 
states that if f (x) < g(a) < h(a) forall x ¥ a over an open interval containing a and 
lim f (etn lim h (x) where L is a real number, then lim g (2) =L 


sum law for limits 
The limit law lim (f (z) + 9(x)) = lim f (a) + limg (cz) =L+M 


Continuity 


e Explain the three conditions for continuity at a point. 
Describe three kinds of discontinuities. 

e Define continuity on an interval. 

State the theorem for limits of composite functions. 

e Provide an example of the intermediate value theorem. 


Many functions have the property that their graphs can be traced with a pencil without lifting the pencil from the 
page. Such functions are called continuous. Other functions have points at which a break in the graph occurs, but 
satisfy this property over intervals contained in their domains. They are continuous on these intervals and are said 
to have a discontinuity at a point where a break occurs. 


We begin our investigation of continuity by exploring what it means for a function to have continuity at a point. 
Intuitively, a function is continuous at a particular point if there is no break in its graph at that point. 


Continuity at a Point 


Before we look at a formal definition of what it means for a function to be continuous at a point, let’s consider 
various functions that fail to meet our intuitive notion of what it means to be continuous at a point. We then create 
a list of conditions that prevent such failures. 


Our first function of interest is shown in [link]. We see that the graph of f (x) has a hole at a. In fact, f (a) is 
undefined. At the very least, for f (x) to be continuous at a, we need the following condition: 
Equation: 


i. f(a) is defined. 


F(x) 


The function f (x) is not 
continuous at a because f (a) is 
undefined. 


However, as we see in [link], this condition alone is insufficient to guarantee continuity at the point a. Although 
f (a) is defined, the function has a gap at a. In this example, the gap exists because lim f (x) does not exist. We 
ma 


must add another condition for continuity at a—namely, 
Equation: 


ii. lim f(x) exists. 


The function f (x) is not 
continuous at a because lim f (x) 
La 


does not exist. 


However, as we see in [link], these two conditions by themselves do not guarantee continuity at a point. The 


function in this figure satisfies both of our first two conditions, but is still not continuous at a. We must add a third 
condition to our list: 


Equation: 


iii. lim f (x) = f (a). 


ra 


The function f (x) is not 
continuous at a because 


lim f (2) # f (a). 


Now we put our list of conditions together and form a definition of continuity at a point. 


Note: 

Definition 

A function f (x) is continuous at a point a if and only if the following three conditions are satisfied: 
i. f (a) is defined 
ii. lim f (x) exists 


ili, lim (zx) = f (a) 


A function is discontinuous at a point a if it fails to be continuous at a. 
The following procedure can be used to analyze the continuity of a function at a point using this definition. 


Note: 
Problem-Solving Strategy: Determining Continuity at a Point 


1. Check to see if f (a) is defined. If f (a) is undefined, we need go no further. The function is not continuous 
at a. If f (a) is defined, continue to step 2. 

2. Compute lim f (a). In some cases, we may need to do this by first computing lim f (x) and lim f (x). If 

@r-a ra ma 
lim f (z) does not exist (that is, it is not a real number), then the function is not continuous at a and the 
problem is solved. If lim f (x) exists, then continue to step 3. 
«ta 
3. Compare f (a) and lim f (zoe lim f (x) # f (a), then the function is not continuous at a. If 


lim f (x) = f (a), then the function is continuous at a. 
ra 


The next three examples demonstrate how to apply this definition to determine whether a function is continuous at 
a given point. These examples illustrate situations in which each of the conditions for continuity in the definition 
succeed or fail. 


Example: 
Exercise: 


Problem: 
Determining Continuity at a Point, Condition 1 


Using the definition, determine whether the function f («) = (a? — 4)/(a — 2) is continuous at z = 2. 
Justify the conclusion. 


Solution: 


Let’s begin by trying to calculate f (2). We can see that f (2) = 0/0, which is undefined. Therefore, 


j@= —— is discontinuous at 2 because f (2) is undefined. The graph of f (a) is shown in [link]. 


f(x) 


The function f(x) is discontinuous at 2 because f (2) 
is undefined. 


Example: 
Exercise: 


Problem: 

Determining Continuity at a Point, Condition 2 

-7?+4 if4<3 
Alig — fs) aia > 


Using the definition, determine whether the function f («) = { is continuous at x = 3. 


Justify the conclusion. 
Solution: 


Let’s begin by trying to calculate f (3). 
Equation: 


f (3) = —-(3?) +4=—5. 


Thus, f (3) is defined. Next, we calculate lim f (a). To do this, we must compute lim f (x) and lim, 7 (ee 
ce 23- Fee 


Equation: 
6 aes 2 es 
jim f(z) = (3°) +4 5 
and 
Equation: 


lim f (x) = 4(3) -8=4. 


t— 37 


Therefore, lim f (x) does not exist. Thus, f (a) is not continuous at 3. The graph of f (a) is shown in [Link]. 
y 


f(x) 


The function f (x) is not continuous at 3 because 


lim f (a) does not exist. 
23 


Example: 
Exercise: 


Problem: 
Determining Continuity at a Point, Condition 3 


soz if 40 
Using the definition, determine whether the function f(«) = 4 * doe a is continuous at x = 0. 
ite = 


Solution: 


First, observe that 
Equation: 


Oa 


Next, 
Equation: 


sinz 


Hey Ne 


Last, compare f (0) and lim f (x). We see that 
= 


Equation: 


f(0) =1= limf (2). 


Since all three of the conditions in the definition of continuity are satisfied, f (a) is continuous at z = 0. 


Note: 
Exercise: 
Problem: 
20-7 life <1 
Using the definition, determine whether the function f («) = 2 if c = 1 is continuous at x = 1. If 


—“2+4 ifa>1 
the function is not continuous at 1, indicate the condition for continuity at a point that fails to hold. 


Solution: 
f is not continuous at 1 because f (1) =2#3= lim f (x). 
a> 
Hint 


Check each condition of the definition. 


By applying the definition of continuity and previously established theorems concerning the evaluation of limits, 
we can state the following theorem. 


Note: 
Continuity of Polynomials and Rational Functions 
Polynomials and rational functions are continuous at every point in their domains. 


Proof 


Previously, we showed that if p (x) and q(x) are polynomials, limp (x) = p(a) for every polynomial p (a) and 


int 7 = 7 as long as g(a) # 0. Therefore, polynomials and rational functions are continuous on their 
domains. 


We now apply [link] to determine the points at which a given rational function is continuous. 


Example: 
Exercise: 


Problem: 
Continuity of a Rational Function 


(Wall 


For what values of x is f («) = <=; continuous? 

Solution: 

The rational function f (x) = zat is continuous for every value of x except x = 5. 
Note: 
Exercise: 


Problem: For what values of x is f (x) = 324 — 4x? continuous? 


Solution: 


f (z) is continuous at every real number. 


Hint 


Use [link] 


Types of Discontinuities 


As we have seen in [link] and [link], discontinuities take on several different appearances. We classify the types of 
discontinuities we have seen thus far as removable discontinuities, infinite discontinuities, or jump discontinuities. 
Intuitively, a removable discontinuity is a discontinuity for which there is a hole in the graph, a jump 
discontinuity is a noninfinite discontinuity for which the sections of the function do not meet up, and an infinite 
discontinuity is a discontinuity located at a vertical asymptote. [link] illustrates the differences in these types of 
discontinuities. Although these terms provide a handy way of describing three common types of discontinuities, 
keep in mind that not all discontinuities fit neatly into these categories. 


Ya 

' 

a x 
removable jump infinite 
discontinuity discontinuity '| discontinuity 

(a) (b) (c) 


Discontinuities are classified as (a) removable, (b) jump, or (c) infinite. 


These three discontinuities are formally defined as follows: 


Note: 
Definition 
If f (x) is discontinuous at a, then 
1. f has a removable discontinuity at a if lim f (x) exists. (Note: When we state that lim f (x) exists, we 
mean that lim f (x) = L, where L is a real number.) 
2. f has a jump discontinuity at aif lim f (x) and lim f (x) both exist, but lim f (x) # lim f (x). (Note: 
ra ra La za 
When we state that lim f(z) and lim f(z) both exist, we mean that both are real-valued and that neither 
z—-a~ ra 


take on the values +o.) 
3. f has an infinite discontinuity at aif lim f(x) = too or lim f (x) = too. 
ra ma 


Example: 
Exercise: 


Problem: 
Classifying a Discontinuity 


2 
In [link], we showed that f (x) = zr is discontinuous at x = 2. Classify this discontinuity as removable, 
jump, or infinite. 


Solution: 


To classify the discontinuity at 2 we must evaluate lim i (@e 
ea 


Equation: 


(x—2)(x+2) 
r—2 r—2 


Since f is discontinuous at 2 and lim f (x) exists, fhas a removable discontinuity at 2 = 2. 
o> 


Example: 
Exercise: 


Problem: 
Classifying a Discontinuity 


—2?+4 ifae< 
In [link], we showed that f (x) = { i. i 5 a discontinuous at x = 3. Classify this 
L— if x 


discontinuity as removable, jump, or infinite. 


Solution: 


Earlier, we showed that f is discontinuous at 3 because lim f (x) does not exist. However, since 
E eg 


lim (z) = —5 and lim f (x) = 4 both exist, we conclude that the function has a jump discontinuity at 3. 
£3- a 
Example: 
Exercise: 
Problem: 


Classifying a Discontinuity 


Determine whether f (x) = ate is continuous at —1. If the function is discontinuous at —1, classify the 


discontinuity as removable, jump, or infinite. 


Solution: 


The function value f (—1) is undefined. Therefore, the function is not continuous at —1. To determine the 
x+2 


type of discontinuity, we must determine the limit at -1. We see that lim <-> = —oo and 
ce 
lim ate = +oo. Therefore, the function has an infinite discontinuity at —1. 
eal 
Note: 
Exercise: 
Problem: 


g ifs 4 | 
For f (x) = { 3 ife i V decide whether f is continuous at 1. If fis not continuous at 1, classify the 


discontinuity as removable, jump, or infinite. 
Solution: 


Discontinuous at 1; removable 


Hint 


Follow the steps in [link]. If the function is discontinuous at 1, look at lim f (x) and use the definition to 
=> 


determine the type of discontinuity. 


Continuity over an Interval 


Now that we have explored the concept of continuity at a point, we extend that idea to continuity over an 
interval. As we develop this idea for different types of intervals, it may be useful to keep in mind the intuitive idea 
that a function is continuous over an interval if we can use a pencil to trace the function between any two points in 


the interval without lifting the pencil from the paper. In preparation for defining continuity on an interval, we begin 
by looking at the definition of what it means for a function to be continuous from the right at a point and 
continuous from the left at a point. 


Note: 

Continuity from the Right and from the Left 

A function f (x) is said to be continuous from the right at aif lim f(x) = f (a). 
Za 


A function f (z) is said to be continuous from the left at a if lim jee 


A function is continuous over an open interval if it is continuous at every point in the interval. A function f (x) is 
continuous over a closed interval of the form [a, b] if it is continuous at every point in (a, b) and is continuous 
from the right at a and is continuous from the left at b. Analogously, a function f (x) is continuous over an interval 
of the form (a, b] if it is continuous over (a, b) and is continuous from the left at b. Continuity over other types of 
intervals are defined in a similar fashion. 


Requiring that lim f(x) = f (a) and lim f (x) = f (b) ensures that we can trace the graph of the function from 
wa xo 


the point (a, f (a)) to the point (6, f (b)) without lifting the pencil. If, for example, im, f (x) 4 f (a), we would 


need to lift our pencil to jump from f (a) to the graph of the rest of the function over (a, b]. 


Example: 
Exercise: 


Problem: 
Continuity on an Interval 


State the interval(s) over which the function f (x) = + is continuous. 
peer 
Solution: 
4 = =o 5 é ont 4 cade a & 5 
Since f (x) = 3355; isa rational function, it is continuous at every point in its domain. The domain of f (x) 


is the set (—oo, —2) U (—2,0) U (0, +00). Thus, f (x) is continuous over each of the intervals 
(—o0, —2), (=2,,0), and (0, +00). 


Example: 
Exercise: 


Problem: 
Continuity over an Interval 


State the interval(s) over which the function f(a) = V4 — 2? is continuous. 


Solution: 


From the limit laws, we know that lim V/ 4 — 2 = V4 — a? for all values of a in (—2, 2). We also know 


that lim v4 — x? = O exists and lim v4 — x? = O exists. Therefore, f (a) is continuous over the 
LL 


Bora e 
interval |—2, 2]. 


Note: 
Exercise: 


Problem: State the interval(s) over which the function f (2) = Vx + 3 is continuous. 


Solution: 


[=3,-Fe0) 
Hint 


Use [link] as a guide for solving. 


The [link] allows us to expand our ability to compute limits. In particular, this theorem ultimately allows us to 
demonstrate that trigonometric functions are continuous over their domains. 


Note: 

Composite Function Theorem 

If f (x) is continuous at L and limg (x) = L, then 
@-a 


Equation: 


lim f (g (e)) = f (limg (x) = F(Z). 


Before we move on to [link], recall that earlier, in the section on limit laws, we showed limcosx = 1=cos (0). 
era 


Consequently, we know that f (2) = cosz is continuous at 0. In [link] we see how to combine this result with the 
composite function theorem. 


Example: 
Exercise: 


Problem: 
Limit of a Composite Cosine Function 


Evaluate lim cos (x — a). 
zn /2 


Solution: 


The given function is a composite of cosx and x — +. Since i (a = z) = 0 and cosz is continuous at 
an /2 
0, we may apply the composite function theorem. Thus, 


Equation: 


ee (« —- >) = cos (aim, (2 = 5)) = cos (0) = 1. 


Note: 
Exercise: 


Problem: Evaluate limsin (x — 7). 
LT 


Solution: 


0 
Hint 


f (x) = sina is continuous at 0. Use [link] as a guide. 


The proof of the next theorem uses the composite function theorem as well as the continuity of f (2) = sinz and 
g(x) = cosz at the point 0 to show that trigonometric functions are continuous over their entire domains. 


Note: 
Continuity of Trigonometric Functions 
Trigonometric functions are continuous over their entire domains. 


Proof 


We begin by demonstrating that cosz is continuous at every real number. To do this, we must show that 
limcosz = cosa for all values of a. 
ma 


limcose = limcos ((c —a) +a) rewritex = x@—a+a 
= lim (cos (x — a) cosa — sin (x — a) sina) apply the identity for the cosine of the 
= cos (tim (2 — a)) cosa — sin (tim (x — a)) sina lim (x — a) = 0, andsinz and cosz are 
= cos (0) cosa — sin (0)sina evaluate cos(0) and sin(0) and simplify 


= 1-cosa—0- sina = cosa. 


The proof that sin is continuous at every real number is analogous. Because the remaining trigonometric 
functions may be expressed in terms of sinz and cosz, their continuity follows from the quotient limit law. 


As you can see, the composite function theorem is invaluable in demonstrating the continuity of trigonometric 
functions. As we continue our study of calculus, we revisit this theorem many times. 


The Intermediate Value Theorem 


Functions that are continuous over intervals of the form [a, b], where a and b are real numbers, exhibit many useful 
properties. Throughout our study of calculus, we will encounter many powerful theorems concerning such 
functions. The first of these theorems is the Intermediate Value Theorem. 


Note: 
The Intermediate Value Theorem 
Let f be continuous over a closed, bounded interval [a, 6]. If z is any real number between f (a) and f (6), then 
there is a number c in [a, }] satisfying f (c) = z in [link]. 
A 
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There is a number c € |a, b] that satisfies 


j(@) =z 


Example: 
Exercise: 


Problem: 
Application of the Intermediate Value Theorem 


Show that f (2) = # — cosa has at least one zero. 


Solution: 


Since f (a) = x — cosz is continuous over (—0o, +00), it is continuous over any closed interval of the 
form |a, b]. If you can find an interval [a, b] such that f (a) and f (b) have opposite signs, you can use the 
Intermediate Value Theorem to conclude there must be a real number c in (a, b) that satisfies f (c) = 0. Note 
that 


Equation: 

f (0) =0-—cos (0) = -1<0 
and 
Equation: 

HS = es >0 


Using the Intermediate Value Theorem, we can see that there must be a real number c in [0, 7/2] that 
satisfies f (c) = 0. Therefore, f (x) = « — cosz has at least one zero. 


Example: 
Exercise: 


Problem: 
When Can You Apply the Intermediate Value Theorem? 


If f (x) is continuous over [0, 2], f (0) > 0 and f (2) > 0, can we use the Intermediate Value Theorem to 
conclude that f (x) has no zeros in the interval [0, 2]? Explain. 


Solution: 


No. The Intermediate Value Theorem only allows us to conclude that we can find a value between f (0) and 
f (2); it doesn’t allow us to conclude that we can’t find other values. To see this more clearly, consider the 
function f (¢) = (@ —1)?. Itsatisfies f (0) = 1 > 0, f (2) = 1 > 0, and f (1) = 0. 


Example: 
Exercise: 


Problem: 
When Can You Apply the Intermediate Value Theorem? 


For f (x) = 1/z, f (—1) = —1 < Oand f (1) = 1 > 0. Can we conclude that f (x) has a zero in the 
interval [—1, 1]? 


Solution: 


No. The function is not continuous over [—1, 1]. The Intermediate Value Theorem does not apply here. 


Note: 
Exercise: 


Problem: Show that f (x) = x? — x? — 3x + 1 has a zero over the interval (0, 1]. 


Solution: 
f (0) =1>0,f (1) = —2 < 0; f (a) is continuous over [0, 1]. It must have a zero on this interval. 
Hint 


Find f (0) and f (1). Apply the Intermediate Value Theorem. 


Key Concepts 


e Fora function to be continuous at a point, it must be defined at that point, its limit must exist at the point, and 
the value of the function at that point must equal the value of the limit at that point. 

e Discontinuities may be classified as removable, jump, or infinite. 

e A function is continuous over an open interval if it is continuous at every point in the interval. It is continuous 
over a Closed interval if it is continuous at every point in its interior and is continuous at its endpoints. 

¢ The composite function theorem states: If f (x) is continuous at L and limg (x) = L, then 


lim f (g (v)) = f (limg (x) = f (L). 


e The Intermediate Value Theorem guarantees that if a function is continuous over a closed interval, then the 
function takes on every value between the values at its endpoints. 


For the following exercises, determine the point(s), if any, at which each function is discontinuous. Classify any 
discontinuity as jump, removable, infinite, or other. 
Exercise: 


Problem: f (x) = a 


Solution: 
The function is defined for all x in the interval (0, oo). 


Exercise: 


Problem: f (x) = — 


Exercise: 


Problem: f (x) = — 


Solution: 
Removable discontinuity at x = 0; infinite discontinuity at z = 1 


Exercise: 


Problem: g(t) =t '+1 


Exercise: 
Problem: f (x) = —2> 


Solution: 


Infinite discontinuity at 2 = In2 


Exercise: 


Problem: f (x) = ——> 
Exercise: 
Problem: H (x) = tan2a 


Solution: 


(2k-+1)r 
4 


Infinite discontinuities at z = , fork = 0,+1, +2, +3,... 


Exercise: 


Problem: f (t) = mS 


For the following exercises, decide if the function continuous at the given point. If it is discontinuous, what type of 
discontinuity is it? 


Exercise: 


Problem: f(x) 22—** at x = 1 


xz—1 
Solution: 
No. It is a removable discontinuity. 
Exercise: 


Problem: h (0) = “2228 at @ = 7 


Exercise: 


6u?+u—2 if 
Problem: g (wu) = mr ud 


: ,atu= 
z ifu= 


dR |e 
|e 


Solution: 


Yes. It is continuous. 


Exercise: 


Problem: f (y) = anne patgeaad 


Exercise: 


7 a a 
Problem: f (x) = " 7 - . ; atx =0 
i ia > 


Solution: 
Yes. It is continuous. 
Exercise: 


xsin (x) ifa <a 
,ac=am 


Problem: f (x) = { 


xtan (x)ife > 7 


In the following exercises, find the value(s) of k that makes each function continuous over the given interval. 
Exercise: 


34+2, r<k 
2x —3, k<ax<8 


Problem: f (x) = { 
Solution: 
k=-5 


Exercise: 


sinf, O<0< 5 
co (0+ hk), 5 50s 4 


Problem: f (@) = { 


Exercise: 


43042 2 
Problem: f (x) — m2.) & F 2 
k, —2 


Solution: 


k=-1 


Exercise: 


MO eA 
Problem: fc) = { ae eee 


Exercise: 


Problem: f (xz) = = 
f(z) ees 3<a2<10 


Solution: 


— 16 
k=% 


In the following exercises, use the Intermediate Value Theorem (IVT). 
Exercise: 


Problem: 


2 < 
Mihmes on Pee 
5+42, «4>2 
h(0) < 10 and h (4) > 10. Explain why this does not contradict the IVT. 


Over the interval [0, 4], there is no value of x such that h (x) = 10, although 


Exercise: 


Problem: 


A particle moving along a line has at each time t a position function s (t), which is continuous. Assume 
s (2) =5 and s (5) = 2. Another particle moves such that its position is given by h (t) = s(t) — t. Explain 
why there must be a value c for 2 < c < 5 such that h(c) = 0. 


Solution: 


Since both s and y = ¢ are continuous everywhere, then h (t) = s (t) — t is continuous everywhere and, in 
particular, it is continuous over the closed interval [2,5]. Also, h (2) = 3 > Oandh(5) = —3 < 0. 
Therefore, by the IVT, there is a value z = c such that h (c) = 0. 


Exercise: 
Problem: [T] Use the statement “The cosine of t is equal to t cubed.” 
a. Write a mathematical equation of the statement. 


b. Prove that the equation in part a. has at least one real solution. 
c. Use a calculator to find an interval of length 0.01 that contains a solution. 


Exercise: 


Problem: 


Apply the IVT to determine whether 2* = z° has a solution in one of the intervals [1.25, 1.375] or 
(1.375, 1.5]. Briefly explain your response for each interval. 


Solution: 


The function f (x) = 2” — x? is continuous over the interval [1.25, 1.375] and has opposite signs at the 
endpoints. 


Exercise: 


Problem: Consider the graph of the function y = f (x) shown in the following graph. 


y 


a. Find all values for which the function is discontinuous. 
b. For each value in part a., state why the formal definition of continuity does not apply. 
c. Classify each discontinuity as either jump, removable, or infinite. 


Exercise: 


saa > 1 


Problem: Let f (x) = { seed" 
Lae 


a. Sketch the graph of f. 
b. Is it possible to find a value k such that f (1) = k, which makes f (a) continuous for all real numbers? 
Briefly explain. 
Solution: 


a. 


-8 -6 -4 -2 


b. It is not possible to redefine f (1) since the discontinuity is a jump discontinuity. 


Exercise: 


Problem: Let f (x) = == fora # —1,1. 


2-1 


a. Sketch the graph of f. 
b. Is it possible to find values ky and kg such that f (—1) = k and f (1) = kg, and that makes f (x) 
continuous for all real numbers? Briefly explain. 


Exercise: 


Problem: Sketch the graph of the function y = f (x) with properties i. through vii. 


i. The domain of f is (—00, +00). 


ii. fhas an infinite discontinuity atz = —6. 

iii. f (—6) = 3 

iv. lim f(«)= lim f(x) =2 

r—37 r>—3t 

v. f (-3) =3 

vi. f is left continuous but not right continuous at z = 3. 
vii. lim f(z) = —oo and im f (e):= oo 
Solution: 


Answers may vary; see the following example: 


Exercise: 


Problem: Sketch the graph of the function y = f (x) with properties i. through iv. 


i. The domain of f is [0, 5]. 
ii. lim f (a) and lim f (a) exist and are equal. 
21+ 21> 
iii. f (x) is left continuous but not continuous at z = 2, and right continuous but not continuous at « = 3. 


iv. f (2) has a removable discontinuity at « = 1, a jump discontinuity at 2 = 2, and the following limits 
hold: lim f (2) = —co and lim. f (x) 2. 
r—>3- wt 


In the following exercises, suppose y = f () is defined for all x. For each description, sketch a graph with the 
indicated property. 


Exercise: 
Problem: Discontinuous at = 1 with lim f (#) = —1 and lim f(x) =4 
zZ— 2 
Solution: 


Answers may vary; see the following example: 


Exercise: 


Problem: Discontinuous at = 2 but continuous elsewhere with lim f(z)=5 
B ea 


Determine whether each of the given statements is true. Justify your response with an explanation or 
counterexample. 
Exercise: 


Problem: f (t) = —-*- is continuous everywhere. 


Solution: 


False. It is continuous over (—oo, 0) U (0, 00). 
Exercise: 


Problem: 


If the left- and right-hand limits of f (2) as « — a exist and are equal, then f cannot be discontinuous at 
L=a. 


Exercise: 


Problem: If a function is not continuous at a point, then it is not defined at that point. 


Solution: 


False. Consider f (x) 


cife #0 
A4ife-—0 


Exercise: 


Problem: According to the IVT, cosx — sina — x = 2 has a solution over the interval [—1, 1]. 


Exercise: 


Problem: 


If f (x) is continuous such that f (a) and f (b) have opposite signs, then f (x) = 0 has exactly one solution 
in [a, b]. 


Solution: 
False. IVT only says that there is at least one solution; it does not guarantee that there is exactly one. Consider 
f (x) = cos (x) on [—7, 27]. 


Exercise: 


2 
Problem: The function f (x) = aa is continuous over the interval [0, 3]. 


Exercise: 


Problem: 


If f (a) is continuous everywhere and f (a), f (b) > 0, then there is no root of f (x) in the interval |a, 6]. 
Solution: 


False. The IVT does not work in reverse! Consider (2 — 1)? over the interval [—2, 2]. 


[T] The following problems consider the scalar form of Coulomb’s law, which describes the electrostatic force 


between two point charges, such as electrons. It is given by the equation F' (r) = ke ual, where k. is Coulomb’s 
constant, q; are the magnitudes of the charges of the two particles, and r is the distance between the two particles. 


Exercise: 


Problem: 


To simplify the calculation of a model with many interacting particles, after some threshold value r = R, we 
approximate F as zero. 


a. Explain the physical reasoning behind this assumption. 

b. What is the force equation? 

c. Evaluate the force F using both Coulomb’s law and our approximation, assuming two protons with a 
charge magnitude of 1.6022 x 10~!° coulombs (C), and the Coulomb constant 
ke = 8.988 x 10°Nm?/C? are 1 m apart. Also, assume R < 1m. How much inaccuracy does our 
approximation generate? Is our approximation reasonable? 

d. Is there any finite value of R for which this system remains continuous at R? 


Exercise: 


Problem: 


Instead of making the force 0 at R, instead we let the force be 102° for r > R. Assume two protons, which 
have a magnitude of charge 1.6022 x 10~'°C, and the Coulomb constant k, = 8.988 x 10°Nm?/C?. Is 
there a value R that can make this system continuous? If so, find it. 


Solution: 


R = 0.0001519 m 


Recall the discussion on spacecraft from the chapter opener. The following problems consider a rocket launch from 
Earth’s surface. The force of gravity on the rocket is given by F' (d) = —mk/d?, where m is the mass of the 
rocket, d is the distance of the rocket from the center of Earth, and k is a constant. 


Exercise: 
Problem: 
[T] Determine the value and units of k given that the mass of the rocket is 3 million kg. (Hint: The distance 
from the center of Earth to its surface is 6378 km.) 
Exercise: 
Problem: 


[T] After a certain distance D has passed, the gravitational effect of Earth becomes quite negligible, so we can 


; a ee Ds ; ; 
approximate the force function by F' (d) = i0 3 ae Using the value of k found in the previous 
? 1 a 


exercise, find the necessary condition D such that the force function remains continuous. 


Solution: 


D = 345,826 km 
Exercise: 


Problem: 


As the rocket travels away from Earth’s surface, there is a distance D where the rocket sheds some of its 
mass, since it no longer needs the excess fuel storage. We can write this function as 


fab afd 2D 
—"p ua< . ae : : 
F(d)= . Is there a D value such that this function is continuous, assuming m; 4 m3? 


— 2! ifd > D 


Prove the following functions are continuous everywhere 
Exercise: 


Problem: f (@) = sin# 


Solution: 


For all values of a, f (a) is defined, lim f (0) exists, and lim f (0) = f (a). Therefore, f(@) is continuous 
a a 
everywhere. 


Exercise: 
Problem: g (x) = |z| 
Exercise: 


. 0 if 2 is irrational ; 
Problem: Where is f (x) = Fi Paiemauanal continuous? 
if z is rationa 


Solution: 


Nowhere 


Glossary 


continuity at a point 


A function f (x) is continuous at a point a if and only if the following three conditions are satisfied: (1) f (a) 
is defined, (2) lim f (x) exists, and (3) lim f (x) = f (a) 


continuity from the left 


A function is continuous from the left at b if lim f (x) = f (0) 
xL—->0~ 


continuity from the right 


A function is continuous from the right at aif lim f(x) = f(a) 
ra 


continuity over an interval 
a function that can be traced with a pencil without lifting the pencil; a function is continuous over an open 
interval if it is continuous at every point in the interval; a function f (x) is continuous over a closed interval 
of the form [a, }] if it is continuous at every point in (a, b), and it is continuous from the right at a and from 
the left at b 


discontinuity at a point 
A function is discontinuous at a point or has a discontinuity at a point if it is not continuous at the point 


infinite discontinuity 
An infinite discontinuity occurs at a point a if lim f(x) = too or lim f (x) = too 
xr a~ xL—-a 


Intermediate Value Theorem 
Let f be continuous over a closed bounded interval |a, b]; if z is any real number between f (a) and f (b), 
then there is a number c in [a, b] satisfying f (c) = z 


jump discontinuity 


A jump discontinuity occurs at a point aif lim f (x) and lim f (x) both exist, but lim f(x) 4 lim f(z) 
@—a- a—at @—a7 a—at 


removable discontinuity 
A removable discontinuity occurs at a point a if f (x) is discontinuous at a, but lim f (x) exists 
za 


The Precise Definition of a Limit 


¢ Describe the epsilon-delta definition of a limit. 

e Apply the epsilon-delta definition to find the limit of a function. 

¢ Describe the epsilon-delta definitions of one-sided limits and infinite limits. 
e Use the epsilon-delta definition to prove the limit laws. 


By now you have progressed from the very informal definition of a limit in the introduction of this 
chapter to the intuitive understanding of a limit. At this point, you should have a very strong intuitive 
sense of what the limit of a function means and how you can find it. In this section, we convert this 
intuitive idea of a limit into a formal definition using precise mathematical language. The formal 
definition of a limit is quite possibly one of the most challenging definitions you will encounter early 
in your study of calculus; however, it is well worth any effort you make to reconcile it with your 
intuitive notion of a limit. Understanding this definition is the key that opens the door to a better 
understanding of calculus. 


Quantifying Closeness 


Before stating the formal definition of a limit, we must introduce a few preliminary ideas. Recall that 
the distance between two points a and b ona number line is given by |a — 6]. 


¢ The statement |f (a2) — L| < € may be interpreted as: The distance between f (x) and L is less 
than €. 

e The statement 0 < |x — a| < 6 may be interpreted as: x 4 a and the distance between x and a 
is less than 6. 


It is also important to look at the following equivalences for absolute value: 


¢ The statement |f (a) — L| < € is equivalent to the statement L —« < f(a) < L+e. 
¢ The statement 0 < |x — a| < 6 is equivalent to the statementa—d<a2<a+déandza £a. 


With these clarifications, we can state the formal epsilon-delta definition of the limit. 


Note: 

Definition 

Let f(a) be defined for all x 4 a over an open interval containing a. Let L be a real number. Then 
Equation: 


lim f(z) = L 
if, for every € > 0, there exists a d > 0, such that if 0 < |x — a| < 6, then |f(x) — L| <e. 
This definition may seem rather complex from a mathematical point of view, but it becomes easier to 


understand if we break it down phrase by phrase. The statement itself involves something called a 
universal quantifier (for every € > 0), an existential quantifier (there exists a 6 > 0), and, last, a 


conditional statement (if 0 < |x — a| < 6, then | f (x) — L| < €). Let’s take a look at [link], which 
breaks down the definition and translates each part. 


Definition Translation 

1. For every € > 0, 1. For every positive distance ¢ from L, 

2. there exists a d > 0, 2. There is a positive distance 6 from a, 

3. such that 3. such that 

4. if 0 < |x —a| < 6, then 4. if x is closer than 6 to a and x £ a, then f (z) is 
\f (x) —L| <e. closer than € to L. 


Translation of the Epsilon-Delta Definition of the Limit 


We can get a better handle on this definition by looking at the definition geometrically. [link] shows 
possible values of 6 for various choices of ¢ > 0 for a given function f (x), a number a, and a limit L 
at a. Notice that as we choose smaller values of ¢ (the distance between the function and the limit), 
we can always find a 6 small enough so that if we have chosen an x value within 6 of a, then the 
value of f (x) is within ¢ of the limit L. 


y y 
L-+e eee 
é L 
L-e L-e 
f(x) f(x) 
a x a x 
(b) (c) 


These graphs show possible values of 6, given successively smaller choices of €. 


Note: 


Visit the following applet to experiment with finding values of 6 for selected values of e: 


e The epsilon-delta definition of limit 


[link] shows how you can use this definition to prove a statement about the limit of a specific 
function at a specified value. 


Example: 
Exercise: 


Problem: 
Proving a Statement about the Limit of a Specific Function 


Prove that lim (22 + 1) = 3. 
all 


Solution: 
Lete > 0. 


The first part of the definition begins “For every ¢ > 0.” This means we must prove that 
whatever follows is true no matter what positive value of ¢ is chosen. By stating “Let e > 0,” 
we signal our intent to do so. 


Choose 6 = oa 


The definition continues with “there exists a 6 > 0.” The phrase “there exists” in a 
mathematical statement is always a signal for a scavenger hunt. In other words, we must go and 
find 6. So, where exactly did 6 = ¢/2 come from? There are two basic approaches to tracking 
down 6. One method is purely algebraic and the other is geometric. 


We begin by tackling the problem from an algebraic point of view. Since ultimately we want 
|(2z + 1) — 3] < e, we begin by manipulating this expression: |(2 + 1) — 3] < € is 
equivalent to |2z — 2| < e, which in turn is equivalent to |2| |z — 1| < e. Last, this is 
equivalent to |x — 1| < ¢/2. Thus, it would seem that 6 = €/2 is appropriate. 


We may also find 6 through geometric methods. [link] demonstrates how this is done. 


5 is the length of the smaller of 


f(x) = 2x +1 the two distances marked in 


brown. 
s=min{l+5-—1,1-(1- )} 
=min{>,>5} 
“3 


This graph shows how we find 6 geometrically. 


Assume 0 < |x — 1| < 6. When 6 has been chosen, our goal is to show that if 
0 < |x —1| < 6, then |(2z + 1) — 3] < e. To prove any statement of the form “If this, then 
that,” we begin by assuming “this” and trying to get “that.” 


Thus, 

\(22-+1)—3| = |22 -2| property of absolute value 
= |2(x—1)| 
= |2||a —1| |2| = 2 
=2|r-1| 
= 2-0 here’s where we use the assumption that 0 < |x —1| <6 
=2-5=6 here’s where we use our choice of 6 = €/2 

Analysis 


In this part of the proof, we started with |(2z + 1) — 3] and used our assumption 0 < |x — 1| < din 
a key part of the chain of inequalities to get |(2” + 1) — 3] to be less than e. We could just as easily 
have manipulated the assumed inequality 0 < |x — 1| < 6 to arrive at |(2z + 1) — 3] < eas 
follows: 


O0<|x-1)<6 =>|r-1|<6 
St) <r NS) 
SS le 
ee 
SS S8 SS 
= |2e— 2 
=> |(2z + 1) —3| <e. 


Therefore, lim (2x + 1) = 3. (Having completed the proof, we state what we have accomplished.) 
ip? 


After removing all the remarks, here is a final version of the proof: 
Let e > 0. 

Choose 6 = €/2. 

Assume 0 < |x — 1| < 6. 

Thus, 


\((2a+1)-—3] = |22 -2| 
= |2(z—1)| 
= |2||2 — J] 
=2|r¢-1| 
— 270 
=) 


=E. 


Therefore, lim (2x + 1) = 3. 
ail 


The following Problem-Solving Strategy summarizes the type of proof we worked out in [link]. 


Note: 
Problem-Solving Strategy: Proving That lim f (x) = L for a Specific Function f (x) 
La 


1. Let’s begin the proof with the following statement: Let ¢ > 0. 

2. Next, we need to obtain a value for 6. After we have obtained this value, we make the 
following statement, filling in the blank with our choice of 6: Choose 6 = : 

3. The next statement in the proof should be (at this point, we fill in our given value for a): 
Assume 0 < |x — al < 6. 

4. Next, based on this assumption, we need to show that | f (2) — L| < ¢, where f (x) and L are 
our function f (a) and our limit L. At some point, we need to use 0 < |x — al < 6. 


5. We conclude our proof with the statement: Therefore, lim fire) Remon By 


Example: 
Exercise: 


Problem: 
Proving a Statement about a Limit 


Complete the proof that lim, (4x + 1) = —3 by filling in the blanks. 
z—>— 


Let 
ChoosedO=__ 


Assume 0 < Jr—___ | < . 


Thus, | — ee é. 


Solution: 


We begin by filling in the blanks where the choices are specified by the definition. Thus, we 
have 


eter), 

Choosed =__ 

Assume 0 < |x — (—1)| < 6. (or equivalently, 0 < |x + 1| < 6.) 

Thus, |(4a + 1) — (—3)| = |4e + 4] = |4||a+1])<46____e. 
Focusing on the final line of the proof, we see that we should choose 6 = {. 
We now complete the final write-up of the proof: 

Letke = 0: 

Choose 6 = <. 


Assume 0 < |” — (—1)] < 6 (or equivalently, 0 < |x + 1| < 6.) 


Thus, |(4% + 1) — (—3)| = |4a + 4| = |4||a +1] < 46 =4(e/4) =e. 


Note: 
Exercise: 


Problem: Complete the proof that lim (32 — 2) = 4 by filling in the blanks. 


Let 

Choose d =__ 
Assume 0 < |x —___| <___. 
Thus, 


| = = é. 


Therefore, lim (3x — 2) = 4. 
xz>2 


Solution: 
Let € > 0; choose 6 = 4; assume 0 < | — 2| < 6. 
Thus, |(3z2— 2) —4|— 32 —6| —|3|- |x —2| <3 0 —3- (6/3) —e. 
Therefore, lim3az — 2 = 4. 
r—2 
Hint 


Follow the outline in the Problem-Solving Strategy that we worked out in full in [link]. 


In [link] and [link], the proofs were fairly straightforward, since the functions with which we were 
working were linear. In [link], we see how to modify the proof to accommodate a nonlinear function. 


Example: 
Exercise: 


Problem: 
Proving a Statement about the Limit of a Specific Function (Geometric Approach) 


Prove that lima? = 4. 
r—2 


Solution: 


1. Let ¢ > 0. The first part of the definition begins “For every ¢ > 0,” so we must prove that 
whatever follows is true no matter what positive value of € is chosen. By stating “Let 
€ > 0,” we signal our intent to do so. 

2. Without loss of generality, assume ¢€ < 4. Two questions present themselves: Why do we 
want € < 4 and why is it okay to make this assumption? In answer to the first question: 
Later on, in the process of solving for 6, we will discover that 6 involves the quantity 


V4 — «. Consequently, we need € < 4. In answer to the second question: If we can find 
6 > 0 that “works” for ¢ < 4, then it will “work” for any ¢ > 4 as well. Keep in mind 
that, although it is always okay to put an upper bound on ¢, it is never okay to put a lower 
bound (other than zero) on €. 


. Choose 6 = min {2 —vV4—¢6,V4+e- 2}. [link] shows how we made this choice of 


dis the smaller of the 
two distances marked in 
red. 


6=min{2-\v4-—¢6,v4+e- 2} 


x*=4-e xX=4+e 
x=\v4-¢e x=\4t+e 


This graph shows how we find 6 geometrically for a given ¢ for the 
proof in [link]. 


. We must show: If 0 < |” — 2| < 6, then |x? — 4| < e€, so we must begin by assuming 
Equation: 


Oe 2/0. 


We don’t really need 0 < |x — 2| (in other words, x 4 2) for this proof. Since 
0 < |x —2| <6 => |x — 2| < 6, itis okay to drop 0 < |x — 2|. 


Equation: 
jz —2| < 6. 
Hence, 
Equation: 
—d<24-2<6. 


Recall that 6 = min {2 = Vi¥e—2}. Thus, 5 < 9 = 4/42 and 
consequently — (2 = A é) < —d. We also use 6 < 4+ € — 2 here. We might ask 


at this point: Why did we substitute 2 — ./4 — é for 6 on the left-hand side of the 
inequality and V4 + e — 2 on the right-hand side of the inequality? If we look at [link], 


we see that 2 — V4 — € corresponds to the distance on the left of 2 on the x-axis and 
/4 + € — 2 corresponds to the distance on the right. Thus, 
Equation: 


—(2-v4-«) <-§<2-2<5< Vate-2, 


We simplify the expression on the left: 
Equation: 


—24+vV4-e<27-2<vV4+eE-2. 


Then, we add 2 to all parts of the inequality: 
Equation: 
/ ee ey ee 
We square all parts of the inequality. It is okay to do so, since all parts of the inequality are 
positive: 


Equation: 


Aire eed ee 


We subtract 4 from all parts of the inequality: 


Equation: 
Ss Fae 
Last, 
Equation: 
leer Alieee 
5. Therefore, 
Equation: 
ling = 
LZ 


Note: 
Exercise: 


Problem: Find 6 corresponding to €¢ > 0 for a proof that lim ye 3. 


Solution: 
Choose 6 = min {9 Seo) = 9}. 
Hint 


Draw a graph similar to the one in [link]. 


The geometric approach to proving that the limit of a function takes on a specific value works quite 
well for some functions. Also, the insight into the formal definition of the limit that this method 
provides is invaluable. However, we may also approach limit proofs from a purely algebraic point of 
view. In many cases, an algebraic approach may not only provide us with additional insight into the 
definition, it may prove to be simpler as well. Furthermore, an algebraic approach is the primary tool 
used in proofs of statements about limits. For [link], we take on a purely algebraic approach. 


Example: 
Exercise: 


Problem: 
Proving a Statement about the Limit of a Specific Function (Algebraic Approach) 


Prove that lim (ee — 2a + 3) = (5), 
apo l 


Solution: 
Let’s use our outline from the Problem-Solving Strategy: 


1 Leve > 10. 

2. Choose 6 = min {1, €/5}. This choice of 6 may appear odd at first glance, but it was 
obtained by taking a look at our ultimate desired inequality: ee = Te ae 3) = 6| eines 
This inequality is equivalent to |x + 1| -|a — 3] < e. At this point, the temptation simply 
to choose 6 = = is very strong. Unfortunately, our choice of 6 must depend on ¢€ only 
and no other variable. If we can replace |x — 3| by a numerical value, our problem can be 
resolved. This is the place where assuming 6 < 1 comes into play. The choice of 6 < 1 
here is arbitrary. We could have just as easily used any other positive number. In some 
proofs, greater care in this choice may be necessary. Now, since 6 < 1 and 
|z + 1| < 6 < 1, weare able to show that |x — 3] < 5. Consequently, 
|z + 1| - |x — 3| < |x +1] - 5. At this point we realize that we also need 6 < ¢/5. Thus, 
we choose 6 = min {1,¢/5}. 

3. Assume 0 < |x + 1| < 6. Thus, 

Equation: 


jz +1] <1and je +il< =. 


Since |x + 1] < 1, we may conclude that —1 < x + 1 < 1. Thus, by subtracting 4 from 
all parts of the inequality, we obtain —5 < x — 3 < —1. Consequently, |x — 3] < 5. This 


gives us 
Equation: 
| (2? — 2@ + 3) — 6| = |z +1|- |e 3] < - ee 
Therefore, 
Equation: 
lim (e — 24+ 3) = (0. 
z—->-1 
Note: 
Exercise: 


Problem: Complete the proof that lim? =i. 


Let € > 0; choose 6 = min {1,¢/3}; assume 0 < |x —1| < 6. 


Since |z — 1| < 1, we may conclude that —1 < «—1< 1. Thus,1 <2+1 < 3. Hence, 
jz +1| <3. 


Solution: 
|e? -1| =|z—1|-|e+1|<¢/3-3=6 
Hint 


Use [link] as a guide. 


You will find that, in general, the more complex a function, the more likely it is that the algebraic 
approach is the easiest to apply. The algebraic approach is also more useful in proving statements 
about limits. 


Proving Limit Laws 


We now demonstrate how to use the epsilon-delta definition of a limit to construct a rigorous proof of 
one of the limit laws. The triangle inequality is used at a key point of the proof, so we first review 


this key property of absolute value. 


Note: 
Definition 
The triangle inequality states that if a and b are any real numbers, then |a + b| < |a| + |0]. 


Proof 

We prove the following limit law: If lim f (xz) = Land lim g (xz) = M, then 
lim (f («) + (2) = L-+M. 

Let e > 0. 

Choose 6; > 0 so that if 0 < |x —a| < 64, then |f (x) — L| < €/2. 

Choose 62 > 0 so that if 0 < |x — a| < do, then |g(x) — M| < €/2. 
Choose 6 = min {6j, d2}. 

Assume 0 < |x — al < 6. 


Thus, 
Equation: 


0 < |x —a| < 6,and0 < |x —a| < dy. 


Hence, 
Equation: 


We now explore what it means for a limit not to exist. The limit lim f (x) does not exist if there is no 
ra 
real number L for which lim f (x) = L. Thus, for all real numbers L, lim f (x) A L. To understand 
La wa 
what this means, we look at each part of the definition of lim f (x) = L together with its opposite. A 
ra 


translation of the definition is given in [link]. 


Definition Opposite 


1. For every € > 0, 1. There exists € > 0 so that 

2. there exists a 6 > OQ, so that 2. for every 6 > 0, 

3. if 0 < |x — al < 6, then 3. There is an x satisfying 0 < |x — a| < 6so that 
|f (x) —L| <e. |f (x) —L| 2. 


Translation of the Definition of lim f(x) = L and its Opposite 


Finally, we may state what it means for a limit not to exist. The limit lim f (x) does not exist if for 
ra 


every real number L, there exists a real number € > 0 so that for all 6 > 0, there is an x satisfying 
0 < |x —a| < 4, so that | f (x) — L| > e. Let’s apply this in [link] to show that a limit does not 
exist. 


Example: 
Exercise: 


Problem: 
Showing That a Limit Does Not Exist 


Show that lim fl does not exist. The graph of f (x) = |a|/z is shown here: 
ee 


y 


Solution: 
Suppose that L is a candidate for a limit. Choose « = 1/2. 


Let 6 > 0. Either L > Oor L < 0. If L > 0, then let x = —d/2. Thus, 
Equation: 


and 
Equation: 


Sh 


1 


On the other hand, if ZL < 0, then let = 6/2. Thus, 


Equation: 
6 6 
and 
Equation: 
izle Se ie 
a = = Zz ae 
2 


Thus, for any value of L, lim = ea ie 
2 


One-Sided and Infinite Limits 


Just as we first gained an intuitive understanding of limits and then moved on to a more rigorous 
definition of a limit, we now revisit one-sided limits. To do this, we modify the epsilon-delta 
definition of a limit to give formal epsilon-delta definitions for limits from the right and left at a 
point. These definitions only require slight modifications from the definition of the limit. In the 
definition of the limit from the right, the inequality 0 < x — a < 6 replaces 0 < |x — a| < 6, which 
ensures that we only consider values of x that are greater than (to the right of) a. Similarly, in the 
definition of the limit from the left, the inequality —é < x — a < 0 replaces 0 < |x — a| < 6, which 
ensures that we only consider values of x that are less than (to the left of) a. 


Note: 

Definition 

Limit from the Right: Let f (2) be defined over an open interval of the form (a, b) where a < b. 
Then, 

Equation: 


lim f (x) = L 


zat 


if for every € > 0, there exists a d > O such that if 0 < —a< 6, then|f (x) — L| <e. 
Limit from the Left: Let f (2) be defined over an open interval of the form (b,c) where b < c. 
Then, 

Equation: 


lim f (x) = L 


ra 


if for every € > 0, there exists ad > 0 such that if —6 < x—a <0, then|f (x) — L| <e. 


Example: 
Exercise: 


Problem: 
Proving a Statement about a Limit From the Right 


Prove that lim z—-4=—0. 
£> 


Solution: 


Lete > 0. 


Choose 6 = é?. Since we ultimately want |v x — 4 —0| < é€, we manipulate this inequality to 


get \/x — 4 < € or, equivalently, 0 < x — 4 < e?, making 6 = €? a clear choice. We may also 
determine 6 geometrically, as shown in [link]. 
y 


vwX —-4=¢6e 
X=e+4 


This graph shows how we find 6 for the proof in 
[link]. 


Assume 0 < 2 — 4 < 6. Thus, 0 < x —4 < é€”. Hence,0 < Vz —4 <e. Finally, 


Wa —4-0| <e. 


Therefore, lim Vz — 4 = 0. 
a4t 


Note: 
Exercise: 


Problem: Find 6 corresponding to ¢ for a proof that lim Vv1—2=0. 
x—1- 


Solution: 


6 =e? 


Hint 


Sketch the graph and use [link] as a solving guide. 


We conclude the process of converting our intuitive ideas of various types of limits to rigorous 
formal definitions by pursuing a formal definition of infinite limits. To have lim f (x) = +00, we 
ra 


want the values of the function f (a) to get larger and larger as x approaches a. Instead of the 
requirement that | f (x) — L| < « for arbitrarily small ¢ when 0 < |x — a| < 6 for small enough 6, 
we want f (x) > M for arbitrarily large positive M when 0 < |x — a| < 6 for small enough 6. [link] 
illustrates this idea by showing the value of 6 for successively larger values of M. 


f(x) 


(a) (b) 
In each graph, 6 is the smaller of the lengths of the two brown intervals. 


These graphs plot values of 6 for M to show that lim f (x) = +00. 


Note: 

Definition 

Let f (x) be defined for all z ¢ a in an open interval containing a. Then, we have an infinite limit 
Equation: 


lim f (x) = +00 


«La 


if for every M > 0, there exists 6 > 0 such that if 0 < |x —a| < 6, then f(z) > M. 

Let f (x) be defined for all z 4 a in an open interval containing a. Then, we have a negative infinite 
limit 

Equation: 


lim f (x) = —oo 


ra 


if for every M > 0, there exists 6 > 0 such that if 0 < |” —a| < 6, then f (x) < —M. 


Key Concepts 
e The intuitive notion of a limit may be converted into a rigorous mathematical definition known 
as the epsilon-delta definition of the limit. 
e The epsilon-delta definition may be used to prove statements about limits. 
¢ The epsilon-delta definition of a limit may be modified to define one-sided limits. 


In the following exercises, write the appropriate « — 6 definition for each of the given statements. 
Exercise: 


Problem: lim f (ae) SN 
Exercise: 
Problem: limg (t) = 
tb 


Solution: 


For every € > 0, there exists ad > 0, so that if 0 < |t — b| < 6, then |g(t) — M| <e 


Exercise: 


Problem: limh (eyes 


Exercise: 


Problem: limy (x) = A 


Solution: 


For every € > 0, there exists ad > 0, so that if 0 < |x — a| < 6, then |p (x) — A| <e 


The following graph of the function f satisfies lim f (x) = 2. In the following exercises, determine a 


value of 6 > 0 that satisfies each statement. 


Exercise: 


Problem: If 0 < |x — 2| < 6, then | f (a) — 2| < 1. 


Exercise: 


Problem: If 0 < |x — 2| < 6, then | f (a) — 2| < 0.5. 


Solution: 
6 < 0.25 
The following graph of the function f satisfies lim f (x) = —1. In the following exercises, determine 


a value of 6 > 0 that satisfies each statement. 


Exercise: 


Problem: If 0 < |x — 3| < 6, then|f (x) +1| <1. 


Exercise: 


Problem: If 0 < |x — 3| < 6, then |f (a) + 1| < 2. 
Solution: 


6<2 


The following graph of the function f satisfies lim f (x) = 2. In the following exercises, for each 
zr 


value of €, find a value of 6 > 0 such that the precise definition of limit holds true. 


Exercise: 


Problem: ¢ = 1.5 


Exercise: 


Problem: ¢ = 3 
Solution: 


oo 1 


[T] In the following exercises, use a graphing calculator to find a number 6 such that the statements 
hold true. 
Exercise: 


Problem: |sin (2x) — $| < 0.1, whenever |z — | < 6 


Exercise: 


Problem: Ne —4- 2| < 0.1, whenever |x — 8] < 6 


Solution: 


6 < 0.3900 


In the following exercises, use the precise definition of limit to prove the given limits. 
Exercise: 


Problem: lim (5z + 8) = 18 
x2 


Exercise: 


Problem: lim 2—* — 6 
L383 r—3 
Solution: 
Let 6 = «. If0 < |x — 3| < ¢, then |2 + 3 — 6| = |z — 3] <e. 
Exercise: 


2 a 
2x 30-2 _ 5 


x—2 


Problem: lim 
r2 


Exercise: 
Problem: limz* = 0 
xr—->0 


Solution: 
Let 6 = Ye. If 0 < |x| < We, then |x*| = x*<e. 


Exercise: 


Problem: lim(x” + 2x) = 8 
r—2 


In the following exercises, use the precise definition of limit to prove the given one-sided limits. 
Exercise: 


Problem: lim 5 — xz — 0 
rb” 


Solution: 
Let 6 =e”. 1f5 —e” <@ <5, then |V5 — | = /5—2<e. 


Exercise: 


8x — 3, ifa <0 


Problem: Jim f(z) = —2, where f (x) = ie —2,if*>0 


Exercise: 


5a — 2, ifa <1 


Problem: Jim f (x) = 3, where f (x) = tte —life>1 


Solution: 


Let 6 = ¢/5.If1—e/5 < a2 <1, then|f (x) —-3|) =5r—-—5<e. 


In the following exercises, use the precise definition of limit to prove the given infinite limits. 
Exercise: 


Problem: lim +. = co 
z—0 * 


Exercise: 
Problem: lim —2— = oo 
z——1 (x+1) 
Solution: 


Let 6 = 4/4. 1f0 < |je+ 1) < qr then f(t) = [oy > M. 


Exercise: 
a a nee 
Problem: lim a oe) 
Exercise: 
Problem: 
An engineer is using a machine to cut a flat square of Aerogel of area 144 cm”. If there is a 


maximum error tolerance in the area of 8 cm, how accurately must the engineer cut on the side, 
assuming all sides have the same length? How do these numbers relate to 6, €, a, and L? 


Solution: 


0.228cm.6 =} 3,0 =0330 = 12,6 = I44 


Exercise: 
Problem: 
: er ae eee bees oe -1 
Use the precise definition of limit to prove that the following limit does not exist: lim ea 
«r— 
Exercise: 
Problem: 


Using precise definitions of limits, prove that lim f (x) does not exist, given that f (x) is the 
ia 


ceiling function. (Hint: Try any 6 < 1.) 
Solution: 


Answers may vary. 


Exercise: 


Problem: 


Using precise definitions of limits, prove that lim f (x) does not exist: 
2 


Lif z is rational 
‘J ( ) = Oif vis irrati : (Hint: Think about how you can always choose a rational number 
if z is irrationa 


0<r<d, but |f(r) —0| =1.) 
Exercise: 


Problem: 


z if x is rational 


(Hint: 


Usi ise definiti f limits, determine li f = ; 
sing precise definitions of limits, determine lim f (x) for f (x) { Oar aieamatianal 


Break into two cases, x rational and x irrational.) 
Solution: 


0 
Exercise: 
Problem: 
Using the function from the previous exercise, use the precise definition of limits to show that 


lim f (x) does not exist for a # 0. 


For the following exercises, suppose that lim J (2) = and lim g(x) = M both exist. Use the 


precise definition of limits to prove the following limit laws: 
Exercise: 


Problem: lim (f(z)+g9(z))=L+M 


Solution: 


Exercise: 


Problem: 

lim [cf (x)| = cL for any real constant c (Hint: Consider two cases: c = 0 andc £ 0.) 
Exercise: 

Problem: 

lima [f (2) (#)] = LM. (Hine: |f (2)9 (2) — LM| = 

|f (2)g (a) — f(x) M + f (x)M — LM| < |f(2)||9(@) — M| + |M||f (x) — LI.) 


Solution: 


Answers may vary. 


Chapter Review Exercises 


True or False. In the following exercises, justify your answer with a proof or a counterexample. 
Exercise: 


Problem: A function has to be continuous at x = a if the lim f (x) exists. 
ra 
Exercise: 


sina 
aa 


Problem: You can use the quotient rule to evaluate lim 
xr 


Solution: 


False 
Exercise: 
Problem: 
If there is a vertical asymptote at x = a for the function f (x), then f is undefined at the point 
¢ =a, 


Exercise: 
Problem: If lim f (x) does not exist, then f is undefined at the point x = a. 
za 


Solution: 


False. A removable discontinuity is possible. 


Exercise: 


Problem: Using the graph, find each limit or explain why the limit does not exist. 
a. lim f (zx) 
a—>—-1 
b. lim f (x) 
c. lim f (z) 


z—0t 


d. lim f (x) 


In the following exercises, evaluate the limit algebraically or explain why the limit does not exist. 
Exercise: 


Problem: lim 


Solution: 
5 
Exercise: 
Problem: lim 32” —2272+4 


Exercise: 
Problem: lim 


Solution: 
8/7 
Exercise: 


cotz 
cos zx 


Problem: lim 
xm /2 


Exercise: 


. 2 
Problem: lim 2+22 
z>—5 E+ 


Solution: 


DNE 


Exercise: 


Problem: lim 


Exercise: 
Problem: lim 2—* 
go1 v-1 
Solution: 
2/3 
Exercise: 
5 2 
Problem: lim @—4 
aol Ve-1 
Exercise: 


Problem: lim —“=2 


Solution: 


-4; 


Exercise: 


Problem: lim —= 
roblem lim => 


In the following exercises, use the squeeze theorem to prove the limit. 
Exercise: 


Problem: limz’cos (27x) = 0 
z—0 


Solution: 


Since —1 < cos(2mz) < 1, then —x? < x?cos(2mx) < x”. Since lima? =0= lim — x”, it 
B io xz 


follows that limx*cos (27x) = 0. 
@— 
Exercise: 
Problem: limz*sin (4) =0 
xz—-0 - 


Exercise: 


Problem: 


Determine the domain such that the function f(z) = Va — 2 + ze? is continuous over its 
domain. 


Solution: 


[2; oo] 


In the following exercises, determine the value of c such that the function remains continuous. Draw 
your resulting function to ensure it is continuous. 
Exercise: 


g+i,z>c 
22,2<6 


Problem: f (x) = { 


Exercise: 


Viet+l,x>-—-1 


et+ene<—l 


Problem: f (x) = 


Solution: 


c=-1 


In the following exercises, use the precise definition of limit to prove the limit. 
Exercise: 


Problem: lim (82 +16) = 24 
H rd 


Exercise: 
Problem: limz* = 0 
xr—>0 


Solution: 
S=¥e 
Exercise: 
Problem: 
A ball is thrown into the air and the vertical position is given by x (t) = —4.9¢? + 25¢ + 5. Use 


the Intermediate Value Theorem to show that the ball must land on the ground sometime 
between 5 sec and 6 sec after the throw. 


Exercise: 


Problem: 


A particle moving along a line has a displacement according to the function 
x (t) = t? — 2t + 4, where x is measured in meters and t is measured in seconds. Find the 
average velocity over the time period t = [0, 2]. 


Solution: 


0 m/sec 
Exercise: 


Problem: 
From the previous exercises, estimate the instantaneous velocity at = 2 by checking the 
average velocity within t = 0.01 sec. 

Glossary 


epsilon-delta definition of the limit 
lim f (x) = Lif for every ¢ > 0, there exists a d > 0 such that if 0 < |x — a| < 6, then 


|f (z) -—L| <e 


triangle inequality 
If a and b are any real numbers, then |a + b| < |a| + |b| 


Introduction 
class="introduction" 


The 
Hennessey 
Venom GT 
can go from 

0 to 200 
mph in 
14.51 
seconds. 
(credit: 
modificatio 
n of work 
by 
Codex41, 
Flickr) 


The Hennessey Venom GT is one of the fastest cars in the world. In 2014, it 
reached a record-setting speed of 270.49 mph. It can go from 0 to 200 mph 
in 14.51 seconds. The techniques in this chapter can be used to calculate the 
acceleration the Venom achieves in this feat (see [link].) 


Calculating velocity and changes in velocity are important uses of calculus, 
but it is far more widespread than that. Calculus is important in all branches 
of mathematics, science, and engineering, and it is critical to analysis in 
business and health as well. In this chapter, we explore one of the main 
tools of calculus, the derivative, and show convenient ways to calculate 
derivatives. We apply these rules to a variety of functions in this chapter so 
that we can then explore applications of these techniques. 


Defining the Derivative 


e Recognize the meaning of the tangent to a curve at a point. 

¢ Calculate the slope of a tangent line. 

e Identify the derivative as the limit of a difference quotient. 

¢ Calculate the derivative of a given function at a point. 

¢ Describe the velocity as a rate of change. 

e Explain the difference between average velocity and instantaneous velocity. 
e Estimate the derivative from a table of values. 


Now that we have both a conceptual understanding of a limit and the practical ability to compute 
limits, we have established the foundation for our study of calculus, the branch of mathematics in 
which we compute derivatives and integrals. Most mathematicians and historians agree that calculus 
was developed independently by the Englishman Isaac Newton (1643-1727) and the German 
Gottfried Leibniz (1646-1716), whose images appear in [link]. When we credit Newton and Leibniz 
with developing calculus, we are really referring to the fact that Newton and Leibniz were the first to 
understand the relationship between the derivative and the integral. Both mathematicians benefited 
from the work of predecessors, such as Barrow, Fermat, and Cavalieri. The initial relationship 
between the two mathematicians appears to have been amicable; however, in later years a bitter 
controversy erupted over whose work took precedence. Although it seems likely that Newton did, 
indeed, arrive at the ideas behind calculus first, we are indebted to Leibniz for the notation that we 
commonly use today. 


Newton and Leibniz are credited with developing calculus independently. 


Tangent Lines 


We begin our study of calculus by revisiting the notion of secant lines and tangent lines. Recall that 
we used the slope of a secant line to a function at a point (a, f (a)) to estimate the rate of change, or 
the rate at which one variable changes in relation to another variable. We can obtain the slope of the 
secant by choosing a value of x near a and drawing a line through the points (a, f (a)) and 

(x, f (x)), as shown in [link]. The slope of this line is given by an equation in the form of a 
difference quotient: 

Equation: 


We can also calculate the slope of a secant line to a function at a value a by using this equation and 
replacing z with a + h, where h is a value close to 0. We can then calculate the slope of the line 
through the points (a, f (a)) and (a + h, f (a +h)). In this case, we find the secant line has a slope 
given by the following difference quotient with increment h: 


Equation: 
_ flath)—fl(a) _ flat+h)— f(a) 
M<sec a A, 
at+h-a h 
Note: 
Definition 


Let f be a function defined on an interval J containing a. If x £ a is in J, then 
Equation: 


is a difference quotient. 
Also, if h £ 0 is chosen so that a + A is in J, then 
Equation: 


f(a+h) — f(a) 
h 


Q= 


is a difference quotient with increment h. 


Note: 
View the development of the derivative with this applet. 


These two expressions for calculating the slope of a secant line are illustrated in [link]. We will see 
that each of these two methods for finding the slope of a secant line is of value. Depending on the 
setting, we can choose one or the other. The primary consideration in our choice usually depends on 
ease of calculation. 


(a + h, f(a + h)) 


__ f(x) — fla) _ f(a+h) - f(a) 
x=e Mse¢ = ~~, 


Msec¢ > 


(a) (b) 


We can calculate the slope of a secant line in either of two ways. 


In [link](a) we see that, as the values of x approach a, the slopes of the secant lines provide better 
estimates of the rate of change of the function at a. Furthermore, the secant lines themselves 
approach the tangent line to the function at a, which represents the limit of the secant lines. Similarly, 
[link](b) shows that as the values of h get closer to 0, the secant lines also approach the tangent line. 
The slope of the tangent line at a is the rate of change of the function at a, as shown in [link](c). 


Yh 


(a + hy, f(a + hy)) 


y = fix) 
(a, f(a)) 
(a + hp, f(a + he)) 


aath, a+h, 
Man = lim 18) = He Man = lim 1a h) = fle 
mn Xa x-a we he 0 h 
(a) (b) (c) 


The secant lines approach the tangent line (shown in green) as the second point approaches the 
first. 


Note: 
You can use this site to explore graphs to see if they have a tangent line at a point. 


In [link] we show the graph of f (x) = ./z and its tangent line at (1, 1) ina series of tighter intervals 
about x = 1. As the intervals become narrower, the graph of the function and its tangent line appear 
to coincide, making the values on the tangent line a good approximation to the values of the function 
for choices of x close to 1. In fact, the graph of f(z) itself appears to be locally linear in the 
immediate vicinity of z = 1. 


3 4x 0 0.5 1.0 15 2.0% 
(b) 


1.0 
(c) (d) 


For values of x close to 1, the graph of f (2) = 1/2 and its tangent line appear to coincide. 


Formally we may define the tangent line to the graph of a function as follows. 


Note: 

Definition 

Let f(a) be a function defined in an open interval containing a. The tangent line to f(x) at a is the 
line passing through the point (a, f (a)) having slope 

Equation: 


provided this limit exists. 


Equivalently, we may define the tangent line to f (x) at a to be the line passing through the point 
(a, f (a)) having slope 
Equation: 


provided this limit exists. 


Just as we have used two different expressions to define the slope of a secant line, we use two 
different forms to define the slope of the tangent line. In this text we use both forms of the definition. 
As before, the choice of definition will depend on the setting. Now that we have formally defined a 
tangent line to a function at a point, we can use this definition to find equations of tangent lines. 


Example: 
Exercise: 


Problem: 
Finding a Tangent Line 


Find the equation of the line tangent to the graph of f (x) = 2 at x = 3. 


Solution: 


First find the slope of the tangent line. In this example, use [link]. 
Equation: 


Man = Ten EO) Apply the definition. 


= lim 22 Substitute f (x) = a and f (3) = 9. 


._ (w—3)(2-+3) 


= lim (x +3) =6 Factor the numerator to evaluate the limit. 
xr 


Next, find a point on the tangent line. Since the line is tangent to the graph of f(x) at x = 3, it 
passes through the point (3, f (3)). We have f (3) = 9, so the tangent line passes through the 
point (3,9). 


Using the point-slope equation of the line with the slope m = 6 and the point (3, 9), we obtain 
the line y — 9 = 6 (x — 3). Simplifying, we have y = 6x — 9. The graph of f (x) = x? and its 
tangent line at 3 are shown in [link]. 


The tangent line to f (x) at z = 3. 


Example: 
Exercise: 


Problem: 
The Slope of a Tangent Line Revisited 


Use [link] to find the slope of the line tangent to the graph of f (2) = x? at x = 3. 
Solution: 


The steps are very similar to [link]. See [link] for the definition. 
Equation: 


ee Apply the definition. 


Mian = lim 


a lim G48 Substitute f (3 + h) = (3 +h)? and f (3) =9. 
= lim 


94+6h+h?—9 
h—0 A 


Expand and simplify to evaluate the limit. 
= lim “6+*) — lim (6 + h) = 6 
h-0 h-0 


We obtained the same value for the slope of the tangent line by using the other definition, 
demonstrating that the formulas can be interchanged. 


Example: 


Exercise: 


Problem: 


Finding the Equation of a Tangent Line 


Find the equation of the line tangent to the graph of f (x) = 1/z at x = 2. 


Solution: 


We can use [link], but as we have seen, the results are the same if we use [link]. 


Equation: 


ae eS 
~ LE Seo 


= lim =+ 
wo2 <2 

i 

4 


Apply the definition. 


Substitute f (x) = 4+ and f (2) = 4. 


Multiply numerator and denominator by 2z to 
simplify fractions. 


Simplify. 


Simplify using 


ae = tora 2. 


Evaluate the limit. 


als 


We now know that the slope of the tangent line is —-;. To find the equation of the tangent line, 
we also need a point on the line. We know that f (2) = +. Since the tangent line passes 
through the point (2, +) we can use the point-slope equation of a line to find the equation of 


the tangent line. Thus the tangent line has the equation y = — re + 1. The graphs of 
f (v) = + andy = —$a + 1 are shown in [link]. 
y 
4 
y=-7+1 
2 f(x) = . 


The line is tangent to f (x) at x = 2. 


Note: 
Exercise: 


Problem: Find the slope of the line tangent to the graph of f (x) = ./z at x = 4. 


Solution: 


1 


4 
Hint 


Use either [link] or [link]. Multiply the numerator and the denominator by a conjugate. 


The Derivative of a Function at a Point 


The type of limit we compute in order to find the slope of the line tangent to a function at a point 
occurs in many applications across many disciplines. These applications include velocity and 
acceleration in physics, marginal profit functions in business, and growth rates in biology. This limit 
occurs so frequently that we give this value a special name: the derivative. The process of finding a 
derivative is called differentiation. 


Note: 

Definition 

Let f(a) be a function defined in an open interval containing a. The derivative of the function f(z) 
at a, denoted by f’ (a), is defined by 

Equation: 


f(a) = tim ff) 


za rr — a 


provided this limit exists. 
Alternatively, we may also define the derivative of f(x) at a as 


Equation: 
_ f(a+h) - f(a) 
! = 
Oe h 
Example: 
Exercise: 
Problem: 


Estimating a Derivative 


For f (x) = x”, use a table to estimate f’(3) using [link]. 


Solution: 


Create a table using values of xz just below 3 and just above 3. 


x a 
2.9 5.9 
2.99 5.99 
2.999 5.999 
3.001 6.001 
3.01 6.01 
3.1 6.1 


After examining the table, we see that a good estimate is f’ (3) = 6. 


Note: 
Exercise: 


Problem: For f (z) = x”, use a table to estimate f’(3) using [link]. 


Solution: 
6 


Hint 


Evaluate @)-* at h = —0.1, —0.01, —0.001, 0.001, 0.01, 0.1 


Example: 
Exercise: 


Problem: 
Finding a Derivative 


For f (x) = 3x? — 4x +1, find f'(2) by using [link]. 


Solution: 


Substitute the given function and value directly into the equation. 


Equation: 
jl) hig Apply the definition. 
2—> 
x?—4e - 
= iy Oe Substitute f (x) = 3x7 — 4a + land f (2) =5. 
= lim ans ce) Simplify and factor the numerator. 
2 
= lim (3a + 2) Cancel the common factor. 
2 
5 Evaluate the limit. 
Example: 
Exercise: 
Problem: 


Revisiting the Derivative 
For f (x) = 327 — 4x +1, find f’(2) by using [link]. 
Solution: 


Using this equation, we can substitute two values of the function into the equation, and we 
should get the same value as in [link]. 


Equation: 
f/ (2) = nen AT Apply the definition. 

= 

= EA (3(2+h)?—4(2+h)+1)—5 Substitute f (2) = 5 and 

h-10 i f@ +h) —32 2h) 40 2h). 

= lim ant tshe Simplify the numerator. 
=N 

= lim SAS Factor the numerator. 
= 

= lim (3h + 8) Cancel the common factor. 
= 

= Evaluate the limit. 


The results are the same whether we use [link] or [link]. 


Note: 
Exercise: 


Problem: For f (x) = x? + 3a + 2, find f’ (1). 


Solution: 
fil) =5 
Hint 


Use either [link], [link], or try both. Use either [link] or [link] as a guide. 


Velocities and Rates of Change 


Now that we can evaluate a derivative, we can use it in velocity applications. Recall that if s (t) is 
the position of an object moving along a coordinate axis, the average velocity of the object over a 
time interval |a, t] if t > a or [t, a] if t < a is given by the difference quotient 

Equation: 


s(t) — s(a) 


Vave = 
t-—a 


As the values of t approach a, the values of vaye approach the value we call the instantaneous 
velocity at a. That is, instantaneous velocity at a, denoted v (a), is given by 
Equation: 


To better understand the relationship between average velocity and instantaneous velocity, see [link]. 
In this figure, the slope of the tangent line (shown in red) is the instantaneous velocity of the object at 
time t = a whose position at time ¢ is given by the function s (t). The slope of the secant line 
(shown in green) is the average velocity of the object over the time interval {a, ¢]. 


Tangent 


Secant 


s(0) 


The slope of the secant line is the average velocity over 
the interval (a, t]. The slope of the tangent line is the 
instantaneous velocity. 


We can use [link] to calculate the instantaneous velocity, or we can estimate the velocity of a moving 
object by using a table of values. We can then confirm the estimate by using [link]. 


Example: 
Exercise: 


Problem: 
Estimating Velocity 


A lead weight on a spring is oscillating up and down. Its position at time t with respect to a 


fixed horizontal line is given by s (t) = sin t ([link]). Use a table of values to estimate v (0). 
Check the estimate by using [link]. 


A lead weight suspended from a 
spring in vertical oscillatory 
motion. 


Solution: 


We can estimate the instantaneous velocity at t = 0 by computing a table of average velocities 
using values of ¢ approaching 0, as shown in [link]. 


, wee its = us 
—0.1 0.998334166 
—0.01 0.9999833333 
—0.001 0.999999833 
0.001 0.999999833 
0.01 0.9999833333 
0.1 0.998334166 


Average velocities using values of t approaching 0 


From the table we see that the average velocity over the time interval |—0.1, 0] is 
0.998334166, the average velocity over the time interval |—0.01, 0] is 0.9999833333, and so 
forth. Using this table of values, it appears that a good estimate is v (0) = 1. 


By using [link], we can see that 
Equation: 


Thus, in fact, v (0) = 1. 


Note: 
Exercise: 


Problem: 


A rock is dropped from a height of 64 feet. Its height above ground at time ¢ seconds later is 
given by s (t) = —16¢? + 64,0 < t < 2. Find its instantaneous velocity 1 second after it is 
dropped, using [link]. 


Solution: 


As we have seen throughout this section, the slope of a tangent line to a function and instantaneous 
velocity are related concepts. Each is calculated by computing a derivative and each measures the 
instantaneous rate of change of a function, or the rate of change of a function at any point along the 
function. 


Note: 
Definition 
The instantaneous rate of change of a function f(z) at a value a is its derivative f’(a). 


Example: 
Exercise: 


Problem: 
Chapter Opener: Estimating Rate of Change of Velocity 


(credit: modification of work by 
Codex41, Flickr) 


Reaching a top speed of 270.49 mph, the Hennessey Venom GT is one of the fastest cars in the 
world. In tests it went from 0 to 60 mph in 3.05 seconds, from 0 to 100 mph in 5.88 seconds, 
from 0 to 200 mph in 14.51 seconds, and from 0 to 229.9 mph in 19.96 seconds. Use this data 
to draw a conclusion about the rate of change of velocity (that is, its acceleration) as it 
approaches 229.9 mph. Does the rate at which the car is accelerating appear to be increasing, 
decreasing, or constant? 


Solution: 


First observe that 60 mph = 88 ft/s, 100 mph ~ 146.67 ft/s, 200 mph * 293.33 ft/s, and 229.9 
mph * 337.19 ft/s. We can summarize the information in a table. 


t u(t) 

0 0 

3.05 88 
5.88 147.67 
14.51 293.33 
19.96 337.19 


v (t) at different values of t 


Now compute the average acceleration of the car in feet per second on intervals of the form 
[t, 19.96] as ¢ approaches 19.96, as shown in the following table. 


v(t)—v(19.96) _  v(t)—337.19 


t t-19.96  t-19.96 
0.0 16.89 

3.05 14.74 

5.88 13.46 

14.51 8.05 


Average acceleration 


The rate at which the car is accelerating is decreasing as its velocity approaches 229.9 mph 
(337.19 ft/s). 


Example: 
Exercise: 


Problem: 
Rate of Change of Temperature 


A homeowner sets the thermostat so that the temperature in the house begins to drop from 
70°F at 9 p.m., reaches a low of 60° during the night, and rises back to 70° by 7 a.m. the next 
morning. Suppose that the temperature in the house is given by T' (t) = 0.4¢? — 4¢ + 70 for 

0 < t < 10, where ¢ is the number of hours past 9 p.m. Find the instantaneous rate of change 
of the temperature at midnight. 


Solution: 


Since midnight is 3 hours past 9 p.m., we want to compute Z(3); Refer to [link]. 
Equation: 


L8) hn Apply the definition. 

—. 

— tim 0-42-46 7061.6 Substitute T (t) = 0.4t? — 4t + 70 and 
t3 Uae T (3) = 61.6. 

— Vin 0.4t7=4t+8.4 : : 

= lim =a Simplify. 

ee 0AG=31G=7) _ Jen OA(E=3)(E=7) 

= im 3 dim 3 

= lim0.4(t — 7) Cancel. 
t>3 

S = 1)50 Evaluate the limit. 


The instantaneous rate of change of the temperature at midnight is —1.6°F per hour. 


Example: 
Exercise: 


Problem: 
Rate of Change of Profit 


A toy company can sell x electronic gaming systems at a price of p = —0.01z + 400 dollars 
per gaming system. The cost of manufacturing x systems is given by C (x) = 100z + 10,000 
dollars. Find the rate of change of profit when 10,000 games are produced. Should the toy 
company increase or decrease production? 


Solution: 

The profit P (x) earned by producing x gaming systems is R (x) — C'(x), where R (2) is the 
revenue obtained from the sale of x games. Since the company can sell z games at 

p = —0.01z + 400 per game, 


Equation: 


R(x) = zp = «(—0.01a + 400) = —0.01x? + 400z. 


Consequently, 
Equation: 


P(x) = —0.01z? + 3002 — 10,000. 


Therefore, evaluating the rate of change of profit gives 
Equation: 


m  Pl#)=P(10000) 
210000 710000 
0.012243002—10000—1990000 


P’ (10000) 


z-+10000 UL 

_ —0.012?+300x—2000000 
z+ 10000 eI 

= 100. 


Since the rate of change of profit P’ (10,000) > 0 and P(10,000) > 0, the company should 
increase production. 


Note: 
Exercise: 


Problem: 


A coffee shop determines that the daily profit on scones obtained by charging s dollars per 
scone is P (s) = —20s? + 150s — 10. The coffee shop currently charges $3.25 per scone. 
Find P’(3.25), the rate of change of profit when the price is $3.25 and decide whether or not 
the coffee shop should consider raising or lowering its prices on scones. 


Solution: 
P' (3.25) = 20 > 0; raise prices 
Hint 


Use [link] for a guide. 


Key Concepts 


e The slope of the tangent line to a curve measures the instantaneous rate of change of a curve. 
We can calculate it by finding the limit of the difference quotient or the difference quotient with 
increment h. 

¢ The derivative of a function f (z) at a value a is found using either of the definitions for the 
slope of the tangent line. 


Velocity is the rate of change of position. As such, the velocity v (¢) at time ¢ is the derivative of 
the position s (t) at time t. Average velocity is given by 
Equation: 


ave 


Instantaneous velocity is given by 
Equation: 


We may estimate a derivative by using a table of values. 


Key Equations 


Difference quotient 

Q = f ef (a) 

Difference quotient with increment h 
ge f(ath)-fla) _ flath)—f(a) 


a+th—a -_ h 
Slope of tangent line 
— lin S@=f@ 
Man = lim [=> 
rian = Yin LOH =F) 
h-0 


Derivative of f(x) ata 
ff (a) _ lim f(z)-f(@) 


! — Jinn Fath) -f(@) 
f'(a) = lim 
Average velocity 
v= sO=@) 
ave — t—a 
Instantaneous velocity 

=, — Jinn 8(t)=s(a) 
v(a) = s'(a) = jim = 


For the following exercises, use [link] to find the slope of the secant line between the values x; and 
x2 for each function y = f (x). 
Exercise: 


Problem: f (x) = 4% + 7; 2; = 2,22 =5 


Solution: 


4 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


8.5 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


3 


4 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


0.2 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


0.25 


Exercise: 


Problem: 


f (x) = 82 — 332, = —1,22 = 3 


f(z) =27 +2241; 2, = 3,22 =3.5 


f(z) =—-e? +24+2;2) =0.5,22=1.5 


f (z) = rer tee eS et 


f(z) = 501 = 0,42 = 2 


(2) 3/27 ai = la 16 


f(a) = Vx — 9; = 10, 22 = 13 


FAG) =7'/ 41:9, =0,2.=8 


f (z) = 62?/3 + 2a1/3; 2) = 1,22 = 27 


For the following functions, 


a. use [link] to find the slope of the tangent line mtan = f’ (a), and 
b. find the equation of the tangent line to f atz = a. 


Exercise: 
Problem: f (x) = 3 — 4z,a = 2 
Solution: 


a.—-4b. y= 3-42 


Exercise: 


Problem: f (x) = ¢ +6,a=~—1 


Exercise: 
Problem: f (x) =27+2,a=1 


Solution: 


a.3b.y= 3xa—-1 


Exercise: 


Problem: f (x) =1—2—2’,a=0 


Exercise: 
Problem: f(z) = 5,a=3 


Solution: 


Exercise: 


Problem: f (x) = Vz +8,a=1 
Exercise: 

Problem: f(z) = 2 — 3z7,a = —2 

Solution: 


a12b.y= 1274414 


Exercise: 


Problem: f (x) = —2,a=4 


Exercise: 
Problem: f (x) = —> 


Solution: 


a. —2b.y = —2e — 10 


Exercise: 


Problem: f (x) = 4,a=3 


x 


For the following functions y = f (a), find f’ (a) using [link]. 
Exercise: 


Problem: f (x) = 52 +4,a=-—1 
Solution: 


5 


Exercise: 


Problem: f(z) = —7z+1,a=3 


Exercise: 
Problem: f (x) = x? + 92,a = 2 


Solution: 


13 


Exercise: 


Problem: f(z) = 3z2-—x+2,a=1 


Exercise: 
Problem: f (x) = ,/z,a=4 
Solution: 


i 
4 


Exercise: 


Problem: f (2) = Vx — 2,a =6 


Exercise: 
Problem: f(z) = +,a = 2 


Solution: 


1 


4 
Exercise: 


Problem: f (z) = —;,a = —1 


Exercise: 
Problem: f(z) = 4+,a=1 


Solution: 


—3 


Exercise: 


Problem: f (x) = +,a=4 


For the following exercises, given the function y = f (2), 
a. find the slope of the secant line PQ for each point Q (x, f (x)) with x value given in the table. 
b. Use the answers from a. to estimate the value of the slope of the tangent line at P. 


c. Use the answer from b. to find the equation of the tangent line to f at point P. 


Exercise: 


Problem: [T] f (z) = x? + 3x + 4, P (1,8) (Round to 6 decimal places.) 


xX Slope mpg x Slope mpg 
1.1 (i) 0.9 (vii) 


1.01 (ii) 0.99 (viii) 


x Slope mpg x Slope mpg 

1.001 (iii) 0.999 (ix) 

1.0001 (iv) 0.9999 (x) 

1.00001 (v) 0.99999 (xi) 

1.000001 (vi) 0.999999 (xii) 
Solution: 


a. (i) 5.100000, (ii) 5.010000, (iii) 5.001000, (iv) 5.000100, (v) 5.000010, (vi) 5.000001, 
(vii) 4.900000, (viii) 4.990000, (ix) 4.999000, (x) 4.999900, (xi) 4.999990, (x) 4.999999 b. 
Mian =d5cay=d5e4+3 


Exercise: 
Problem: [T] f (x) = 3¢+, P(0,—1) 

xX Slope mpg x Slope mpg 
0.1 (i) —0.1 (vii) 
0.01 (ii) —0.01 (viii) 
0.001 (iii) —0.001 (ix) 
0.0001 (iv) —0.0001 (x) 
0.00001 (v) —0.00001 (xi) 
0.000001 (vi) —0.000001 (xii) 

Exercise: 


Problem: [T] f (z) = 10e°°”, P (0, 10) (Round to 4 decimal places.) 


xX Slope mpg 


—0.1 (i) 

—0.01 (ii) 

—0.001 (iii) 

—0.0001 (iv) 

—0.00001 (v) 

-0.000001 (vi) 
Solution: 


a. (i) 4.8771, (ii) 4.9875 (iii) 4.9988, (iv) 4.9999, (v) 4.9999, (vi) 4.9999 b. mtan = 5c. 
y= da +10 


Exercise: 


Problem: [T] f (x) = tan (x), P (x, 0) 


xX Slope mpg 
ast (i) 

3.14 (ii) 

3.141 (iii) 

3.1415 (iv) 
3.14159 (v) 
3.141592 (vi) 


[T] For the following position functions y = s (¢), an object is moving along a straight line, where t 
is in seconds and s is in meters. Find 


a. the simplified expression for the average velocity fromt = 2tot = 2+h; 


b. the average velocity between ¢ = 2 andt = 2 + h, where (i) h = 0.1, (ii) h = 0.01, 
(iii) h = 0.001, and (iv) h = 0.0001; and 
c. use the answer from a. to estimate the instantaneous velocity at t = 2 second. 


Exercise: 
Problem: s (t) = zt o 
Solution: 


a. =; b. (i) 0.3 m/s, (ii) 0.3 m/s, (iii) 0.3 m/s, (iv) 0.3 m/s; c. 0.3 = $ m/s 


Exercise: 


Problem: s (t) = ¢? — 2t 
Exercise: 

Problem: s (t) = 2¢? + 3 

Solution: 


a. 2 (h? + 6h + 12); b. (i) 25.22 m/s, (ii) 24.12 m/s, (iii) 24.01 m/s, (iv) 24 m/s; c. 24 m/s 


Exercise: 


Problem: s (¢) = o — 


ole 


Exercise: 


Problem: Use the following graph to evaluate a. f’ (1) and b. f’ (6). 


Solution: 


a. 1.25; b. 0.5 


Exercise: 


Problem: Use the following graph to evaluate a. f’ (—3) and b. f’ (1.5). 


For the following exercises, use the limit definition of derivative to show that the derivative does not 
exist at x = a for each of the given functions. 
Exercise: 


Problem: f (x) = x!/3,2 =0 


Solution: 
lim =— = li = 0o 
2/3 
z>0- 7 z—0- 2?! 
Exercise: 


Problem: f (x) = 27/3, x =0 


Exercise: 
L. e<a 
Problem: = =1 
roblem: f (<) ae 
Solution: 


z—1 
z—-1 


lim > =041= lim 
z—1- F— zit 


Exercise: 


Problem: f(z) = “!,2 =0 


x 


Exercise: 


Problem: 


[T] The position in feet of a race car along a straight track after ¢ seconds is modeled by the 
function s (t) = 82? — 54°. 


a. Find the average velocity of the vehicle over the following time intervals to four decimal 
places: 


i. [4, 4.1] 

ii. [4, 4.01] 
iii. [4, 4.001] 
iv. [4, 4.0001] 


b. Use a. to draw a conclusion about the instantaneous velocity of the vehicle at t = 4 
seconds. 


Solution: 
a. (i) 61.7244 ft/s, (ii) 61.0725 ft/s (iii) 61.0072 ft/s (iv) 61.0007 ft/s b. At 4 seconds the race 
car is traveling at a rate/velocity of 61 ft/s. 
Exercise: 
Problem: 


[T] The distance in feet that a ball rolls down an incline is modeled by the function 
s(t) = 14¢t?, where t is seconds after the ball begins rolling. 


a. Find the average velocity of the ball over the following time intervals: 


1,5; 5-1] 

ii. [5, 5.01] 
iii. [5, 5.001] 
iv. [5, 5.0001] 


b. Use the answers from a. to draw a conclusion about the instantaneous velocity of the ball at 


t = 5 seconds. 


Exercise: 
Problem: 
Two vehicles start out traveling side by side along a straight road. Their position functions, 


shown in the following graph, are given by s = f(t) and s = g(t), where s is measured in feet 
and ¢ is measured in seconds. 


a. Which vehicle has traveled farther at £ = 2 seconds? 

b. What is the approximate velocity of each vehicle at ¢ = 3 seconds? 
c. Which vehicle is traveling faster at = 4 seconds? 

d. What is true about the positions of the vehicles at £ = 4 seconds? 


Solution: 


a. The vehicle represented by f (t), because it has traveled 2 feet, whereas g (t) has traveled 1 
foot. b. The velocity of f (¢) is constant at 1 ft/s, while the velocity of g (t) is approximately 2 
ft/s. c. The vehicle represented by g(t), with a velocity of approximately 4 ft/s. d. Both have 
traveled 4 feet in 4 seconds. 


Exercise: 


Problem: 


[T] The total cost C'(z), in hundreds of dollars, to produce zx jars of mayonnaise is given by 
C (x) = 0.000003x? + 4x + 300. 


a. Calculate the average cost per jar over the following intervals: 
i. [100, 100.1] 
ii. [100, 100.01] 
iii. [100, 100.001] 
iv. [100, 100.0001] 


b. Use the answers from a. to estimate the average cost to produce 100 jars of mayonnaise. 
Exercise: 


Problem: [T] For the function f (x) = x? — 2” — 11x + 12, do the following. 


a. Use a graphing calculator to graph fin an appropriate viewing window. 


b. Use the ZOOM feature on the calculator to approximate the two values of z = a for which 
Mig =f ta) =. 


Solution: 


a. 


b.a = —1.361, 2.694 


Exercise: 


Problem: [T] For the function f (x) = 7) do the following. 


a. Use a graphing calculator to graph f in an appropriate viewing window. 
b. Use the ZOOM feature on the calculator to approximate the values of z = a for which 
Wi) (a) = 0: 


Exercise: 
Problem: 


Suppose that NV (2) computes the number of gallons of gas used by a vehicle traveling x miles. 
Suppose the vehicle gets 30 mpg. 


a. Find a mathematical expression for N (2). 
b. What is (100)? Explain the physical meaning. 
c. What is N’(100)? Explain the physical meaning. 


Solution: 


a. N (x) = 45 b. ~ 3.3 gallons. When the vehicle travels 100 miles, it has used 3.3 gallons of 


gas. Cc. an: The rate of gas consumption in gallons per mile that the vehicle is achieving after 
having traveled 100 miles. 


Exercise: 


Problem: [T] For the function f (x) = 2+ — 5x? + 4, do the following. 


a. Use a graphing calculator to graph f in an appropriate viewing window. 


b. Use the nDeriv function, which numerically finds the derivative, on a graphing calculator 
to estimate f’(—2), f’(—0.5), f'(1.7), and f’(2.718). 


Exercise: 


Problem: [T] For the function f (x) = ee, do the following. 


a. Use a graphing calculator to graph f in an appropriate viewing window. 
b. Use the nDeriv function on a graphing calculator to find f’ (—4), f’(—2), f’(2), and 


f'(4). 


Solution: 


a. 


b. —0.028, —0.16, 0.16, 0.028 


Glossary 


derivative 
the slope of the tangent line to a function at a point, calculated by taking the limit of the 
difference quotient, is the derivative 


difference quotient 
of a function f (x) at a is given by 
Equation: 


differentiation 
the process of taking a derivative 


instantaneous rate of change 
the rate of change of a function at any point along the function a, also called f'(a), or the 
derivative of the function at a 


The Derivative as a Function 


Define the derivative function of a given function. 

e Graph a derivative function from the graph of a given function. 

e State the connection between derivatives and continuity. 

e Describe three conditions for when a function does not have a derivative. 
Explain the meaning of a higher-order derivative. 


As we have seen, the derivative of a function at a given point gives us the rate of change or slope of the tangent 
line to the function at that point. If we differentiate a position function at a given time, we obtain the velocity at 
that time. It seems reasonable to conclude that knowing the derivative of the function at every point would 
produce valuable information about the behavior of the function. However, the process of finding the derivative 
at even a handful of values using the techniques of the preceding section would quickly become quite tedious. 
In this section we define the derivative function and learn a process for finding it. 


Derivative Functions 


The derivative function gives the derivative of a function at each point in the domain of the original function 
for which the derivative is defined. We can formally define a derivative function as follows. 


Note: 

Definition 

Let f be a function. The derivative function, denoted by f’, is the function whose domain consists of those 
values of x such that the following limit exists: 

Equation: 


A function f(z) is said to be differentiable at a if f’(a) exists. More generally, a function is said to be 
differentiable on S if it is differentiable at every point in an open set S, and a differentiable function is one in 
which f’(z) exists on its domain. 


In the next few examples we use [link] to find the derivative of a function. 


Example: 
Exercise: 


Problem: 
Finding the Derivative of a Square-Root Function 


Find the derivative of f (x) = /z. 
Solution: 


Start directly with the definition of the derivative function. Use [link]. 
Equation: 


Vath-Vz | Vathtv2 
~~ A50 h Vatht+/z 


48 h 
a et eae 
Aas 1 
ah CEES 
1 
2/z 


Example: 
Exercise: 


Problem: 


Substitute f (x +h) = Vz thand f (x) = /z 
: ! — ys fleth)—-f(z) 

into, (ey — lim = : 

Multiply numerator and denominator by 


Ve2+h-+ ./z without distributing in the 
denominator. 


Multiply the numerators and simplify. 
Cancel the h. 


Evaluate the limit. 


Finding the Derivative of a Quadratic Function 


Find the derivative of the function f (x) = x” — 22. 


Solution: 


Follow the same procedure here, but without having to multiply by the conjugate. 


Equation: 
! " ((w+h)?—2(a-+h))—(x2—22) 
z) = lim 
F(z) h0 h 
: 24 Ieh+h?—2a2—2h—224+22 
_ lim x + 2a T T 
h0 A 
— Jim 22h=2h+h? 
a0 h 
=iiee h(2a—2+h) 
roo 
= lim (2a et) 
== 7 
Note: 
Exercise: 


Problem: Find the derivative of f (x) = 2°. 


Solution: 


Fe oe 


2 


Substitute f (2 +h) = (a +h)? — 2(a +h) and 
f (x) = x? — 2z into 
1 — Jia Sleth)—-F (2x) 
Ff(z)= lim h 9 
Expand (a +h)” — 2(a +h). 
Simplify. 
Factor out h from the numerator. 
Cancel the common factor of h. 


Evaluate the limit. 


Hint 


Use [link] and follow the example. 


We use a variety of different notations to express the derivative of a function. In [link] we showed that if 
f (x) = x? — 2z, then f’ (x) = 2x — 2. If we had expressed this function in the form y = x? — 2z, we could 


have expressed the derivative as y/ = 2x — 2 or dy = 2a” — 2. We could have conveyed the same information 
by writing (a? — 2x) = 2x — 2. Thus, for the function y = f (x), each of the following notations 


represents the derivative of f (x): 
Equation: 


f(a), By, Fe), 


d d : os ee ee 5 
In place of f’ (a) we may also use a Use of the 9 notation (called Leibniz notation) is quite common in 
iL i 


t=a 
engineering and physics. To understand this notation better, recall that the derivative of a function at a point is 
the limit of the slopes of secant lines as the secant lines approach the tangent line. The slopes of these secant 


lines are often expressed in the form ae where Ay is the difference in the y values corresponding to the 


difference in the x values, which are expressed as Az ((link]). Thus the derivative, which can be thought of as 
the instantaneous rate of change of y with respect to x, is expressed as 
Equation: 


f(a) + Ay 


Graphing a Derivative 


We have already discussed how to graph a function, so given the equation of a function or the equation of a 
derivative function, we could graph it. Given both, we would expect to see a correspondence between the 
graphs of these two functions, since f’(x) gives the rate of change of a function f (z) (or slope of the tangent 
line to f(z) ). 


In [link] we found that for f (x) = /z, f'(z) = 1/2,/z. If we graph these functions on the same axes, as in 
[link], we can use the graphs to understand the relationship between these two functions. First, we notice that 
f(z) is increasing over its entire domain, which means that the slopes of its tangent lines at all points are 
positive. Consequently, we expect f’ (x) > 0 for all values of x in its domain. Furthermore, as x increases, the 
slopes of the tangent lines to f(x) are decreasing and we expect to see a corresponding decrease in f/(x). We 
also observe that f (0) is undefined and that jim, f' (x) = +00, corresponding to a vertical tangent to f(z) at 


0. 


The derivative f’(x) is positive everywhere because 
the function f(a) is increasing. 


In [link] we found that for f (x) = 2? — 22, f’(x) = 2x — 2. The graphs of these functions are shown in 
[link]. Observe that f(x) is decreasing for z < 1. For these same values of «, f’ (x) < 0. For values of 
x > 1, f(x) is increasing and f’ (x) > 0. Also, f(x) has a horizontal tangent at ¢ = 1 and f’(1) = 0. 


f(x) = 2x - 2 


f(x) = x? — 2x 


The derivative f' (x) < 0 where the function f (z) is 
decreasing and f’ (x) > 0 where f(z) is increasing. 
The derivative is zero where the function has a 
horizontal tangent. 


Example: 
Exercise: 


Problem: 
Sketching a Derivative Using a Function 


Use the following graph of f (x) to sketch a graph of f’ (x). 


Solution: 


The solution is shown in the following graph. Observe that f(z) is increasing and f’ (x) > 0 on (—2, 3). 
Also, f(z) is decreasing and f’ (x) < 0 on (—oo, —2) and on (3, +00). Also note that f(z) has 
horizontal tangents at — 2 and 3, and f’(—2) = 0 and f’ (3) = 0. 


8 
- 
6 
5 
4 


f(x) 


Note: 
Exercise: 


Problem: Sketch the graph of f (2) = x? — 4. On what interval is the graph of f’ (x) above the x-axis? 


Solution: 
(0, +00) 
Hint 


The graph of f’(z) is positive where f(z) is increasing. 


Derivatives and Continuity 


Now that we can graph a derivative, let’s examine the behavior of the graphs. First, we consider the relationship 
between differentiability and continuity. We will see that if a function is differentiable at a point, it must be 
continuous there; however, a function that is continuous at a point need not be differentiable at that point. In 
fact, a function may be continuous at a point and fail to be differentiable at the point for one of several reasons. 


Note: 
Differentiability Implies Continuity 
Let f(a) be a function and a be in its domain. If f(a) is differentiable at a, then f is continuous at a. 


Proof 


If f(a) is differentiable at a, then f’(a) exists and 
Equation: 


f(a) = tim f 2) —L@) 


wa xrx—a 


We want to show that f(z) is continuous at a by showing that lim f(x) = f(a). Thus, 


Equation: 
lim (x) = lim (f(z) - f(a) + f(a)) 
= lim ( iia -(x —a) 4 f(a)) Multiply and divide f (x) — f(a) by  —a. 
= (un ASS) (9) + tan) 
= f(a) -0+ f(a) 
= f(a). 


Therefore, since f (a) is defined and lim f (x) = f(a), we conclude that f is continuous at a. 


We have just proven that differentiability implies continuity, but now we consider whether continuity implies 
differentiability. To determine an answer to this question, we examine the function f (a) = |x|. This function is 
continuous everywhere; however, f’(0) is undefined. This observation leads us to believe that continuity does 
not imply differentiability. Let’s explore further. For f (x) = |z|, 


Equation: 
z)— f(0 z| — |0 x 
$10) = tim @=~LO _ yy F210 _ 4 Fal, 
xz—0 z—0 z0 2—O z0 £ 
This limit does not exist because 
Equation: 
lim lel land lim [zl =1. 
z>0- 2£ z>0t 


See [link]. 


The function f () = |z| is continuous at 0 but is not 
differentiable at 0. 


Let’s consider some additional situations in which a continuous function fails to be differentiable. Consider the 
function f (x) = ¢/z: 
Equation: 


Thus f’ (0) does not exist. A quick look at the graph of f (x) = ¥/z clarifies the situation. The function has a 
vertical tangent line at O ({link]). 


The function f (x) = ¥/z has a vertical tangent at 
x = 0. It is continuous at 0 but is not differentiable at 


xsin (4) ifa £0 


age also has a derivative that exhibits interesting behavior at 0. We see 
ite 


The function f (x) = { 


that 
Equation: 


zsin (1/x) —0 


tee ee 
F (0) = lim —— 7 = imsin (= 


This limit does not exist, essentially because the slopes of the secant lines continuously change direction as they 
approach zero ([link]). 


xsin (+) ife #0. 
is 

Oifz =0 

not differentiable at 0. 


The function f (x) = { 


In summary: 


1. We observe that if a function is not continuous, it cannot be differentiable, since every differentiable 
function must be continuous. However, if a function is continuous, it may still fail to be differentiable. 

2. We saw that f (2) = |z| failed to be differentiable at 0 because the limit of the slopes of the tangent lines 
on the left and right were not the same. Visually, this resulted in a sharp corner on the graph of the function 
at 0. From this we conclude that in order to be differentiable at a point, a function must be “smooth” at that 
point. 

3. As we saw in the example of f (x) = %/z, a function fails to be differentiable at a point where there is a 
vertical tangent line. 


xsin (4) ifx #0 


4. As we saw with f (x) = 
F(z) ee 


a function may fail to be differentiable at a point in more 


complicated ways as well. 


Example: 
Exercise: 


Problem: 
A Piecewise Function that is Continuous and Differentiable 


A toy company wants to design a track for a toy car that starts out along a parabolic curve and then 
converts to a straight line ([link]). The function that describes the track is to have the form 


iL 2 : 
ade ab le se ilitan < =I 
f= ss 
along the track, the function f(x) must be both continuous and differentiable at —10. Find values of b 
and c that make f(x) both continuous and differentiable. 


where « and f(a) are in inches. For the car to move smoothly 


For the car to move smoothly along the track, the 
function must be both continuous and differentiable. 


Solution: 
For the function to be continuous at z = —10, lim f (x) = f (—10). Thus, since 
r—> 
Equation: 
1 2 
lim f(x) = —(-10)° —-10}+c=10-—10b+c 
a——107 10 


and f (—10) = 5, we must have 10 — 106 + c = 5. Equivalently, we have c = 106 — 5. 


For the function to be differentiable at —10, 
Equation: 


' ne te) = (a1) 
TO oe a emer ee 


must exist. Since f (x) is defined using different rules on the right and the left, we must evaluate this 
limit from the right and the left and then set them equal to each other: 


Equation: 


f(e)=F(-10) pie aia 


lim, ACA = im BET 
; s 2? +-bae-+(10b—5)—5 ; 
= lim — = aes ) Substitute c = 10b — 5. 
z——107 
= - x2—100-+10bx-+100b 
= se 10(2+10) 
3 10) (a—10+10b ; 
= Qt cai ee Factor by grouping. 
PERE 
=b-2 
We also have 
Equation: 
f(a)—f(—10) : —t2+3—5 
ote earl re ee carl 
—(x+10) 


This gives us b — 2 = —+. Thus b = fandc=10(4)-5= 2 


Note: 
Exercise: 
Problem: 
, ax+bifx <3 ; ; : 
Find values of a and b that make f (x) = i both continuous and differentiable at 3. 
GP ia = 8 
Solution: 


a=6andb= —9 
Hint 


Use [link] as a guide. 


Higher-Order Derivatives 


The derivative of a function is itself a function, so we can find the derivative of a derivative. For example, the 
derivative of a position function is the rate of change of position, or velocity. The derivative of velocity is the 
rate of change of velocity, which is acceleration. The new function obtained by differentiating the derivative is 
called the second derivative. Furthermore, we can continue to take derivatives to obtain the third derivative, 
fourth derivative, and so on. Collectively, these are referred to as higher-order derivatives. The notation for 
the higher-order derivatives of y = f(a) can be expressed in any of the following forms: 

Equation: 


fu(x), fur(x), Ff (x),..., f (2) 
Equation: 

yt (x), yr (x), y (x),...,y (a) 
Equation: 


d’y d’y dy d"y 


dx?’ dx?’ dxt’ ” dar” 
2, 
It is interesting to note that the notation for os may be viewed as an attempt to express (2) more 
xv dz \ dz 


d d2: a 
compactly. Analogously, ae (4 (#)) = 4 (3) = =. 


Example: 
Exercise: 


Problem: 
Finding a Second Derivative 


For f (x) = 2x? — 3x +1, find fn(z). 


Solution: 
First find f’(zx). 
Equation: 
Substitute f (x) = 227-3241 
(2(2 +h)?—3(2-+h)-+ 1) (20?—32-+1) and 
f(z) = lim h f(@ +h) =2Ax+h)?-3(e@+h)+1 
: ’ _ pe, f(et+h)—-f (2) 
inte f (7) = lim = : 
Sa in eee Simplify the numerator. 
h-0 
Factor out the A in the numerator 
= lim (4a + h — 3) and cancel with the h in the 
= 
denominator. 
=4r—3 Take the limit. 


Next, find f(z) by taking the derivative of f' (x) = 4x — 3. 
Equation: 


— ys, fi(eth)—-f'(2) 
fu(z) = lim h 
Sr (4(a+h)—3)—(42—3) 
h—+0 h 
= lim4 
h-0 
— A 


Note: 
Exercise: 


Problem: Find f/(x) for f (x) = x?. 


Solution: 


A) 


Hint 


Use f’ (2) = lim SETS) with f'(a) in 
place of f(x). 

Substitute f’ (a +h) =4(a+h) —3and 
fie) =47—2. 

Simplify. 

Take the limit. 


We found f’ (x) = 2z ina previous checkpoint. Use [link] to find the derivative of f’(x) 


Example: 
Exercise: 


Problem: 
Finding Acceleration 


The position of a particle along a coordinate axis at time t (in seconds) is given by s (t) = 3t? — 4t +1 
(in meters). Find the function that describes its acceleration at time t. 


Solution: 


Since v (t) = s‘(t) and a(t) = v' (t) = s(t), we begin by finding the derivative of s(t) : 


Equation: 
! qs s(t+h)—s(t) 
“0 = 
2 1 1 2 1 
Beate 3(t+h) se (3¢?—4t+1) 
h-0 
= 6t — 4. 
Next, 


Equation: 


sil (t) = a 

ey 
— tim SOO) 
h>0 


= 6 


Thus, a = 6 m/s’. 


Note: 
Exercise: 


Problem: For s (t) = t°, find a(t). 


Solution: 
a(t) ='6t 
Hint 


Use [link] as a guide. 


Key Concepts 


The derivative of a function f(z) is the function whose value at x is f’(z). 

The graph of a derivative of a function f(z) is related to the graph of f(x). Where f(z) has a tangent line 

with positive slope, f’ (x) > 0. Where f(z) has a tangent line with negative slope, f’ (x) < 0. Where 

f(a) has a horizontal tangent line, f’ (x) = 0. 

e Ifa function is differentiable at a point, then it is continuous at that point. A function is not differentiable 
at a point if it is not continuous at the point, if it has a vertical tangent line at the point, or if the graph has a 
sharp corner or cusp. 

e Higher-order derivatives are derivatives of derivatives, from the second derivative to the nth derivative. 


Key Equations 
e The derivative function 


Mm) — Vimy £eth)=f(2) 
f(z) = lim h 


For the following exercises, use the definition of a derivative to find f’ (x). 
Exercise: 


Problem: / (x) = 6 


Exercise: 


Problem: / (x) = 2 — 3a 
Solution: 


—3 


Exercise: 


Problem: f (x) = = +1 
Exercise: 

Problem: f (x) = 42? 

Solution: 

8x 


Exercise: 


Problem: f (x) = 5x — 2” 


Exercise: 


Problem: f (x) = 2x 


Solution: 


1 
V 2x 


Exercise: 


Problem: f (xz) = Vz —6 


Exercise: 
Problem: f (x) = 2 


Solution: 


=o 
2 


Exercise: 


Problem: f (x) = x + + 


Exercise: 


Problem: f (x) = ae 
Solution: 
=1 


23/2 


For the following exercises, use the graph of y = f(z) to sketch the graph of its derivative f’ (x). 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


-5 -4 -3 -2 -1 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


+ 
—5 


For the following exercises, the given limit represents the derivative of a function y = f (x) at x = a. Find 


f (x) anda. 
Exercise: 
2/3_ 
Problem: lim as ae 
h0 


Exercise: 


[3(2+h)+2| 14 
Problem: lim — 
h0 


Solution: 
f (x) = 327+2,a=2 


Exercise: 


Problem: lim pA EED EE 
a0 h 


Exercise: 


4 
Problem: lim AC Ba 
h0 


Solution: 
f(@)=s4,04=2 


Exercise: 


Problem: lim [2(3+h)’—(3+h)]—15 
; h0 h 


Exercise: 


webs 
Problem: lim ot 
h0 


Solution: 


f(z) =e%,a=0 


For the following functions, 


a. sketch the graph and 
b. use the definition of a derivative to show that the function is not differentiable at x = 1. 


Exercise: 


2/2,0<2<1 


Problem: f(x) = o pa ed 


Exercise: 


3a <1 
32,2 >1 


Problem: f(x) = { 


Solution: 


a. 


+, 3-3 + 3h 
b. jim # lim + 


hit 
Exercise: 
—a?+2,¢2<1 
Problem: f(x) = { eae 
Lye 1 
Exercise: 
Boat 22,2<1 
roblem: f(z) = Dis 


Solution: 


-5 -4 -3 -2 -1 


pe ee) 
ath x 


b. lim 22 4 lim 
hoi- » # h-1+ 


For the following graphs, 


a. determine for which values of x = a the lim f(z) exists but f is not continuous at z = a, and 
ra 


b. determine for which values of z = a the function is continuous but not differentiable at x = a. 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


ag=—1,b.¢=2 


Exercise: 


Problem: Use the graph to evaluate a. f’(—0.5), b. f’(0), c. f’(1), d. f’ (2), ande. f’ (3), if it exists. 


For the following functions, use f/ (x) = him Fernie) to find f(a). 
—' 


Exercise: 


Problem: f(x) = 2 — 3x 


Solution: 


0 


Exercise: 


Problem: f(z) = 4x? 


Exercise: 
Problem: f(z) = «+ + 
Solution: 
2 
ge 
For the following exercises, use a calculator to graph f (a). Determine the function f’ (a), then use a calculator 


to graph f’ (x). 
Exercise: 


Problem: [T] f (x) = —2 


x 


Exercise: 


Problem: [T] f (x) = 3x? + 22 + 4. 


Solution: 


f' (x) =6x+42 


Exercise: 


Problem: [T] f (x) = /z + 3z 


Exercise: 


Problem: [T] f (x) = TE 


Solution: 


/ a 1 
f (z) —_ (22)*/? 


Exercise: 


Problem: [T] f(z) =1+2+ - 


Exercise: 


Problem: [T] f(z) = z°+1 
Solution: 


f'(2) = 327 


f (x ) 4 


For the following exercises, describe what the two expressions represent in terms of each of the given 
situations. Be sure to include units. 


a. 
'(p) = lim £leth)-f@) 
bf! (a) = lim 


f(x+h)—f(z) 
rr 


Exercise: 


Problem: P() denotes the population of a city at time z in years. 


Exercise: 


Problem: 


C(a) denotes the total amount of money (in thousands of dollars) spent on concessions by x customers at 
an amusement park. 


Solution: 


a. Average rate at which customers spent on concessions in thousands per customer. b. Rate (in thousands 
per customer) at which z customers spent money on concessions in thousands per customer. 


Exercise: 


Problem: R(<) denotes the total cost (in thousands of dollars) of manufacturing x clock radios. 


Exercise: 
Problem: g(«) denotes the grade (in percentage points) received on a test, given x hours of studying. 


Solution: 


a. Average grade received on the test with an average study time between two values. b. Rate (in 
percentage points per hour) at which the grade on the test increased or decreased for a given average study 
time of x hours. 


Exercise: 
Problem: 
B(a) denotes the cost (in dollars) of a sociology textbook at university bookstores in the United States in 
x years since 1990. 


Exercise: 


Problem: p (x) denotes atmospheric pressure at an altitude of x feet. 


Solution: 
a. Average change of atmospheric pressure between two different altitudes. b. Rate (torr per foot) at which 
atmospheric pressure is increasing or decreasing at x feet. 


Exercise: 


Problem: Sketch the graph of a function y = f (x) with all of the following properties: 
a f'(@) > Ofor-2<a2<1 
big (2) = 0 
cf’ (2) > 0 fore >2 
d. f (2) = 2 and f (0) =1 
e. lim f (a) = 0 and jim f (2) 60 


f. f’ (1) does not exist. 


Exercise: 


Problem: 


Suppose temperature T' in degrees Fahrenheit at a height x in feet above the ground is given by y = T(z). 


a. Give a physical interpretation, with units, of T’(z). 
b. If we know that T’ (1000) = —0.1, explain the physical meaning. 


Solution: 
a. The rate (in degrees per foot) at which temperature is increasing or decreasing for a given height z. b. 
The rate of change of temperature as altitude changes at 1000 feet is —0.1 degrees per foot. 

Exercise: 


Problem: 
Suppose the total profit of a company is y = P(a) thousand dollars when « units of an item are sold. 


a. What does PO-P(@) 
b. What does P’(a) measure, and what are the units? 
c. Suppose that P’ (30) = 5, what is the approximate change in profit if the number of items sold 


increases from 30 to 31? 


for 0 < a < b measure, and what are the units? 


Exercise: 


Problem: 


The graph in the following figure models the number of people N’(t) who have come down with the flu t 
weeks after its initial outbreak in a town with a population of 50,000 citizens. 


a. Describe what N'(t) represents and how it behaves as t increases. 
b. What does the derivative tell us about how this town is affected by the flu outbreak? 


Solution: 


a. The rate at which the number of people who have come down with the flu is changing t weeks after the 
initial outbreak. b. The rate is increasing sharply up to the third week, at which point it slows down and 
then becomes constant. 


For the following exercises, use the following table, which shows the height h of the Saturn V rocket for the 
Apollo 11 mission ¢ seconds after launch. 


Time (seconds) Height (meters) 
0 0 

1 2 

2 4 

3 13 

4 25 

5 32 

Exercise: 


Problem: What is the physical meaning of h’ (t)? What are the units? 
Exercise: 
Problem: 
[T] Construct a table of values for h’ (¢) and graph both h (¢) and h’ (¢) on the same graph. (Hint: for 


interior points, estimate both the left limit and right limit and average them. An interior point of an 
interval I is an element of I which is not an endpoint of I.) 


Solution: 
Time (seconds) h'(t) (m/s) 
0 2 
1 2 
2 5.5 
3 10.5 
4 9.5 


5 7 


Exercise: 
Problem: 
[T] The best linear fit to the data is given by H (t) = 7.229¢ — 4.905, where H is the height of the rocket 


(in meters) and t is the time elapsed since takeoff. From this equation, determine H’ (t). Graph H (t) with 
the given data and, on a separate coordinate plane, graph H’ (t). 


Exercise: 
Problem: 
[T] The best quadratic fit to the data is given by G (t) = 1.429¢? + 0.0857t — 0.1429, where G is the 


height of the rocket (in meters) and ¢ is the time elapsed since takeoff. From this equation, determine 
G’ (t). Graph G (¢) with the given data and, on a separate coordinate plane, graph G’ (t). 


Solution: 


G! (t) = 2.858t + 0.0857 


Exercise: 


Problem: 


[T] The best cubic fit to the data is given by F (t) = 0.2037¢? + 2.956t? — 2.705t + 0.4683, where F is 
the height of the rocket (in m) and ¢ is the time elapsed since take off. From this equation, determine 

F’ (t). Graph F (t) with the given data and, on a separate coordinate plane, graph F’ (t). Does the linear, 
quadratic, or cubic function fit the data best? 


Exercise: 
Problem: 


Using the best linear, quadratic, and cubic fits to the data, determine what Hv (t), Gv (t) and F' (t) are. 
What are the physical meanings of Hv (t), Gv (t) and F'/ (t), and what are their units? 


Solution: 


Hn (t) = 0, Gr (t) = 2.858 and fr (t) = 1.222t + 5.912 represent the acceleration of the rocket, with 


units of meters per second squared (m/s? ). 


Glossary 


derivative function 
gives the derivative of a function at each point in the domain of the original function for which the 
derivative is defined 


differentiable at a 
a function for which f'(a) exists is differentiable at a 


differentiable on S 
a function for which f’(z) exists for each z in the open set S is differentiable on S 


differentiable function 
a function for which f’(z) exists is a differentiable function 


higher-order derivative 
a derivative of a derivative, from the second derivative to the nth derivative, is called a higher-order 
derivative 


Differentiation Rules 


e State the constant, constant multiple, and power rules. 

e Apply the sum and difference rules to combine derivatives. 

e Use the product rule for finding the derivative of a product of functions. 

e Use the quotient rule for finding the derivative of a quotient of functions. 

e Extend the power rule to functions with negative exponents. 

¢ Combine the differentiation rules to find the derivative of a polynomial or rational function. 


Finding derivatives of functions by using the definition of the derivative can be a lengthy and, for certain 


functions, a rather challenging process. For example, previously we found that £ (/z) = aE by using a 


process that involved multiplying an expression by a conjugate prior to evaluating a limit. The process that we 
could use to evaluate — (¥/z) using the definition, while similar, is more complicated. In this section, we develop 
rules for finding derivatives that allow us to bypass this process. We begin with the basics. 


The Basic Rules 


The functions f (x) = cand g(x) = x” where nis a positive integer are the building blocks from which all 
polynomials and rational functions are constructed. To find derivatives of polynomials and rational functions 
efficiently without resorting to the limit definition of the derivative, we must first develop formulas for 
differentiating these basic functions. 


The Constant Rule 


We first apply the limit definition of the derivative to find the derivative of the constant function, f (a) = c. For 
this function, both f (2) = c and f (4 + h) = c, so we obtain the following result: 
Equation: 


fi! (x) = lim Heth) He) 


= lim S* 
ho0 h 


= lim2 
h->0 h 


= lim0 = 0. 
h-0 


The rule for differentiating constant functions is called the constant rule. It states that the derivative of a constant 
function is zero; that is, since a constant function is a horizontal line, the slope, or the rate of change, of a constant 
function is 0. We restate this rule in the following theorem. 


Note: 

The Constant Rule 

Let c be a constant. 

If f (x) =, then f'(c) = 0. 
Alternatively, we may express this rule as 
Equation: 


Example: 
Exercise: 


Problem: 
Applying the Constant Rule 


Find the derivative of f (x) = 8. 


Solution: 


This is just a one-step application of the rule: 
Equation: 


Note: 
Exercise: 


Problem: Find the derivative of g(x) = —3. 


Solution: 


0 
Hint 


Use the preceding example as a guide. 


The Power Rule 


We have shown that 
Equation: 


At this point, you might see a pattern beginning to develop for derivatives of the form f. 
oe 
examination of derivative formulas by differentiating power functions of the form f (x) = x” where n is a 

positive integer. We develop formulas for derivatives of this type of function in stages, beginning with positive 


integer powers. Before stating and proving the general rule for derivatives of functions of this form, we take a look 
at a specific case, va (x). As we go through this derivation, pay special attention to the portion of the expression 


in boldface, as the technique used in this case is essentially the same as the technique used to prove the general 
case. 


(x”). We continue our 


Example: 
Exercise: 


Problem: 
Differentiating x? 


Find 4 (23). 


Solution: 
Equation: 
d 3\ __ 1:.. (eth)*-23 
ae) = lim h 
Notice that the first term in the expansion of 
— Yn 28th 3h? +h —a8 (a+ h)° is x? and the second term is 3x7h. All 
h0 E other terms contain powers of h that are two or 
greater. 
Nim 322+ 32h? h® In this step the x? terms have been cancelled, 
=linaeoan~X 
h—0 H leaving only terms containing h. 
2 ziape 
= li a ate Factor out the common factor of h. 
> 
After cancelling the common factor of h, the 
= lim(3z? + 3zh + h?) e ion Wes : 
h—0 only term not containing h is 32°. 
— ore Let h go to 0. 
Note: 
Exercise: 


Problem: Find -£ (ae 
Solution: 


Ae 


Hint 


Use (a + h)* = «++ 42°h + 67h? + 4xh? + h* and follow the procedure outlined in the preceding example. 


As we shall see, the procedure for finding the derivative of the general form f (2) = x” is very similar. Although 
it is often unwise to draw general conclusions from specific examples, we note that when we differentiate 

f (z) = x°, the power on x becomes the coefficient of x? in the derivative and the power on z in the derivative 
decreases by 1. The following theorem states that the power rule holds for all positive integer powers of z. We 
will eventually extend this result to negative integer powers. Later, we will see that this rule may also be extended 
first to rational powers of x and then to arbitrary powers of x. Be aware, however, that this rule does not apply to 
functions in which a constant is raised to a variable power, such as f(x) = 3”. 


Note: 

The Power Rule 

Let n be a positive integer. If f(z) = x”, then 
Equation: 


y (a= nate 


Alternatively, we may express this rule as 
Equation: 


Proof 


For f (x) = x” where n is a positive integer, we have 


Equation: 
! _.: (x i h)" — a 
f (x) = lim i 
Equation: 
Since (x + h)” = 2" +nz""h + 6 op? + (5) a” n3 +... t+nch™ 1+ hk", 
we see that 
Equation: 


(29 +h)" —a2® =na" ht o) ge eh? + (5) a 3p3 +... 4+ naeh™ +h". 


Next, divide both sides by h: 


Equation: 

(x +h)" — a" nah + (5) anh? + & cr 3h3 +... + nah” 14+ h” 

h 7 h 
Thus, 
Equation: 
+h)" — 2" 

rn = neh + (3) ah + & oth? +. neh? + he. 
Finally, 
Equation: 


f(z) = lim (no + @ ah + (5) a” 3h? +... + neh? t+ n) 


=nz"], 


Example: 
Exercise: 


Problem: 
Applying the Power Rule 


Find the derivative of the function f (x) = x° by applying the power rule. 


Solution: 


Using the power rule with n = 10, we obtain 
Equation: 


f(x) = 101° = 102°. 


Note: 
Exercise: 


Problem: Find the derivative of f (x) = 2’. 


Solution: 
fi (a) = 72° 
Hint 


Use the power rule with n = 7. 


The Sum, Difference, and Constant Multiple Rules 


We find our next differentiation rules by looking at derivatives of sums, differences, and constant multiples of 
functions. Just as when we work with functions, there are rules that make it easier to find derivatives of functions 
that we add, subtract, or multiply by a constant. These rules are summarized in the following theorem. 


Note: 

Sum, Difference, and Constant Multiple Rules 

Let f(a) and g(a) be differentiable functions and k be a constant. Then each of the following equations holds. 
Sum Rule. The derivative of the sum of a function f and a function g is the same as the sum of the derivative of f 
and the derivative of g. 

Equation: 


<(F (2) +9(2)) = <(F (@) + (ola) 


that is, 
Equation: 


for j(x) = f (x) + g(x), 7’ (x) = f'(x) + 9(z). 


Difference Rule. The derivative of the difference of a function f and a function g is the same as the difference of 
the derivative of f and the derivative of g: 


Equation: 


that is, 
Equation: 


for j (x) = f(x) — g(x), J (2) = f' (x) — g(2). 


Constant Multiple Rule. The derivative of a constant k multiplied by a function f is the same as the constant 
multiplied by the derivative: 


Equation: 
d d 
mee (x)) = ka (f (2)); 
that is, 
Equation: 
for j (x) = kf(z), 7’ (z) = kf'() 
Proof 


We provide only the proof of the sum rule here. The rest follow in a similar manner. 


For differentiable functions f (a) and g(a), we set j (x) = f (x) + g(a). Using the limit definition of the 
derivative we have 
Equation: 


By substituting j(« +h) = f(e@+h)+g(a+h) andj (x) = f (x) + g(x), we obtain 
Equation: 


Rearranging and regrouping the terms, we have 
Equation: 


We now apply the sum law for limits and the definition of the derivative to obtain 
Equation: 


= f(a) +9'(@). 


+ lim 
h>0 


(fe fe) Gaara 


Example: 
Exercise: 


Problem: 
Applying the Constant Multiple Rule 


Find the derivative of g(x) = 3x? and compare it to the derivative of f (x) = 2. 


Solution: 


We use the power rule directly: 
Equation: 


g(a) = 4 (80%) =3-4 (@”) =3 (22) = 62. 


Since f (z) = x? has derivative f’ (x) = 2z, we see that the derivative of g (x) is 3 times the derivative of 
f (a). This relationship is illustrated in [link]. 


y y 
12 12 
10 10 

8 
Q(x) = 3x? 
4 


f'(x) = 2x 


The derivative of g (x) is 3 times the derivative of f (x). 


Example: 
Exercise: 


Problem: 
Applying Basic Derivative Rules 
Find the derivative of f (x) = 2x° + 7. 


Solution: 


We begin by applying the rule for differentiating the sum of two functions, followed by the rules for 
differentiating constant multiples of functions and the rule for differentiating powers. To better understand 
the sequence in which the differentiation rules are applied, we use Leibniz notation throughout the solution: 
Equation: 


f@l=— ce fy) 
= & (22°) alg 4. (7) Apply the sum rule. 
= Qe (2°) + aa (7) Apply the constant multiple rule. 
=” (52°) +0 Apply the power rule and the constant rule. 
= 104. Simplify. 


Note: 
Exercise: 


Problem: Find the derivative of f (x) = 2x* — 6x? + 3. 
Solution: 


f' (z) = 62? — 122. 
Hint 


Use the preceding example as a guide. 


Example: 
Exercise: 


Problem: 
Finding the Equation of a Tangent Line 


Find the equation of the line tangent to the graph of f (x) = x7 —4r%+6 atx =1. 
Solution: 


To find the equation of the tangent line, we need a point and a slope. To find the point, compute 
Equation: 


This gives us the point (1, 3). Since the slope of the tangent line at 1 is f’(1), we must first find f’ (a). 
Using the definition of a derivative, we have 


Equation: 
f' (x) =2r—-4 
so the slope of the tangent line is f’ (1) = —2. Using the point-slope formula, we see that the equation of the 
tangent line is 
Equation: 


y—3 = —2(¢—1). 


Putting the equation of the line in slope-intercept form, we obtain 
Equation: 


y= —24 +5. 


Note: 
Exercise: 


Problem: 


Find the equation of the line tangent to the graph of f (x) = 3x? — 11 at x = 2. Use the point-slope form. 


Solution: 
= Wake = 2s 
Hint 


Use the preceding example as a guide. 


The Product Rule 


Now that we have examined the basic rules, we can begin looking at some of the more advanced rules. The first 
one examines the derivative of the product of two functions. Although it might be tempting to assume that the 
derivative of the product is the product of the derivatives, similar to the sum and difference rules, the product rule 
does not follow this pattern. To see why we cannot use this pattern, consider the function f (x) = a”, whose 


derivative is f’ (x) = 2x and not (2). 4 (2) =1-1=1. 


Note: 

Product Rule 

Let f(x) and g(x) be differentiable functions. Then 
Equation: 


<(F (#)9(2)) = <(f (2) -9(2) + (9(@)) fle). 


That is, 
Equation: 


if j(w) = f (x)g(x), then j! (x) = f'(w)g (x) + 9 (2) F(a). 


This means that the derivative of a product of two functions is the derivative of the first function times the second 
function plus the derivative of the second function times the first function. 


Proof 


We begin by assuming that f(a) and g(x) are differentiable functions. At a key point in this proof we need to use 
the fact that, since g(x) is differentiable, it is also continuous. In particular, we use the fact that since g(x) is 
continuous, lim g (x + h) =9(z). 

=> 


By applying the limit definition of the derivative to j (x) = f (x)g (x), we obtain 
Equation: 


By adding and subtracting f (x)g(a + h) in the numerator, we have 
Equation: 


fleth)g(e@+h)— fle)g(a+h) + f(z)g(e +h) — flx)g (x) 
h-0 h : 


After breaking apart this quotient and applying the sum law for limits, the derivative becomes 
Equation: 


- 4: 
J () = lim 


(Let Malet W)—Helole th) 4 yy ( Helele +H) — heels) ) 


Rearranging, we obtain 
Equation: 


By using the continuity of g (a), the definition of the derivatives of f(a) and g(x), and applying the limit laws, we 
arrive at the product rule, 
Equation: 


Example: 
Exercise: 


Problem: 

Applying the Product Rule to Functions at a Point 

For j (x) = f (x)g(z), use the product rule to find 7’(2) if f (2) = 3, f’ (2) = —4, g(2) = 1, and 
g' (2) = 6. 


Solution: 
Since j(x) = f («)g (2), 3" («) = f"(w)g (2) + 9 («) f(a), and hence 
Equation: 
7 2) Ff (2)a (2) og (2) i (2) (4) (6) (3) 4 
Example: 


Exercise: 


Problem: 
Applying the Product Rule to Binomials 


For j (x) = (x? + 2)(3x° — 5z), find 7’(x) by applying the product rule. Check the result by first finding 
the product and then differentiating. 


Solution: 


If we set f (x) = x* + 2 and g(x) = 32° — 5a, then f’ (x) = 22 and g' (x) = 9x? — 5. Thus, 
Equation: 


J (2) = f'(x)g (x) +g (x) f (x) = (2x) (32° — 5a) + (9x? — 5) (x? + 2). 
Simplifying, we have 
Equation: 


j (x) = 1524 + 32 — 10. 


To check, we see that j (x) = 32° + x? — 10z and, consequently, 7’ (x) = 1524 + 3x7 — 10. 


Note: 
Exercise: 


Problem: Use the product rule to obtain the derivative of j (x) = 2x° (42? sr a 


Solution: 
j' () = 10x+ (4a? + x) + (8a +1) (20°) = 56x6 + 1225. 
Hint 


Set f (x) = 2x° and g(x) = 4a” + « and use the preceding example as a guide. 


The Quotient Rule 


Having developed and practiced the product rule, we now consider differentiating quotients of functions. As we 
see in the following theorem, the derivative of the quotient is not the quotient of the derivatives; rather, it is the 
derivative of the function in the numerator times the function in the denominator minus the derivative of the 
function in the denominator times the function in the numerator, all divided by the square of the function in the 
denominator. In order to better grasp why we cannot simply take the quotient of the derivatives, keep in mind that 
Equation: 


4d (73 2 
(42) = 22, not = G ) = ae = 3x" 
dx (2) 1 


Note: 
The Quotient Rule 


Let f(x) and g(x) be differentiable functions. Then 


Equation: 
d 2) _ wf (2) -9(2) — wg): fl) 
eG) (g(«))” 

That is, 

Equation: 


The proof of the quotient rule is very similar to the proof of the product rule, so it is omitted here. Instead, we 
apply this new rule for finding derivatives in the next example. 


Example: 
Exercise: 


Problem: 
Applying the Quotient Rule 


bias 
4g -3) 


Use the quotient rule to find the derivative of k (x) = 


Solution: 


Let f (x) = 5x? and g(x) = 4x + 3. Thus, f’(x) = 10z and g' (x) = 4. Substituting into the quotient rule, 
we have 


Equation: 
x (a) — L@)9(@) = 9 (w)F(e) _ 100 (Aa + 8) = 4052") 
(9(2))° (42 + 3)’ 
Simplifying, we obtain 
Equation: 
2 Ake 
ae 20x ae 
(4a + 3) 

Note: 
Exercise: 


Problem: Find the derivative of h (7) = 32+} 


Solution: 


Hint 


Apply the quotient rule with f (x) = 3a +1 and g(x) = 4x — 3. 


It is now possible to use the quotient rule to extend the power rule to find derivatives of functions of the form «* 


where & is a negative integer. 


Note: 
Extended Power Rule 
If k is a negative integer, then 


Equation: 
d 2 
— ( i) > kak 1 
dz 
Proof 
If kis a negative integer, we may set n = —k, so that n is a positive integer with k = —n. Since for each positive 


integer n, c-" = +, we may now apply the quotient rule by setting f (x) = 1 and g(x) = 2”. In this case, 


gn? 


f' (x) =0and g (x) = nx""!. Thus, 


Equation: 
d (2-”) 0(2”) — 1 (nz?) 
bn = 
dx (ar)? 
Simplifying, we see that 
Equation: 
= n-1 
< (o>) = a = —ny(r-1)-2n = —ng-?1 
x x 
Finally, observe that since k = —n, by substituting we have 
Equation: 
dik k-1 
ae (x ) = kx . 
Example: 
Exercise: 
Problem: 


Using the Extended Power Rule 


Find “ (2-4), 


Solution: 


By applying the extended power rule with k = —4, we obtain 
Equation: 


Example: 
Exercise: 


Problem: 
Using the Extended Power Rule and the Constant Multiple Rule 


Use the extended power rule and the constant multiple rule to find f (x) = zi 


Solution: 


le 
5. 


It may seem tempting to use the quotient rule to find this derivative, and it would certainly not be incorrect to 
do so. However, it is far easier to differentiate this function by first rewriting it as f (x) = 6x22. 


Equation: 
fi(z) = (4) = (62°) Rewrite 5 as 6x”. 
= 6 (2) Apply the constant multiple rule. 
= 6(—2273) Use the extended power rule to differentiate x~?. 
=—-12273 Simplify. 
Note: 
Exercise: 


Problem: Find the derivative of g(x) = a using the extended power rule. 


Solution: 


Ge) — =e": 
Hint 


Rewrite g(x) = ++ = x '. Use the extended power rule with k = —7. 


Combining Differentiation Rules 


As we have seen throughout the examples in this section, it seldom happens that we are called on to apply just one 
differentiation rule to find the derivative of a given function. At this point, by combining the differentiation rules, 
we may find the derivatives of any polynomial or rational function. Later on we will encounter more complex 
combinations of differentiation rules. A good rule of thumb to use when applying several rules is to apply the rules 


in reverse of the order in which we would evaluate the function. 


Example: 
Exercise: 


Problem: 
Combining Differentiation Rules 


For k(x) = 3h (x) + xg(xr), find k’(x). 
Solution: 


Finding this derivative requires the sum rule, the constant multiple rule, and the product rule. 
Equation: 
ta ie ee a (3h (x) + 279(zx)) = (3h (x)) + 4. (xg («)) Apply the sum rule. 
Apply the constant multiple rule to 
= 3 (h(ax)) + (<4 (x”) 9(x) + ae (aia) differentiate 3h (x) and the product 
rule to differentiate x7g (2). 
= 3h! (x) + 2x9 (z) + o(2)2? 


Example: 
Exercise: 


Problem: 
Extending the Product Rule 


For k(x) = f (x)g(x)h(x), express k’ (x) in terms of f (x), g(x), h (x), and their derivatives. 


Solution: 


We can think of the function k(a) as the product of the function f (a)g (a) and the function h (). That is, 


k (x) = (f (x)g(2)) - h(a). Thus, 
Equation: 


Apply the product rule to the produ 


Ka) = £(F @)o(@))-h(@) + LOC) (F@alo)) a NS 
= (f'(x)g (x) +g (x)f (x)h) (x) +h! (x) f (x)g (x) Apply the product rule to f (x)g (z). 
= f'(x)g(x)h(x) + f (x)g' (x)h(x) + f (x)g(x)h'(z ). Simplify. 


Example: 
Exercise: 


Problem: 
Combining the Quotient Rule and the Product Rule 


22°k(x) 


For h(x) = aed 


find h'(z). 
Solution: 


This procedure is typical for finding the derivative of a rational function. 


Equation: 


 (2a%k(x))-(3e+2)— 4 (3x+2)-(223k(2)) 


(Gs IGS, Apply the quotient rule. 
__(62°h(x)+4'(a) 228) (82+2)—3(22%()) Apply the product rule to find 
(30-+2)° -# (225k (x)). Use 4 (32 + 2) = 3. 
_ —6a%k(x)+18x3k(x)+12x7k(x)+62*k!(z)+42°k (x) : ; 
= (an42y? Simplify. 


Note: 
Exercise: 


Problem: Find  (3f (x) = 29 (#)): 
Solution: 
3f! (x) — 29' (2). 

Hint 


Apply the difference rule and the constant multiple rule. 


Example: 
Exercise: 


Problem: 
Determining Where a Function Has a Horizontal Tangent 


Determine the values of x for which f (x) = x? — 7x? + 8x +1 has a horizontal tangent line. 


Solution: 


To find the values of x for which f(z) has a horizontal tangent line, we must solve f’ (x) = 0. Since 
Equation: 


f' (x) = 3a" — 142 + 8 = (3a — 2) (x — 4), 


we must solve (3a — 2) (x — 4) = 0. Thus we see that the function has horizontal tangent lines at ¢ = = 


and x = 4 as shown in the following graph. 


f(x) = x8 — 7x2 + 8x +1 


This function has horizontal tangent lines 
at x = 2/3 and x = 4. 


Example: 
Exercise: 
Problem: 
Finding a Velocity 
The position of an object on a coordinate axis at time t is given by s (t) = oan . What is the initial velocity 


of the object? 
Solution: 


Since the initial velocity is v (0) = s’ (0), begin by finding s’(¢) by applying the quotient rule: 
Equation: 


fog E80) 2 es 
+P (+1)? 


After evaluating, we see that v (0) = 1. 


Note: 
Exercise: 


Problem: 


Find the values of x for which the line tangent to the graph of f (2) = Aa” — 32 + 2 has a tangent line 
parallel to the line y = 2a + 3. 


Solution: 


Hint 


Solve f’ (x) = 2. 


Note: 

Formula One Grandstands 
Formula One car races can be very exciting to watch and attract a lot of spectators. Formula One track designers 
have to ensure sufficient grandstand space is available around the track to accommodate these viewers. However, 
car racing can be dangerous, and safety considerations are paramount. The grandstands must be placed where 
spectators will not be in danger should a driver lose control of a car ({link]). 


The grandstand next to a straightaway of the Circuit de Barcelona-Catalunya race track, located where the 
spectators are not in danger. 


dig oie 2 ois 2s 2k aie aie 2K 2s 


Safety is especially a concern on turns. If a driver does not slow down enough before entering the turn, the car 
may slide off the racetrack. Normally, this just results in a wider turn, which slows the driver down. But if the 
driver loses control completely, the car may fly off the track entirely, on a path tangent to the curve of the 
racetrack. 

Suppose you are designing a new Formula One track. One section of the track can be modeled by the function 
a= a? + 3x + a ([link]). The current plan calls for grandstands to be built along the first straightaway and 
around a portion of the first curve. The plans call for the front corner of the grandstand to be located at the point 
(—1.9, 2.8). We want to determine whether this location puts the spectators in danger if a driver loses control of 
the car. 


f(x) = x? + 3x? + x 


(b) 


(a) One section of the racetrack can be modeled by the function f (x) = x? + 3x? + a. (b) The front 
corner of the grandstand is located at (—1.9, 2.8). 


1. Physicists have determined that drivers are most likely to lose control of their cars as they are coming into a 
turn, at the point where the slope of the tangent line is 1. Find the (z, y) coordinates of this point near the 
turn. 

2. Find the equation of the tangent line to the curve at this point. 

3. To determine whether the spectators are in danger in this scenario, find the x-coordinate of the point where 
the tangent line crosses the line y = 2.8. Is this point safely to the right of the grandstand? Or are the 
spectators in danger? 

4, What if a driver loses control earlier than the physicists project? Suppose a driver loses control at the point 

(—2.5, 0.625). What is the slope of the tangent line at this point? 
. Ifa driver loses control as described in part 4, are the spectators safe? 
6. Should you proceed with the current design for the grandstand, or should the grandstands be moved? 


ion 


Key Concepts 


e The derivative of a constant function is zero. 

e The derivative of a power function is a function in which the power on x becomes the coefficient of the term 
and the power on z in the derivative decreases by 1. 

e The derivative of a constant c multiplied by a function f is the same as the constant multiplied by the 
derivative. 

¢ The derivative of the sum of a function f and a function g is the same as the sum of the derivative of f and the 
derivative of g. 

e The derivative of the difference of a function f and a function g is the same as the difference of the derivative 
of f and the derivative of g. 

e The derivative of a product of two functions is the derivative of the first function times the second function 
plus the derivative of the second function times the first function. 

e The derivative of the quotient of two functions is the derivative of the first function times the second function 
minus the derivative of the second function times the first function, all divided by the square of the second 


function. 

e We used the limit definition of the derivative to develop formulas that allow us to find derivatives without 
resorting to the definition of the derivative. These formulas can be used singly or in combination with each 
other. 


For the following exercises, find f'(a) for each function. 
Exercise: 


Problem: f (x) = x’ + 10 
Exercise: 

Problem: f(z) = 527-—x2+1 

Solution: 

f' (z) = 152? -1 


Exercise: 


Problem: f (x) = 4x? — 7x 
Exercise: 
Problem: f (x) = 824+ 927-1 
Solution: 
f' (e) = 322? +18% 
Exercise: 


Problem: f (x) = x* + 2 


Exercise: 


Problem: f (x) = 32 (184+ —3-) 


Solution: 


! _ 4 39 
f' (e) = 27004 + Sy 


Exercise: 


Problem: f (x) = (x + 2) (227 — 3) 


Exercise: 
Problem: f (x) = x? (3+ 4) 


Solution: 


f(a) = 


Exercise: 


Problem: f (x) = weed 


Exercise: 


Problem: f (x) = 4a’ 2a) 


Solution: 


! _ 4x4+2x?—2 
f (x) = a 


Exercise: 


Problem: f (x) = =** 


Exercise: 


Problem: f (x) = —*** 


Solution: 


! _ ~a?—182+64 
i (x) = (x?—7e+1)* 


For the following exercises, find the equation of the tangent line T (a) to the graph of the given function at the 


indicated point. Use a graphing calculator to graph the function and the tangent line. 
Exercise: 


Problem: [T] y = 32” + 4z + Lat (0,1) 


Exercise: 


Problem: [T] y = 2./z + 1 at (4,5) 


Solution: 


Exercise: 


Problem: [T] y = 


22 at (—1, 1) 


x 


Exercise: 
Problem: [T] y = 2 — = at (1, —1) 


Solution: 


T (x) = 4a —5 
For the following exercises, assume that f(x) and g («) are both differentiable functions for all x. Find the 


derivative of each of the functions h (2). 
Exercise: 


Problem: h (x) = 4f (x) + ate) 


Exercise: 


Problem: h (x) = x° f(z) 


Solution: 

h! (x) = 3e°f (x) + 2° f' (2) 
Exercise: 

Problem: h (x) = Hos) 
Exercise: 

Problem: h (x) = ae 


Solution: 


For the following exercises, assume that f(a) and g («) are both differentiable functions with values as given in 
the following table. Use the following table to calculate the following derivatives. 


f(z) 3 5 —2 0 

g(x) 2 3 —4 6 

f'(z) —1 7 8 —3 

g(x) 4A 1 2 9 
Exercise: 


Problem: Find h'(1) if h(x) = xf (x) + 4g (2). 


Exercise: 


Problem: Find h’ (2) if h(x) = £2. 


Solution: 


16 
9 


Exercise: 


Problem: Find h’ (3) if h(x) = 2a + f (x)g (a). 


Exercise: 


Problem: Find h’ (4) if h(x) = ++ oe) 


Solution: 


Undefined 


For the following exercises, use the following figure to find the indicated derivatives, if they exist. 


Exercise: 


Problem: Let h(x) = f (x) + g(a). Find 


ate (1) 


b. h’ (3), and 
c. h’ (4). 
Exercise: 


Problem: Let h (x) = f (x)g (ax). Find 


a. h’ (1), 
b. h’ (3), and 
c. h’ (4). 


Solution: 


a. 2, b. does not exist, c. 2.5 


Exercise: 
Problem: Let h (x) = fs . Find 
a. h’(1), 
b. h’ (3), and 
c. h' (4). 


For the following exercises, 


a. evaluate f’ (a), and 
b. graph the function f (a) and the tangent line at z = a. 


Exercise: 
Problem: [T] f (x) = 2x? + 32 —2?,a = 2 


Solution: 


a. 23, b. y= 23a — 28 


Exercise: 


Problem: [T] f (x) = + —2?,a=1 


x 


Exercise: 


Problem: [T] f (z) = z?—2”+32+2,a=0 


Solution: 


a.3,b.y= 3x42 


Exercise: 


Problem: [T] f (x) = + — 22/3,a = —1 


Exercise: 
Problem: Find the equation of the tangent line to the graph of f (2) = 2x3 + 4x7 — 5x — 3 atx = —1. 
Solution: 
y= Te —3 

Exercise: 


Problem: Find the equation of the tangent line to the graph of f (a) = «7 + - —10atzr = 8. 


Exercise: 


Problem: Find the equation of the tangent line to the graph of f (x) = (3a — x?)(3 —a-— 2?) atx =1. 


Solution: 


y= —dx2+7 


Exercise: 


Problem: 


Find the point on the graph of f (x) = a° such that the tangent line at that point has an x intercept of 6. 
Exercise: 
Problem: 


Find the equation of the line passing through the point P(3, 3) and tangent to the graph of f (2) = 2. 


Solution: 
ees: 15 
YS gig 
Exercise: 


Problem: Determine all points on the graph of f (x) = 2°? + 2? — x — 1 for which 


a. the tangent line is horizontal 
b. the tangent line has a slope of —1. 


Exercise: 


Problem: Find a quadratic polynomial such that f (1) = 5, f’(1) = 3 and fv (1) = —6. 
Solution: 
y = —3x7 + 92-1 
Exercise: 
Problem: A car driving along a freeway with traffic has traveled s (t) = t? — 6t? + 9t meters in ¢ seconds. 


a. Determine the time in seconds when the velocity of the car is 0. 
b. Determine the acceleration of the car when the velocity is 0. 


Exercise: 


Problem: [T] A herring swimming along a straight line has traveled s (t) = —- feet in t seconds. 


Determine the velocity of the herring when it has traveled 3 seconds. 
Solution: 


4, or 0.0992 ft/s 


Exercise: 


Problem: 


The population in millions of arctic flounder in the Atlantic Ocean is modeled by the function 
P(t) = 553;) where t is measured in years. 

a. Determine the initial flounder population. 

b. Determine P’ (10) and briefly interpret the result. 


Exercise: 
Problem: 


[T] The concentration of antibiotic in the bloodstream ¢ hours after being injected is given by the function 


C(t) = -— , where C is measured in milligrams per liter of blood. 


a. Find the rate of change of C (t). 
b. Determine the rate of change fort = 8, 12, 24, and 36. 
c. Briefly describe what seems to be occurring as the number of hours increases. 


Solution: 


a. Saar a b. —0.02395 mg/L-hr, —0.01344 mg/L-hr, -0.003566 mg/L-hr, -0.001579 mg/L-hr c. The 


rate at which the concentration of drug in the bloodstream decreases is slowing to 0 as time increases. 
Exercise: 


Problem: 


A book publisher has a cost function given by C (#) = weet S| where x is the number of copies of a book in 


thousands and C is the cost, per book, measured in dollars. Evaluate C’ (2) and explain its meaning. 
Exercise: 
Problem: 


[T] According to Newton’s law of universal gravitation, the force F' between two bodies of constant mass m1 


and mz is given by the formula F = mamma , where G is the gravitational constant and d is the distance 


between the bodies. 


a. Suppose that G, mj, and mz are constants. Find the rate of change of force F' with respect to distance d. 
b. Find the rate of change of force F with gravitational constant G = 6.67 x 10714 Nm? / ke’, on two 
bodies 10 meters apart, each with a mass of 1000 kilograms. 


Solution: 


a. Fi(d) = ~S™ pb, -1.33 x 10-7 N/m 


Glossary 


constant multiple rule 
the derivative of a constant c multiplied by a function fis the same as the constant multiplied by the 


derivative: 4 (cf (x)) = cf! (z) 


constant rule 
the derivative of a constant function is zero: # (c) = 0, where c is a constant 


difference rule 
the derivative of the difference of a function f and a function g is the same as the difference of the derivative 


of f and the derivative of g: A(f (x) — g(x)) = f' (x) —g' (az) 


power rule 


the derivative of a power function is a function in which the power on x becomes the coefficient of the term 
and the power on z in the derivative decreases by 1: If n is an integer, then a2” =nx! 


product rule 
the derivative of a product of two functions is the derivative of the first function times the second function 
plus the derivative of the second function times the first function: 4 (f (x)g(x)) = f! (x)g (x) + 9 (2)f (x) 


quotient rule 
the derivative of the quotient of two functions is the derivative of the first function times the second function 
minus the derivative of the second function times the first function, all divided by the square of the second 
‘on: 2 { £@ ) — f'(z)9(x)-9'@) f(z) 
function: =~ (2 (oe)? 


sum rule 
the derivative of the sum of a function f and a function g is the same as the sum of the derivative of f and the 


derivative of g: 4 (f (x) + 9(z)) = f' (x) +g'(z) 


Derivatives as Rates of Change 


e Determine a new value of a quantity from the old value and the 
amount of change. 

¢ Calculate the average rate of change and explain how it differs from 
the instantaneous rate of change. 

e Apply rates of change to displacement, velocity, and acceleration of an 
object moving along a straight line. 

e Predict the future population from the present value and the population 
growth rate. 

e Use derivatives to calculate marginal cost and revenue in a business 
situation. 


In this section we look at some applications of the derivative by focusing on 
the interpretation of the derivative as the rate of change of a function. These 
applications include acceleration and velocity in physics, population 
growth rates in biology, and marginal functions in economics. 


Amount of Change Formula 


One application for derivatives is to estimate an unknown value of a 
function at a point by using a known value of a function at some given point 
together with its rate of change at the given point. If f(x) is a function 
defined on an interval [a, a + h], then the amount of change of f(x) over 
the interval is the change in the y values of the function over that interval 
and is given by 

Equation: 


flat+h) — fla). 


The average rate of change of the function f over that same interval is the 
ratio of the amount of change over that interval to the corresponding change 
in the x values. It is given by 

Equation: 


f(a+h) = fla) 


As we already know, the instantaneous rate of change of f(x) at a is its 
derivative 
Equation: 


For small enough values of h, f’ (a) = oth fa) We can then solve for 


f (a +h) to get the amount of change formula: 
Equation: 


flat+h) © f(a) + fi(ajh. 


We can use this formula if we know only f(a) and f'(a) and wish to 
estimate the value of f (a + h). For example, we may use the current 
population of a city and the rate at which it is growing to estimate its 
population in the near future. As we can see in [link], we are approximating 
f(a +h) by the y coordinate at a + h on the line tangent to f(x) at x = a. 
Observe that the accuracy of this estimate depends on the value of h as well 
as the value of f’ (a). 


error in using f(a) + fi(a)h 
to estimate f(a + h) 


(a +h, 


The new value of a changed quantity equals the 
original value plus the rate of change times the 
interval of change: f (a+ h) = f(a) + f’ (a)h. 


Note: 
Here is an interesting demonstration of rate of change. 


Example: 
Exercise: 


Problem: 
Estimating the Value of a Function 


lit 7 (3) = 2, anal f7 (3) ==", estimate (3.2), 


Solution: 


Begin by finding h. We have h = 3.2 — 3 = 0.2. Thus, 
Equation: 


f (3.2) = f (3+ 0.2) = f (3) + (0.2) f" (3) = 2+ 0.2 (5) =3. 


Note: 
Exercise: 


Problem: Given f (10) = —5 and f’ (10) = 6, estimate f (10.1). 
Solution: 


—4,.4 
Hint 


Use the same process as in the preceding example. 


Motion along a Line 


Another use for the derivative is to analyze motion along a line. We have 
described velocity as the rate of change of position. If we take the 
derivative of the velocity, we can find the acceleration, or the rate of change 
of velocity. It is also important to introduce the idea of speed, which is the 
magnitude of velocity. Thus, we can state the following mathematical 
definitions. 


Note: 

Definition 

Let s (t) be a function giving the position of an object at time t. 
The velocity of the object at time t is given by u(t) = s’ (t). 


| 
) =v! (t) = si(t). 


The speed of the object at time t is given by |v (t) 
The acceleration of the object at t is given by a (t 


Example: 
Exercise: 


Problem: 
Comparing Instantaneous Velocity and Average Velocity 


A ball is dropped from a height of 64 feet. Its height above ground (in 
feet) t seconds later is given by s (t) = —16t? + 64. 


50 s(t) = -16t? + 64 


0.5 1.0 1.5 2.0 


a. What is the instantaneous velocity of the ball when it hits the 


ground? 
b. What is the average velocity during its fall? 


Solution: 


The first thing to do is determine how long it takes the ball to reach 
the ground. To do this, set s (t) = 0. Solving —16t? + 64 = 0, we 


get t = 2, so it take 2 seconds for the ball to reach the ground. 


a. The instantaneous velocity of the ball as it strikes the ground is 
v (2). Since v (t) = s’ (t) = —32t, we obtain v (t) = —64 ft/s. 
b. The average velocity of the ball during its fall is 


Equation: 
2)—s(0 0 — 64 
Vave = ele) een) = = —32 ft/s. 
2—0 2 
Example: 
Exercise: 
Problem: 


Interpreting the Relationship between v (t) and a (¢) 


A particle moves along a coordinate axis in the positive direction to 
the right. Its position at time t is given by s (t) = t® — 4t + 2. Find 
v (1) and a (1) and use these values to answer the following 
questions. 


a. Is the particle moving from left to right or from right to left at 
time t = 1? 
b. Is the particle speeding up or slowing down at time t = 1? 
Solution: 
Begin by finding v (¢) and a (t). 
anda (i) 0 (sib) Gr, 


Evaluating these functions at ¢ = 1, we obtain v (1) = —1 and 
at 6: 


a. Because v (1) < 0, the particle is moving from right to left. 

b. Because v (1) < 0 anda(1) > 0, velocity and acceleration are 
acting in opposite directions. In other words, the particle is being 
accelerated in the direction opposite the direction in which it is 
traveling, causing |v (t)| to decrease. The particle is slowing 
down. 


Example: 
Exercise: 


Problem: 
Position and Velocity 


The position of a particle moving along a coordinate axis is given by 
s(t) =#? — 9t? + 24¢+4,t > 0. 


a. Find v (t). 

b. At what time(s) is the particle at rest? 

c. On what time intervals is the particle moving from left to right? 
From right to left? 

d. Use the information obtained to sketch the path of the particle 
along a coordinate axis. 


Solution: 


a. The velocity is the derivative of the position function: 
Equation: 


Gis (isto Spas 


b. The particle is at rest when v (t) = 0, so set 
3t? — 18t + 24 = 0. Factoring the left-hand side of the equation 
produces 3 (t — 2) (t — 4) = 0. Solving, we find that the particle 
is at rest att = 2 andt = 4. 


c. The particle is moving from left to right when v (t) > 0 and 
from right to left when v (t) < 0. [link] gives the analysis of the 
sign of v(t) fort > 0, but it does not represent the axis along 
which the particle is moving. 


+ 0 = 0 + v(t) 
$9 9) 
0 2 4 : 


The sign of v(t) determines the direction of the particle. 


Since 3t? — 18t + 24 > 0 on [0, 2) U (2, +00), the particle is 
moving from left to right on these intervals. 

Since 3¢? — 18t + 24 < 0 on (2, 4), the particle is moving from 
right to left on this interval. 

d. Before we can sketch the graph of the particle, we need to know 
its position at the time it starts moving (¢ = 0) and at the times 
that it changes direction (t = 2,4). We have 
s (0) = 4,s (2) = 24, and s (4) = 20. This means that the 
particle begins on the coordinate axis at 4 and changes direction 
at 0 and 20 on the coordinate axis. The path of the particle is 
shown on a coordinate axis in [link]. 


t=0 t=2 
-8 -4 0 4 8 12 16 20 24 


The path of the particle can be determined by 
analyzing v(t). 


Note: 
Exercise: 


Problem: 


A particle moves along a coordinate axis. Its position at time ¢ is 
given by s(t) = t? — 5t + 1. Is the particle moving from right to left 
or from left to right at time t = 3? 


Solution: 


left to right 
Hint 


Find v (3) and look at the sign. 


Population Change 


In addition to analyzing velocity, speed, acceleration, and position, we can 
use derivatives to analyze various types of populations, including those as 
diverse as bacteria colonies and cities. We can use a current population, 
together with a growth rate, to estimate the size of a population in the 
future. The population growth rate is the rate of change of a population and 
consequently can be represented by the derivative of the size of the 
population. 


Note: 

Definition 

If P (t) is the number of entities present in a population, then the 
population growth rate of P (t) is defined to be P’ (t). 


Example: 


Exercise: 


Problem: 
Estimating a Population 


The population of a city is tripling every 5 years. If its current 
population is 10,000, what will be its approximate population 2 years 
from now? 


Solution: 


Let P (t) be the population (in thousands) t years from now. Thus, we 
know that P (0) = 10 and based on the information, we anticipate 

P (5) = 30. Now estimate P’ (0), the current growth rate, using 
Equation: 


P(5)—P(0) _ 30-10 _ 


P'(0) = 
(0) 5—0 5 


4. 


By applying [link] to P (¢), we can estimate the population 2 years 
from now by writing 
Equation: 


P (2) = P(0) + (2)P’ (0) + 10 + 2(4) = 18: 


thus, in 2 years the population will be 18,000. 


Note: 
Exercise: 


Problem: 
The current population of a mosquito colony is known to be 3,000; 


that is, P (0) = 3,000. If P’ (0) = 100, estimate the size of the 
population in 3 days, where ¢ is measured in days. 


Solution: 


3,300 
Hint 


Use P (3) ~ P(0) + 3P’ (0). 


Changes in Cost and Revenue 


In addition to analyzing motion along a line and population growth, 
derivatives are useful in analyzing changes in cost, revenue, and profit. The 
concept of a marginal function is common in the fields of business and 
economics and implies the use of derivatives. The marginal cost is the 
derivative of the cost function. The marginal revenue is the derivative of the 
revenue function. The marginal profit is the derivative of the profit 
function, which is based on the cost function and the revenue function. 


Note: 

Definition 

If C(x) is the cost of producing x items, then the marginal cost MC (x) 
IG VE ieee) 

If R (x) is the revenue obtained from selling x items, then the marginal 
revenue MR (x) is MR(x) = R’ (2). 

If P(x) = R(a) — C' (za) is the profit obtained from selling x items, then 
the marginal profit 1/ P(z) is defined to be 

MEP = PAP Vinay VC (a ia (ae a Ca), 


We can roughly approximate 
Equation: 


MC (2) = C' (2) = jim C41) ~ Ce) 


by choosing an appropriate value for h. Since x represents objects, a 
reasonable and small value for h is 1. Thus, by substituting h = 1, we get 
the approximation MC (x) = C' (a) + C (a + 1) — C (a). Consequently, 
C’ (x) for a given value of x can be thought of as the change in cost 
associated with producing one additional item. In a similar way, 

MR (a) = R' (x) approximates the revenue obtained by selling one 
additional item, and MP (a) = P’ (x) approximates the profit obtained by 
producing and selling one additional item. 


Example: 
Exercise: 


Problem: 
Applying Marginal Revenue 


Assume that the number of barbeque dinners that can be sold, x, can 
be related to the price charged, p, by the equation 
p(2) = 9 — 0.032,0 < x < 300. 


In this case, the revenue in dollars obtained by selling x barbeque 
dinners is given by 

Equation: 

R(x) = xp(x) = x (9 — 0.032) = —0.03x? + 9x for 0 < x < 300. 
Use the marginal revenue function to estimate the revenue obtained 


from selling the 101st barbeque dinner. Compare this to the actual 
revenue obtained from the sale of this dinner. 


Solution: 


First, find the marginal revenue function: 
MR (a) = R’ (x) = —0.06z + 9. 


Next, use R’ (100) to approximate R (101) — R (100), the revenue 
obtained from the sale of the 101st dinner. Since R’ (100) = 3, the 
revenue obtained from the sale of the 101st dinner is approximately 


$3. 


The actual revenue obtained from the sale of the 101st dinner is 
Equation: 


R(101) — R(100) = 602.97 — 600 = 2.97, or $2.97. 


The marginal revenue is a fairly good estimate in this case and has the 
advantage of being easy to compute. 


Note: 
Exercise: 


Problem: 


Suppose that the profit obtained from the sale of x fish-fry dinners is 
given by P(x) = —0.03x? + 8x — 50. Use the marginal profit 
function to estimate the profit from the sale of the 101st fish-fry 
dinner. 


Solution: 


$2 
Hint 


Use P' (100) to approximate P (101) — P(100). 


Key Concepts 


e Using f(a +h) = f(a) + f' (a)h, it is possible to estimate 
f (a +h) given f’ (a) and f (a). 

e The rate of change of position is velocity, and the rate of change of 
velocity is acceleration. Speed is the absolute value, or magnitude, of 
velocity. 

e The population growth rate and the present population can be used to 
predict the size of a future population. 

e Marginal cost, marginal revenue, and marginal profit functions can be 
used to predict, respectively, the cost of producing one more item, the 
revenue obtained by selling one more item, and the profit obtained by 
producing and selling one more item. 


For the following exercises, the given functions represent the position of a 
particle traveling along a horizontal line. 


a. Find the velocity and acceleration functions. 
b. Determine the time intervals when the object is slowing down or 
speeding up. 


Exercise: 


Problem: s (t) = 2¢? — 3t? — 12#4+ 8 


Exercise: 


Problem: s (t) = 2¢° — 15¢? + 36t — 10 
Solution: 


a. v(t) = 6t? — 30t + 36, a(t) = 12t — 30; b. speeds up 
(2, 2.5) U (3, 00), slows down (0, 2) U (2.5, 3) 


Exercise: 


Problem: s (t) = uF 


Exercise: 
Problem: 
A rocket is fired vertically upward from the ground. The distance s in 


feet that the rocket travels from the ground after t seconds is given by 
s (t) = —16t? + 560t. 


a. Find the velocity of the rocket 3 seconds after being fired. 
b. Find the acceleration of the rocket 3 seconds after being fired. 


Solution: 


a. 464 ft/s” b. —32 ft/s” 
Exercise: 


Problem: 


A ball is thrown downward with a speed of 8 ft/s from the top of a 64- 
foot-tall building. After t seconds, its height above the ground is given 
by s (t) = —16¢* — 8¢ + 64. 


a. Determine how long it takes for the ball to hit the ground. 
b. Determine the velocity of the ball when it hits the ground. 


Exercise: 


Problem: 


The position function s (t) = t? — 3t — 4 represents the position of 
the back of a car backing out of a driveway and then driving in a 
straight line, where s is in feet and ¢ is in seconds. In this case, 

s(t) = 0 represents the time at which the back of the car is at the 
garage door, so s (0) = —4 is the starting position of the car, 4 feet 
inside the garage. 


a. Determine the velocity of the car when s (t) = 0. 
b. Determine the velocity of the car when s (¢) = 14. 


Solution: 


a. 5 ft/s b. 9 ft/s 
Exercise: 


Problem: 


The position of a hummingbird flying along a straight line in t seconds 
is given by s(t) = 3¢° — 7¢ meters. 


a. Determine the velocity of the bird at ¢ = 1 sec. 
b. Determine the acceleration of the bird at ¢ = 1 sec. 
c. Determine the acceleration of the bird when the velocity equals 0. 


Exercise: 


Problem: 


A potato is launched vertically upward with an initial velocity of 100 
ft/s from a potato gun at the top of an 85-foot-tall building. The 
distance in feet that the potato travels from the ground after t seconds 
is given by s (t) = —16t? + 100t + 85. 


a. Find the velocity of the potato after 0.5s and 5.75s. 

b. Find the speed of the potato at 0.5 s and 5.75 s. 

c. Determine when the potato reaches its maximum height. 

d. Find the acceleration of the potato at 0.5 s and 1.5s. 

e. Determine how long the potato is in the air. 

f. Determine the velocity of the potato upon hitting the ground. 


Solution: 


84 ft/s, —84 ft/s b. 84 ft/s c. 2 s d. —32 ft/s” in both cases e. 


d. 
1 (25 " v965) sf. 44/965 ft/s 


Exercise: 
Problem: 
The position function s (t) = t® — 8¢ gives the position in miles of a 


freight train where east is the positive direction and t is measured in 
hours. 


a. Determine the direction the train is traveling when s (t) = 0. 

b. Determine the direction the train is traveling when a (t) = 0. 

c. Determine the time intervals when the train is slowing down or 
speeding up. 


Exercise: 
Problem: 


The following graph shows the position y = s (t) of an object moving 
along a straight line. 


a. Use the graph of the position function to determine the time 
intervals when the velocity is positive, negative, or zero. 

b. Sketch the graph of the velocity function. 

c. Use the graph of the velocity function to determine the time 
intervals when the acceleration is positive, negative, or zero. 

d. Determine the time intervals when the object is speeding up or 
slowing down. 


Solution: 


a. Velocity is positive on (0, 1.5) U (6,7), negative on 
(1.5, 2) U (5,6), and zero on (2,5). b. 


c. Acceleration is positive on (5,7), negative on (0,2), and zero on 
(2,5). d. The object is speeding up on (6,7) U (1.5, 2) and slowing 
down on (0, 1.5) U (5,6). 


Exercise: 


Problem: 


The cost function, in dollars, of a company that manufactures food 
2 

processors is given by C' (x) = 200 + “ + +, where z is the 

number of food processors manufactured. 


a. Find the marginal cost function. 

b. Use the marginal cost function to estimate the cost of 
manufacturing the thirteenth food processor. 

c. Find the actual cost of manufacturing the thirteenth food 
processor. 


Exercise: 
Problem: 


The price p (in dollars) and the demand z for a certain digital clock 
radio is given by the price—demand function p = 10 — 0.001z. 


a. Find the revenue function R (a). 
b. Find the marginal revenue function. 
c. Find the marginal revenue at x = 2000 and 5000. 


Solution: 
a. R(x) = 10x — 0.0012? b. R’ (x) = 10 — 0.002z c. $6 per item, 
$0 per item 

Exercise: 
Problem: 
[T] A profit is earned when revenue exceeds cost. Suppose the profit 
function for a skateboard manufacturer is given by 


P(x) = 30x — 0.3x? — 250, where z is the number of skateboards 
sold. 


a. Find the exact profit from the sale of the thirtieth skateboard. 


b. Find the marginal profit function and use it to estimate the profit 
from the sale of the thirtieth skateboard. 


Exercise: 


Problem: 


[T] In general, the profit function is the difference between the revenue 
and cost functions: P(«) = R(x) — C(2). 


Suppose the price-demand and cost functions for the production of 
cordless drills is given respectively by p = 143 — 0.03z and 

C (x) = 75,000 + 652, where z is the number of cordless drills that 
are sold at a price of p dollars per drill and C (x) is the cost of 
producing x cordless drills. 


a. Find the marginal cost function. 

b. Find the revenue and marginal revenue functions. 
c. Find R’(1000) and R’(4000). Interpret the results. 
d. Find the profit and marginal profit functions. 

e. Find P’(1000) and P’(4000). Interpret the results. 


Solution: 


a. C' (x) = 65 b. R(x) = 1432 — 0.03z?, R’ (x) = 143 — 0.062 c. 
83, —97. At a production level of 1000 cordless drills, revenue is 
increasing at a rate of $83 per drill; at a production level of 4000 
cordless drills, revenue is decreasing at a rate of $97 per drill. d. 

P (2) = —0.03z? + 78x — 75000, P’ (x) = —0.06a + 78 e. 

18, —162. At a production level of 1000 cordless drills, profit is 
increasing at a rate of $18 per drill; at a production level of 4000 
cordless drills, profit is decreasing at a rate of $162 per drill. 


Exercise: 


Problem: 


A small town in Ohio commissioned an actuarial firm to conduct a 
study that modeled the rate of change of the town’s population. The 
study found that the town’s population (measured in thousands of 
people) can be modeled by the function P (t) = zt + 64¢ + 3000, 


where ¢ is measured in years. 


a. Find the rate of change function P’ (t) of the population function. 

b. Find P’ (1), P’ (2), P’ (3), and P’ (4). Interpret what the results 
mean for the town. 

c. Find Pv (1), Pv (2), P(3), and Pv (4). Interpret what the 
results mean for the town’s population. 


Exercise: 


Problem: 


[T] A culture of bacteria grows in number according to the function 
N (t) = 3000 (1 + ata) , where t is measured in hours. 


a. Find the rate of change of the number of bacteria. 

b. Find N’ (0), N’ (10), N’ (20), and N’ (30). 

c. Interpret the results in (b). 

d. Find Nv (0), Nv (10), Nv (20), and Nv (30). Interpret what the 
answers imply about the bacteria population growth. 


Solution: 


a. N’ (t) = 3000 ( a b. 120, 0, —14.4, —9.6 c. The bacteria 


population increases from time 0 to 10 hours; afterwards, the bacteria 
population decreases. d. 0, —6, 0.384, 0.432. The rate at which the 
bacteria is increasing is decreasing during the first 10 hours. 
Afterwards, the bacteria population is decreasing at a decreasing rate. 


Exercise: 


Problem: 
The centripetal force of an object of mass m is given by F' (r) = ma ; 


where v is the speed of rotation and r is the distance from the center of 
rotation. 


a. Find the rate of change of centripetal force with respect to the 
distance from the center of rotation. 

b. Find the rate of change of centripetal force of an object with mass 
1000 kilograms, velocity of 13.89 m/s, and a distance from the 
center of rotation of 200 meters. 


The following questions concern the population (in millions) of London by 
decade in the 19th century, which is listed in the following table. 


Years since 1800 Population (millions) 
1 0.8795 

11 1.040 

ea 1.264 

31 1.516 

Al 1.661 


o1 2.000 


Years since 1800 Population (millions) 


61 2.634 
71 Bose 
81 3.911 
91 4.422 


Population of LondonSource: 
http://en.wikipedia.org/wiki/Demographics_of_London. 


Exercise: 


Problem: ['T] 


a. Using a calculator or a computer program, find the best-fit linear 
function to measure the population. 

b. Find the derivative of the equation in a. and explain its physical 
meaning. 

c. Find the second derivative of the equation and explain its physical 
meaning. 


Solution: 


a. P(t) = 0.03983 + 0.4280 b. P’ (t) = 0.03983. The population is 
increasing. c. P(t) = 0. The rate at which the population is 
increasing is constant. 


Exercise: 


Problem: [T] 


a. Using a calculator or a computer program, find the best-fit 
quadratic curve through the data. 


b. Find the derivative of the equation and explain its physical 
meaning. 

c. Find the second derivative of the equation and explain its physical 
meaning. 


For the following exercises, consider an astronaut on a large planet in 
another galaxy. To learn more about the composition of this planet, the 
astronaut drops an electronic sensor into a deep trench. The sensor transmits 
its vertical position every second in relation to the astronaut’s position. The 
summary of the falling sensor data is displayed in the following table. 


Time after dropping (s) Position (m) 

0 0 

1 =a. 

Z oo 

3 maa) 

4 7 

5 -14 
Exercise: 


Problem: [T] 


a. Using a calculator or computer program, find the best-fit 
quadratic curve to the data. 

b. Find the derivative of the position function and explain its 
physical meaning. 

c. Find the second derivative of the position function and explain its 
physical meaning. 


Solution: 


a. p(t) = —0.60712? + 0.43572 — 0.3571 b. 

p’ (t) = —1.2142 + 0.4357. This is the velocity of the sensor. c. 

pl (t) = —1.214. This is the acceleration of the sensor; it is a constant 
acceleration downward. 


Exercise: 


Problem: ['T] 


a. Using a calculator or computer program, find the best-fit cubic 
curve to the data. 

b. Find the derivative of the position function and explain its 
physical meaning. 

c. Find the second derivative of the position function and explain its 
physical meaning. 

d. Using the result from c. explain why a cubic function is not a 
good choice for this problem. 


The following problems deal with the Holling type I, II, and III equations. 
These equations describe the ecological event of growth of a predator 
population given the amount of prey available for consumption. 
Exercise: 


Problem: 


[T] The Holling type I equation is described by f (x) = az, where x 
is the amount of prey available and a > 0 is the rate at which the 
predator meets the prey for consumption. 


a. Graph the Holling type I equation, given a = 0.5. 

b. Determine the first derivative of the Holling type I equation and 
explain physically what the derivative implies. 

c. Determine the second derivative of the Holling type I equation 
and explain physically what the derivative implies. 

d. Using the interpretations from b. and c. explain why the Holling 
type I equation may not be realistic. 


Solution: 


a. 


b. f’ (2) = a. The more increase in prey, the more growth for 
predators. c. f/ (a) = 0. As the amount of prey increases, the rate at 
which the predator population growth increases is constant. d. This 
equation assumes that if there is more prey, the predator is able to 
increase consumption linearly. This assumption is unphysical because 


we would expect there to be some saturation point at which there is too 
much prey for the predator to consume adequately. 


Exercise: 
Problem: 


ax 


[T] The Holling type II equation is described by f(x) = =, 


x is the amount of prey available and a > 0 is the maximum 
consumption rate of the predator. 


where 


a. Graph the Holling type II equation given a = 0.5 and n = 5. 
What are the differences between the Holling type I and II 
equations? 

b. Take the first derivative of the Holling type II equation and 
interpret the physical meaning of the derivative. 


c. Show that f (n) = +a and interpret the meaning of the 


parameter n. 

d. Find and interpret the meaning of the second derivative. What 
makes the Holling type II function more realistic than the Holling 
type I function? 


Exercise: 
Problem: 


[T] The Holling type III equation is described by f (x) = eS, 
where z is the amount of prey available and a > 0 is the maximum 


consumption rate of the predator. 


a. Graph the Holling type III equation given a = 0.5 and n = 5. 
What are the differences between the Holling type II and III 
equations? 

b. Take the first derivative of the Holling type III equation and 
interpret the physical meaning of the derivative. 

c. Find and interpret the meaning of the second derivative (it may 
help to graph the second derivative). 


d. What additional ecological phenomena does the Holling type III 
function describe compared with the Holling type II function? 


Solution: 


a. 


by (a= ao . When the amount of prey increases, the predator 
2an? (n?—32”) 

(n?+a2)> 
is extremely small, the rate at which predator growth is increasing is 
increasing, but when the amount of prey reaches above a certain 
threshold, the rate at which predator growth is increasing begins to 
decrease. d. At lower levels of prey, the prey is more easily able to 
avoid detection by the predator, so fewer prey individuals are 
consumed, resulting in less predator growth. 


growth increases. c. fi (x) = When the amount of prey 


Exercise: 
Problem: 
[T] The populations of the snowshoe hare (in thousands) and the lynx 


(in hundreds) collected over 7 years from 1937 to 1943 are shown in 
the following table. The snowshoe hare is the primary prey of the lynx. 


Population of snowshoe hare Population of lynx 


(thousands) (hundreds) 
20 10 
55 15 
65 55 
95 60 


Snowshoe Hare and Lynx PopulationsSource: 
http://www. biotopics.co.uk/newgcse/predatorprey.html. 


a. Graph the data points and determine which Holling-type function 
fits the data best. 

b. Using the meanings of the parameters a and n, determine values 
for those parameters by examining a graph of the data. Recall that 
m measures what prey value results in the half-maximum of the 
predator value. 

c. Plot the resulting Holling-type I, II, and III functions on top of the 
data. Was the result from part a. correct? 


Glossary 


acceleration 
is the rate of change of the velocity, that is, the derivative of velocity 


amount of change 
the amount of a function f (a) over an interval |x, x + hj is 


f(a+h) — f(a) 


average rate of change 


f(a+h)— f(a) 


is a function f (x) over an interval {x, 2 + h] is ——— 


marginal cost 
is the derivative of the cost function, or the approximate cost of 
producing one more item 


marginal revenue 
is the derivative of the revenue function, or the approximate revenue 
obtained by selling one more item 


marginal profit 
is the derivative of the profit function, or the approximate profit 
obtained by producing and selling one more item 


population growth rate 
is the derivative of the population with respect to time 


speed 
is the absolute value of velocity, that is, 
at time ¢ whose velocity is given by v (t) 


vu (t)| is the speed of an object 


The Chain Rule 


e State the chain rule for the composition of two functions. 

Apply the chain rule together with the power rule. 

Apply the chain rule and the product/quotient rules correctly in combination when both are necessary. 
e Recognize the chain rule for a composition of three or more functions. 

Describe the proof of the chain rule. 


We have seen the techniques for differentiating basic functions (x”, sinz, cosz, etc. ) as well as sums, 
differences, products, quotients, and constant multiples of these functions. However, these techniques do not 
allow us to differentiate compositions of functions, such as h (x) = sin(a*) or k(x) = V3? + 1. In this 
section, we study the rule for finding the derivative of the composition of two or more functions. 


Deriving the Chain Rule 


When we have a function that is a composition of two or more functions, we could use all of the techniques we 
have already learned to differentiate it. However, using all of those techniques to break down a function into 
simpler parts that we are able to differentiate can get cumbersome. Instead, we use the chain rule, which states 
that the derivative of a composite function is the derivative of the outer function evaluated at the inner function 
times the derivative of the inner function. 


To put this rule into context, let’s take a look at an example: h (x) = sin (a?) We can think of the derivative of 
this function with respect to x as the rate of change of sin (2°) relative to the change in x. Consequently, we want 
to know how sin (2°) changes as x changes. We can think of this event as a chain reaction: As x changes, x? 
changes, which leads to a change in sin (#?}: This chain reaction gives us hints as to what is involved in 
computing the derivative of sin(«*). First of all, a change in x forcing a change in x* suggests that somehow the 
derivative of x° is involved. In addition, the change in «? forcing a change in sin (2°) suggests that the derivative 


3 


of sin(w) with respect to u, where u = 2”, is also part of the final derivative. 


We can take a more formal look at the derivative of h(a) = sin (x?) by setting up the limit that would give us 
the derivative at a specific value a in the domain of h (x) = sin (x*). 
Equation: 


sin (x?) — sin(a?) 


This expression does not seem particularly helpful; however, we can modify it by multiplying and dividing by the 
expression 2° — a? to obtain 
Equation: 


(jag ee) eee 
wa x3 — a r—a 


From the definition of the derivative, we can see that the second factor is the derivative of x? at x = a. That is, 
Equation: 
x — a d 


li a 3) = 32, 
ra =a de) a 


However, it might be a little more challenging to recognize that the first term is also a derivative. We can see this 
by letting wu = «° and observing that as z — a, u > a*: 


Equation: 


sin (x?) —sin (a?) sinu—sin (a) 


lim x—as = iim, u—as 
= 4 (sinu),,—a3 
= cos (a? ). 


Thus, h’ (a) = cos(a*) - 3a”. 


In other words, if h (x) = sin (2°), then h’ (x) = cos (x) - 3x”. Thus, if we think of h (x) = sin(z*) as the 
composition (f 0 g) (x) = f (g(a)) where f (x) = sin x and g(x) = 2°, then the derivative of h (x) = sin(z*) 
is the product of the derivative of g(a) = a? and the derivative of the function f (2) = sinx evaluated at the 
function g (x) = x. At this point, we anticipate that for h (x) = sin (g(z)), it is quite likely that 

h'(x) = cos(g(x))g'(x). As we determined above, this is the case for h(x) = sin (2°). 


Now that we have derived a special case of the chain rule, we state the general case and then apply it in a general 
form to other composite functions. An informal proof is provided at the end of the section. 


Note: 

Rule: The Chain Rule 

Let f and g be functions. For all x in the domain of g for which g is differentiable at x and f is differentiable at 
g (x), the derivative of the composite function 

Equation: 


h(x) = (fog)(x) = f(9(z)) 


is given by 
Equation: 


hi(x) = f'(g())g' (2). 


Alternatively, if y is a function of u, and wu is a function of x, then 
Equation: 


dy _ dy du 
dx du da 


Note: 
Watch an animation of the chain rule. 


Note: 
Problem-Solving Strategy: Applying the Chain Rule 


1. To differentiate h (x) = f (g(«)), begin by identifying f(z) and g(x). 
2. Find f/(z) and evaluate it at g(x) to obtain f’ (g («)). 

3. Find g(x). 

4. Write h! (x) = f'(g(x)) - g/ (2). 


Note: When applying the chain rule to the composition of two or more functions, keep in mind that we work our 
way from the outside function in. It is also useful to remember that the derivative of the composition of two 
functions can be thought of as having two parts; the derivative of the composition of three functions has three 
parts; and so on. Also, remember that we never evaluate a derivative at a derivative. 


The Chain and Power Rules Combined 


We can now apply the chain rule to composite functions, but note that we often need to use it with other rules. For 
example, to find derivatives of functions of the form h (x) = (g(zx))”, we need to use the chain rule combined 
with the power rule. To do so, we can think of h (x) = (g(a))” as f (g(x)) where f (x) = x”. Then 

f'(«) = na”. Thus, f! (g(x)) = n(g(x))””’. This leads us to the derivative of a power function using the 
chain rule, 

Equation: 


h' (x) = n(g(2))"'g' (2) 


Note: 

Rule: Power Rule for Composition of Functions 

For all values of x for which the derivative is defined, if 
Equation: 


h(x) = (g(x))”. 
Then 
Equation: 


h' (x) = n(g(2))"'g'(z ). 


Example: 
Exercise: 


Problem: 
Using the Chain and Power Rules 


: an a 1 
Find the derivative of h (x) = Gen’ 
Solution: 

First, rewrite h (2) = eaTe = (3a? + 1) es 


Applying the power rule with g (a) = 3x? + 1, we have 
Equation: 


h! (x) = —2(3a? + 1) * (6a). 


Rewriting back to the original form gives us 
Equation: 


h! (x) = Se 
(3a? + 1)° 


Note: 
Exercise: 


Problem: Find the derivative of h (x) = (2x3 + 2a — We 
Solution: 


h! (x) = 4(203 + 22 — 1)° (6x? + 2) = 8 (3a? + 1) (223 + 22 — 1)” 
Hint 


Use [link] with g(x) = 227+ 2x —1 


Example: 
Exercise: 


Problem: 
Using the Chain and Power Rules with a Trigonometric Function 


Find the derivative of h (a) = sin?z. 


Solution: 

First recall that sin? = (sinx)*, so we can rewrite h (x) = sin°x as h(a) = (sinz)’. 
Applying the power rule with g (x) = sinz, we obtain 

Equation: 


h' (x) = 3(sina)’cosx = 3sin*«cosz. 


Example: 
Exercise: 


Problem: 
Finding the Equation of a Tangent Line 


> atx = 2. 


Find the equation of a line tangent to the graph of h (x) = tae 


Solution: 


Because we are finding an equation of a line, we need a point. The x-coordinate of the point is 2. To find the 
y-coordinate, substitute 2 into h(x). Since h (2) = ESL = 1, the point is (2, 1). 


For the slope, we need h'(2). To find h'(z), first we rewrite h (x) = (32 — 5) and apply the power rule 
to obtain 
Equation: 


h! (x) = —2(3a — 5)? (3) = —6(3a — 5)~?. 
By substituting, we have h' (2) = —6(3 (2) — 5) * = —6. Therefore, the line has equation 


y — 1= —6 (a — 2). Rewriting, the equation of the line is y = —6z + 13. 


Note: 
Exercise: 


Problem: Find the equation of the line tangent to the graph of f (x) = (x = Dy Ae = =, 


Solution: 
y = —48a — 88 
Hint 


Use the preceding example as a guide. 


Combining the Chain Rule with Other Rules 


Now that we can combine the chain rule and the power rule, we examine how to combine the chain rule with the 
other rules we have learned. In particular, we can use it with the formulas for the derivatives of trigonometric 
functions or with the product rule. 


Example: 
Exercise: 


Problem: 
Using the Chain Rule on a General Cosine Function 


Find the derivative of h (x) = cos (g(z)). 


Solution: 


Think of h (ax) = cos(g(x)) as f (g(x)) where f (x) = cosa. Since f’(x) = —sinz. we have 
f' (g(x)) = —sin (g (x)). Then we do the following calculation. 
Equation: 
hie) =f (eee (a) Apply the chain rule. 
= —sin (g(z))g‘ (x) Substitute f’(g(x)) = —sin (g(z)). 


Thus, the derivative of h (x) = cos (g(x)) is given by h' (x) = —sin (g(x))q' (a). 


In the following example we apply the rule that we have just derived. 


Example: 
Exercise: 


Problem: 
Using the Chain Rule on a Cosine Function 


Find the derivative of h (x) = cos (52’). 


Solution: 


Let g(x) = 5a. Then g' (x) = 102. Using the result from the previous example, 
Equation: 


h'(z) =—sin (52*) - 10x 
—10zxsin (52’). 


Example: 
Exercise: 


Problem: 
Using the Chain Rule on Another Trigonometric Function 


Find the derivative of h (x) = sec (4x° + 22). 


Solution: 


Apply the chain rule to h (x) = sec (g (x)) to obtain 
Equation: 


h' (x) = sec(g (x) tan (9 (2))g9' (2). 


In this problem, g(a) = 4a° + 2a, so we have g’ (x) = 20z* + 2. Therefore, we obtain 
Equation: 


h'(z) =sec (4a° + 2x) tan (42° + 2x) (2024 + 2) 
= (20a* + 2)sec (4x° + 2) tan (4a° + 22). 


Note: 
Exercise: 


Problem: Find the derivative of h (x) = sin(7x + 2). 


Solution: 


h' (x) = Tcos (7x + 2) 
Hint 


Apply the chain rule to h (x) = sing (2) first and then use g(x) = 7x + 2. 


At this point we provide a list of derivative formulas that may be obtained by applying the chain rule in 
conjunction with the formulas for derivatives of trigonometric functions. Their derivations are similar to those 
used in [link] and [link]. For convenience, formulas are also given in Leibniz’s notation, which some students find 
easier to remember. (We discuss the chain rule using Leibniz’s notation at the end of this section.) It is not 


absolutely necessary to memorize these as separate formulas as they are all applications of the chain rule to 
previously learned formulas. 


Note: 
Using the Chain Rule with Trigonometric Functions 
For all values of x for which the derivative is defined, 


Equation: 
4 (sin(g(z)) = cos (g(x))g(x) “ sinu = cosu## 
4 (cos(g(x)) = —sin (g (x)) g(x) 4 cosu = —sinu$ 
4 (tan(g(x)) = sec” (g (x)) g(a) # tanu = sec’u4* 
+ (cot(g(x)) = —esc? (g (x))gt(x) + cotu = —esc*u $4 
4 (sec(g(x)) = sec(g (x) tan (g (x))gt(z) secu =secutanu $+ 
£ (cse(g(x)) = —csc(g («))cot (g (x))g/(x) #escu — —escucotuS. 
Example: 
Exercise: 
Problem: 


Combining the Chain Rule with the Product Rule 
Find the derivative of h (a) = (2a + 1)°(3a — 2)’. 
Solution: 


First apply the product rule, then apply the chain rule to each term of the product. 


Equation: 
hia) (22 os 1)°) "(Gr =. at (3 — 2)") Ona) Apply the product rule. 
= 5(2r + 1)*-2- (3a — 2)’ + 7(3a — 2)°.3- (2a +1)° Apply the chain rule. 
= 10(2a + 1)*(3a — 2)" + 21(3a — 2)°(2" + 1)° Simplify. 
= (2x + 1)*(3a — 2)°(10 (3a — 2) + 21 (22 + 1)) Factor out (2a + 1)*(3a — 2)°. 


= (2x + 1)*(3a — 2)°(72a +1) Simplify. 


Note: 


Exercise: 
Problem: Find the derivative of h (x) = —*.,. 
(2x+3) 
Solution: 
! 3—4¢ 
hi(z) = (22+3)" 
Hint 


Start out by applying the quotient rule. Remember to use the chain rule to differentiate the denominator. 


Composites of Three or More Functions 


We can now combine the chain rule with other rules for differentiating functions, but when we are differentiating 
the composition of three or more functions, we need to apply the chain rule more than once. If we look at this 
situation in general terms, we can generate a formula, but we do not need to remember it, as we can simply apply 
the chain rule multiple times. 


In general terms, first we let 
Equation: 


k(x) = h(f(g(2))). 


Then, applying the chain rule once we obtain 
Equation: 


K (2) = (UF (9(@))) = AUF (9 (2) - $F ((9(2))). 


Applying the chain rule again, we obtain 
Equation: 


ki (x) = h' (f(g («))f' (9 (@))9 (2). 


Note: 

Rule: Chain Rule for a Composition of Three Functions 

For all values of x for which the function is differentiable, if 
Equation: 


k(x) =h(f(g9(2))), 


then 
Equation: 


k(x) = h'(f (9(x)))f' (9 (2)) 9" (2). 


In other words, we are applying the chain rule twice. 


Notice that the derivative of the composition of three functions has three parts. (Similarly, the derivative of the 
composition of four functions has four parts, and so on.) Also, remember, we can always work from the outside in, 


taking one derivative at a time. 


Example: 
Exercise: 


Problem: 
Differentiating a Composite of Three Functions 


Find the derivative of k(x) = cos* (7x? + 1). 


Solution: 


First, rewrite k (x) as 
Equation: 


k (a) = (cos (7a? + Ay) 
Then apply the chain rule several times. 
Equation: 


K(x) =A(cos (7a? +1))° (cos (7x? + 1)) 
= 4(cos (7x? + 1))° (—sin (7x? + 1)) (4(7z? + 1)) 
4 


dz 
= (cos (Cee + 1))? (—sin (Tae + 1)) (142) 
= —56zsin (7x? + 1)cos*(7x? + 1) 


Note: 
Exercise: 


Problem: Find the derivative of h (x) = sin®(z*). 


Solution: 
he (@) = 1827s’ (2 )icos (>) 


Hint 


Rewrite h (x) = sin®(x*) = (sin(x*))° and use [link] as a guide. 


Example: 
Exercise: 


Problem: 
Using the Chain Rule in a Velocity Problem 


Apply the chain rule. 
Apply the chain rule. 


Apply the chain rule. 
Simplify. 


A particle moves along a coordinate axis. Its position at time t is given by s (t) = sin (2t) + cos (3t). 
What is the velocity of the particle at time t = |? 


Solution: 


To find v(t), the velocity of the particle at time t, we must differentiate s (t). Thus, 
Equation: 


v(t) = s' (t) = 2cos (2t) — 3sin (3t). 


Substituting t = 4 into v(t), we obtain v (4) = —2. 


Note: 
Exercise: 


Problem: 


A particle moves along a coordinate axis. Its position at time t is given by s(t) = sin(4t). Find its 
acceleration at time t. 


Solution: 
a(t) = —16sin(4¢) 
Hint 


Acceleration is the second derivative of position. 


Proof 


At this point, we present a very informal proof of the chain rule. For simplicity’s sake we ignore certain issues: 
For example, we assume that g(a) # g(a) for zx # a in some open interval containing a. We begin by applying 
the limit definition of the derivative to the function h(z) to obtain h’(a): 

Equation: 


n! (a) = tim £(9(2)) = F(0(4) 


rL—-a 


Rewriting, we obtain 

Equation: 
Ma) = lim 29.) = Fg (a) _ 9 (2) — g(a) 
rs Ge) = a(@) a 


Although it is clear that 
Equation: 


im 92) — g(a) = g(a), 


ra L—a 


it is not obvious that 
Equation: 


To see that this is true, first recall that since g is differentiable at a, g is also continuous at a. Thus, 
Equation: 


limg (2) = g(a). 


Next, make the substitution y = g(a) and b = g(a) and use change of variables in the limit to obtain 
Equation: 


Pe CAD) at ACCS) er ee A ee 
en cet) TER goa POH F Ca) 

Finally, 

Equation: 
h' (a) = tim 10 Ms ACI) g(x) =aie) = f' (g(a))g' (a) 

g(x) — g(a) t—a 
Example: 
Exercise: 
Problem: 


Using the Chain Rule with Functional Values 
Leth (ei — ile eine 4 ¢ (i= 3 andy (4) 7, find hth): 
Solution: 


Use the chain rule, then substitute. 


Equation: 
h'(1) = f’(g(1))9' (2) Apply the chain rule. 
= 7 (A)-3 Substitute g (1) = 4 and g’(1) = 3. 
=7-3 Substitute f7(4) = 7. 
=21 Simplify. 
Note: 


Exercise: 


Problem: Given h(x) = f (g(x)). If g(2) = —3, g' (2) = 4, and f’ (—3) = 7, find h’ (2). 
Solution: 


28 
Hint 


Follow [link]. 


The Chain Rule Using Leibniz’s Notation 


As with other derivatives that we have seen, we can express the chain rule using Leibniz’s notation. This notation 
for the chain rule is used heavily in physics applications. 


For h(x) = f (g(a)), let u = g(x) andy = h(x) = g(u). Thus, 


Equation: 
h(a) = 4, #'(@(@)) = #'(u) = handy (2) = 
Consequently, 
Equation: 
# _n@)=f@te)/ = 2. & 
Note: 


Rule: Chain Rule Using Leibniz’s Notation 
If y is a function of w, and wu is a function of «, then 


Equation: 
dy dy du 
dx du dx’ 
Example: 
Exercise: 
Problem: 


Taking a Derivative Using Leibniz’s Notation, Example 1 
Find the derivative of y = (x55)’. 


Solution: 


x 
3a) ~ 


First, let w = Thus, y = u°. Next, find = and au Using the quotient rule, 
‘e du 


Equation: 


and 
Equation: 
dy 4 
— =5d5u. 
du y 
Finally, we put it all together. 
Equation: 
dy _ dy du Appl : 
Sate pply the chain rule. 
= ee TRE: Substitute oe = 5u‘ and oe = Gane. 
= A Z Substitute u = —*5 
3x+2 (3a-+2)? 32+2 ° 
4 . : 
= een Simplify. 


It is important to remember that, when using the Leibniz form of the chain rule, the final answer must be 
expressed entirely in terms of the original variable given in the problem. 


Example: 
Exercise: 


Problem: 
Taking a Derivative Using Leibniz’s Notation, Example 2 


Find the derivative of y = tan (4a? = aye sb 1). 
Solution: 


First, let u = 4a? — 3a + 1. Then y = tanu. Next, find aa and a 


Equation: 
d d 
= = 8x — 3and — = sec’u. 
Finally, we put it all together. 
Equation: 
a = a : ae Apply the chain rule. 
= secu - (8a — 3) Use 4 = 82 — 3 and 2 = sec*u. 


= sec*(4x” — 32 +1) - (82 — 3) Substitute u = 427 — 32 + 1. 


Note: 
Exercise: 


Problem: 


Use Leibniz’s notation to find the derivative of y = cos (a): Make sure that the final answer is expressed 
entirely in terms of the variable x. 


Solution: 
Wy — _39?sin (a3) 
dx 

Hint 

Let u = 2°. 

Key Concepts 


e The chain rule allows us to differentiate compositions of two or more functions. It states that for 
h(x) = f(g(@)), 


Equation: 


In Leibniz’s notation this rule takes the form 
Equation: 


dy _ dy du 


dx du dx’ 


e We can use the chain rule with other rules that we have learned, and we can derive formulas for some of 
them. 

e The chain rule combines with the power rule to form a new rule: 
Equation: 


If h (e) = (g(2))", then h' (2) = n(g(2))"*g' (a). 


e When applied to the composition of three functions, the chain rule can be expressed as follows: If 


h(x) = f(g(k(@))), then h! (x) = f'(g (k (x))g' (k(x) (2). 


Key Equations 


e The chain rule 
h'(x) = f'(g(z))¢ (x) 


¢ The power rule for functions 


h! (x) = n(g(2))"g (2) 


For the following exercises, given y = f(u) and u = g(a), find by using Leibniz’s notation for the chain 
ay du 


. ay 
rule: eS dig a 


Exercise: 


Problem: y = 3u — 6,u = 22” 


Exercise: 


Problem: y = 6u°,u = 7x — 4 

Solution: 

18u2-7 = 18(7a — 4)°-7 
Exercise: 

Problem: y = sinu, u = 52 — 1 
Exercise: 


Problem: y = cosu, u= = 


8 
Solution: 
: = 134 £ : Se \ al 
sinu: = = sin (=) 5 
Exercise: 


Problem: y = tanu, u = 9x + 2 


Exercise: 


Problem: y = \/4u + 3,u = x? — 62 


Solution: 


8x—24 = 4xr—12 
2V4u+3 V4e2—24243 


For each of the following exercises, 


a. decompose each function in the form y = f(u) and u = g(a), and 
b. find a as a function of z. 


Exercise: 


Problem: y = (32 — 2)° 
Exercise: 

Problem: y = (3a? oe Ly’ 

Solution: 


a.u = 3a? +1;b. 182 (32? + 1) 


Exercise: 


Problem: y = sin” (z) 


Exercise: 


‘8 
+ 
a|N 
— 

a 


Problem: y = ( 


Solution: 


at (ay SaaS 


Exercise: 


Problem: y = tan (sec z) 


Exercise: 


Problem: y = csc (7 + 1) 
Solution: 


a. f (u) = cscu,u = mz +1; b. —resc (wa + 1) - cot (wz + 1) 


Exercise: 


Problem: y = cota 


Exercise: 
Problem: y = —6sin °x 
Solution: 
a. f (u) = —6u-3, u = sing, b. 18sin “2 - cosx 


. , _ 4 d . 
For the following exercises, find 4¢ for each function. 
Exercise: 


Problem: y = (32° + 3% — 1)’ 


Exercise: 


Problem: y = (5 — 2a) 7 


Solution: 


(5—22)* 


Exercise: 


Problem: y = cos* (72) 


Exercise: 


Problem: y = (2x° — x? + 6x + 1)° 


Solution: 


6(22° =o + 62+ 1)’ (3a? —at+ 3) 


Exercise: 


1 
sin*(z) 


Problem: y = 


Exercise: 


Problem: y = (tana + sinx) ° 
Solution: 


—3(tanz + sina) “- (sec?a + cosz) 


Exercise: 


2 4 


Problem: y = x“cos*x 


Exercise: 


Problem: y = sin (cos7z) 


Solution: 
—Tcos (cos7x) -sin7x 


Exercise: 


Problem: y = /6 + secrra? 


Exercise: 


Problem: y = cot? (4x + 1) 


Solution: 


—12cot?(4a + 1) - csc?(4z + 1) 


Exercise: 


Problem: Let y = [f(x)]|* and suppose that f’ (1) = 4 and =o = 10 for x = 1. Find f (1). 


Exercise: 


Problem: Let y = (f (x) + 52”)* and suppose that f (—1) = —4 and ay = 3 when x = —1. Find f’(—1) 


Solution: 
3 
107 
Exercise: 


Problem: Let y = (f (u) + 3a) and u = 2° — 2. If f (4) = 6 and ae = 18 when z = 2, find f' (4). 


Exercise: 


Problem: 


[T] Find the equation of the tangent line to y= —sin ($) at the origin. Use a calculator to graph the 
function and the tangent line together. 


Solution: 


at 
y= QF 
Exercise: 


Problem: 


[T] Find the equation of the tangent line to y = (3a + Lyf at the point (1, 16). Use a calculator to graph the 
function and the tangent line together. 


Exercise: 


. . F : 8. e 
Problem: Find the z-coordinates at which the tangent line to y = (x — *) is horizontal. 


Solution: 


r=+V/6 


Exercise: 


Problem: 


ee 


[T] Find an equation of the line that is normal to g(@) = sin? (76) at the point (+, +). Use a calculator to 


graph the function and the normal line together. 


For the following exercises, use the information in the following table to find h’(a) at the given value for a. 


£ f(z) f(x) g(x) g(x) 

0 2 5 0 2 

1 1 =e, 3 0 

2 4 4 1 -1 

3 3 -3 2 3 
Exercise: 


Problem: h (x) = f (g(x));a =0 
Solution: 


10 


Exercise: 


Problem: h (x) = g(f (x));a =0 


Exercise: 


Problem: h (x) = (x* + g(z)) "3a = 


Solution: 


1 


8 


Exercise: 


Problem: h(x) = (4 Jia =3 


Exercise: 


Problem: h (x) = f (x + f(x));a=1 
Solution: 
—A4 

Exercise: 


Problem: h (x) = (1 + g(x))*;a = 2 


Exercise: 
Problem: h (x) = g (2+ f (z”));a=1 


Solution: 


—12 


Exercise: 


Problem: h (x) = f (g(sinz));a = 0 
Exercise: 
Problem: 


[T] The position function of a freight train is given by s (t) = 100(t + 1)~?, with s in meters and ¢ in 
seconds. At time t = 6s, find the train’s 


a. velocity and 
b. acceleration. 
c. Using a. and b. is the train speeding up or slowing down? 


Solution: 


200 600 2 eee + + + é 7 + 
a. — 337, m/s, b. a757 m/s", c. The train is slowing down since velocity and acceleration have opposite signs. 


Exercise: 


Problem: 


[T] A mass hanging from a vertical spring is in simple harmonic motion as given by the following position 
function, where t is measured in seconds and s is in inches: 


s(t) = —3cos (nt + 4). 
a. Determine the position of the spring att = 1.5. 


b. Find the velocity of the spring att = 1.5 s. 


Exercise: 


Problem: 


[T] The total cost to produce x boxes of Thin Mint Girl Scout cookies is C’' dollars, where 
C = 0.0001z* — 0.02”? + 3x + 300. In t weeks production is estimated to be = 1600 + 100¢ boxes. 


a. Find the marginal cost C’ (x). 

b. Use Leibniz’s notation for the chain rule 
cost is changing. 

c. Use b. to determine how fast costs are increasing when t = 2 weeks. Include units with the answer. 


dc _ dc d : 3 ' 
sa ae mie to find the rate with respect to time ¢ that the 


Solution: 


a. C' (x) = 0.00032? — 0.042 + 3b. 42 = 100 - (0.0003x? — 0.042 + 3) c. Approximately $90,300 per 
week 


Exercise: 
Problem: 


[T] The formula for the area of a circle is A = rr?, where r is the radius of the circle. Suppose a circle is 
expanding, meaning that both the area A and the radius r (in inches) are expanding. 


100 
(t+7)° 
which the area is expanding. 
b. Use a. to find the rate at which the area is expanding att = 4s. 


dA 
dr 


a. Suppose r = 2 — where ¢ is time in seconds. Use the chain rule — = . a to find the rate at 


Exercise: 


Problem: 


[T] The formula for the volume of a sphere is S = far’, where r (in feet) is the radius of the sphere. 
Suppose a spherical snowball is melting in the sun. 
dS | dr 


a od 4 dy is time in mi i dS _ dS. dr 
a. Suppose r = Gp iz Where ¢ is time in minutes. Use the chain rule = = 4-- | 


at which the snowball is melting. 
b. Use a. to find the rate at which the volume is changing at t = 1 min. 


to find the rate 


Solution: 
2 
a. a — —-8=_ pb. The volume is decreasing at a rate of —& ft?/min. 
(t+1) 36 


Exercise: 


Problem: 


[T] The daily temperature in degrees Fahrenheit of Phoenix in the summer can be modeled by the function 
T (x) = 94 — 10cos | 5 (x — 2)], where z is hours after midnight. Find the rate at which the temperature 
is changing at 4 p.m. 


Exercise: 
Problem: 
[T] The depth (in feet) of water at a dock changes with the rise and fall of tides. The depth is modeled by the 


function D (t) = 5sin (4 a a) + 8, where ¢ is the number of hours after midnight. Find the rate at 
which the depth is changing at 6 a.m. 


Solution: 


~2.3 ft/hr 


Glossary 


chain rule 
the chain rule defines the derivative of a composite function as the derivative of the outer function evaluated 
at the inner function times the derivative of the inner function 


Implicit Differentiation 


e Find the derivative of a complicated function by using implicit differentiation. 
e Use implicit differentiation to determine the equation of a tangent line. 


We have already studied how to find equations of tangent lines to functions and the rate of change of a function at 
a specific point. In all these cases we had the explicit equation for the function and differentiated these functions 
explicitly. Suppose instead that we want to determine the equation of a tangent line to an arbitrary curve or the rate 
of change of an arbitrary curve at a point. In this section, we solve these problems by finding the derivatives of 
functions that define y implicitly in terms of z. 


Implicit Differentiation 


In most discussions of math, if the dependent variable y is a function of the independent variable x, we express y 
in terms of z. If this is the case, we say that y is an explicit function of x. For example, when we write the 
equation y = «? + 1, we are defining y explicitly in terms of x. On the other hand, if the relationship between the 
function y and the variable x is expressed by an equation where y is not expressed entirely in terms of x, we say 
that the equation defines y implicitly in terms of x. For example, the equation y — x” = 1 defines the function 

y = x? + 1 implicitly. 


Implicit differentiation allows us to find slopes of tangents to curves that are clearly not functions (they fail the 
vertical line test). We are using the idea that portions of y are functions that satisfy the given equation, but that y is 
not actually a function of x. 


In general, an equation defines a function implicitly if the function satisfies that equation. An equation may define 
many different functions implicitly. For example, the functions 


25 — 27 if —5 0 
y = V25 —2? andy = v aT as , which are illustrated in [link], are just three of the many 
—V25 — 27if0 <a < 25 


functions defined implicitly by the equation x? + y* = 25. 


x? + y? = 25 


y 
5 


y = —\25 — x? _| 425—x* if -5<x<0 
—/25 — x? if O0< x <5 


The equation x? + y* = 25 defines many functions implicitly. 


If we want to find the slope of the line tangent to the graph of x” + y* = 25 at the point (3, 4), we could evaluate 
the derivative of the function y = 25 — x? at x = 3. On the other hand, if we want the slope of the tangent line 


at the point (3, —4), we could use the derivative of y = —/25 — x?. However, it is not always easy to solve for a 
function defined implicitly by an equation. Fortunately, the technique of implicit differentiation allows us to find 
the derivative of an implicitly defined function without ever solving for the function explicitly. The process of 


finding - using implicit differentiation is described in the following problem-solving strategy. 


Note: 

Problem-Solving Strategy: Implicit Differentiation 

To perform implicit differentiation on an equation that defines a function y implicitly in terms of a variable x, use 
the following steps: 


— 


whereas —--(sinx) = cosz, £ 
iL 


dx 


with respect to x. 


IS 


on the right. 


kW 


Example: 
Exercise: 


. Factor out ay on the left. 


Problem: 
Using Implicit Differentiation 


Take the derivative of both sides of the equation. Keep in mind that y is a function of x. Consequently, 
é dy j é ; a 
(siny) = cosy>~ because we must use the chain rule to differentiate sin y 


: : Denen ad nd 
Rewrite the equation so that all terms containing oe are on the left and all terms that do not contain e are 


. Solve for = by dividing both sides of the equation by an appropriate algebraic expression. 


Assuming that y is defined implicitly by the equation x? + y* = 25, find fe , 


Solution: 


Follow the steps in the problem-solving strategy. 
Equation: 


Analysis 


ae (2 +9) 


ae (25) 


0 


Step 1. Differentiate both sides of the equation. 

Step 1.1. Use the sum rule on the left. 

On the right 4 (25) = 0. 

Step 1.2. Take the derivatives, so (@2) — 20 
d 

and 4 (y?) = 2y. 

Step 2. Keep the terms with ce on the left. 

Move the remaining terms to the right. 


Step 4. Divide both sides of the equation by 
2y. (Step 3 does not apply in this case.) 


Note that the resulting expression for a is in terms of both the independent variable x and the dependent 


dy 


variable y. Although in some cases it may be possible to express —=> in terms of z only, it is generally not possible 


to do so. 


Example: 
Exercise: 


Problem: 
Using Implicit Differentiation and the Product Rule 


dx 


Assuming that y is defined implicitly by the equation x?siny + y = 4x + 3, find a 


Solution: 
Equation: 


d 2 " 
£(esinyt+y) = £(42 +3) 
d : d 
ane (x*sin y) + ao) 4 
: : 
= (x°) -siny + 4 (siny) ; 2) am a 4 
327siny (cosy ay ) ee dy Zi 
x*cosy 2 a 4 — 32’siny 
“o (x%cosy ab 1) 4 — 3e°siny 
dy 4—32’siny 
dx xcosy+1 
Example: 
Exercise: 
Problem: 


Using Implicit Differentiation to Find a Second Derivative 


Find £2 ifa? + y? = 25. 


Step 1: Differentiate both sides of the equi 
Step 1.1: Apply the sum rule on the left. 
On the right, 4 (42 + 3) = 4. 

Step 1.2: Use the product rule to find 


 (xsiny). Observe that # (y) = wv, 


d dz 
Step 1.3: We know 4 (x*) = 327. Use the 
chain rule to obtain (sin y) = cosy. 


Step 2: Keep all terms containing sa on th 


left. Move all other terms to the right. 


Step 3: Factor out a on the left. 


a 
es dy os 9s ri 
Step 4: Solve for =~ by dividing both sides 
the equation by x*cosy + 1. 


Solution: 
In [link], we showed that a = — oe We can take the derivative of both sides of this equation to find a 
Equation: 
— = aa (- 2) Differentiate both sides of ay =—— ae 
(1 mr) : cays) 2 
=— P Use the quotient rule to find om (- 2) : 
ype hh 

= — “ Simplify. 

= eid Substitute = a 

= =e Simplify. 


2, 
At this point we have found an expression for fy. If we choose, we can simplify the expression further by 
s : ; Dh ones eed? 
recalling that 2” + y? = 25 and making this substitution in the numerator to obtain > = — ae 


Note: 
Exercise: 


Problem: Find v for y defined implicitly by the equation 42° + tany = y? + 5a. 


Solution: 

dy _ _5-20a 

dz ~ sec2y—2y 
Hint 


Follow the problem solving strategy, remembering to apply the chain rule to differentiate tan and y’. 


Finding Tangent Lines Implicitly 


Now that we have seen the technique of implicit differentiation, we can apply it to the problem of finding 
equations of tangent lines to curves described by equations. 


Example: 
Exercise: 


Problem: 
Finding a Tangent Line to a Circle 


Find the equation of the line tangent to the curve x” + y” = 25 at the point (3, —4). 


Solution: 


Although we could find this equation without using implicit differentiation, using that method makes it much 


. 4 d 
easier. In [link], we found 5% = = 


The slope of the tangent line is found by substituting (3, —4) into this expression. Consequently, the slope of 


sa ic FY 3 3 
the tangent line is 37 am, SS 


Using the point (3, —4) and the slope 4 in the point-slope equation of the line, we obtain the equation 
y= ta — % ([link)). 

y 

6 


x2 + y? = 25 


The line 1 = 22 — 25 ic tangent ta 22 + 12% = 25 at 


per eer ee eS, Ars Pe Vita sera > Nariacr ns iaorat aa es feet od iccrhct 


the point (3, —4). 


Example: 
Exercise: 


Problem: 
Finding the Equation of the Tangent Line to a Curve 


Find the equation of the line tangent to the graph of y? + x? — 3xy = 0 at the point (3, 3) ((link]). This 
curve is known as the folium (or leaf) of Descartes. 


y? + x8 — 3xy =0 


Finding the tangent line to the folium of Descartes at 


ao 
A) Bo 
Solution: 
Begin by finding — 
Equation: 
d (,3 3 d 
ae (yi +2" —32y) = g(0) 
ay st +327 (3y+ 232) = 0 
dy 3y- 3a? 
dr ——- By*—-3a * 
. 3 8 5 dy __ 3y—32? 9 eee 
Next, substitute (5 ; >) into 7, = 37-30 t0 find the slope of the tangent line: 


Equation: 


Finally, substitute into the point-slope equation of the line to obtain 
Equation: 


OS a 4b 8h 


Example: 
Exercise: 


Problem: 
Applying Implicit Differentiation 


In a simple video game, a rocket travels in an elliptical orbit whose path is described by the equation 
Ax? + 25y” = 100. The rocket can fire missiles along lines tangent to its path. The object of the game is to 
destroy an incoming asteroid traveling along the positive x-axis toward (0, 0). If the rocket fires a missile 


when it is located at (35 =) where will it intersect the x-axis? 


Solution: 
To solve this problem, we must determine where the line tangent to the graph of 
Ax? + 25y? = 100 at Bs 9) intersects the x-axis. Begin by finding implicitly. 


Differentiating, we have 
Equation: 


8a + 50y 2Y. =0. 
dx 


: d 
Solving for 4%, we have 
CL 


Equation: 
dy  =—s_ 4x 
dz —-25y 
F b, Gh) Se sneS : . . eee. 5 
The slope of the tangent line is 7— | (3,8) = 40° The equation of the tangent line is y = —7> 4+ >. To 
determine where the line intersects the x-axis, solve 0 = —j 2 sa 3. The solution is = 2. The missile 


intersects the x-axis at the point (2, 0). 


Note: 
Exercise: 


Problem: Find the equation of the line tangent to the hyperbola x? — y* = 16 at the point (G33). 


Solution: 


3 3 
Hint 

a @ 
dey 

Key Concepts 


e We use implicit differentiation to find derivatives of implicitly defined functions (functions defined by 
equations). 
e By using implicit differentiation, we can find the equation of a tangent line to the graph of a curve. 


For the following exercises, use implicit differentiation to find ay 
Exercise: 


Problem: x” — y” = 4 


Exercise: 


Problem: 62? + 3y? = 12 
Solution: 


dy 2x 


dz y 


Exercise: 


Problem: x7y = y — 7 


Exercise: 


Problem: 3z° + 9xy? = 5z° 


Solution: 


Exercise: 


Problem: xy — cos (xy) = 1 
Exercise: 

Problem: yz + 4= ry+ 8 

Solution: 

dy _ Ree 

de ~ Ja+4—« 


Exercise: 


Problem: —ry — 2 = = 


Exercise: 


Problem: ysin (xy) = y” + 2 


Solution: 

dy _ y’cos (xy) 

dz ~ 2y—sin(xy)—zrycosxy 
Exercise: 


Problem: (xy)” + 3a = y° 


Exercise: 


Problem: x°y + zy*® = —8 


Solution: 
dy _ —32°y-y8 
dx #34 3axy? 


For the following exercises, find the equation of the tangent line to the graph of the given equation at the indicated 
point. Use a calculator or computer software to graph the function and the tangent line. 
Exercise: 


Problem: [T] z*y — xy? = —2, (—1, —1) 


Exercise: 


Problem: [T] z7y” + 5zy = 14, (2, 1) 


Solution: 


y= sa4+2 


Exercise: 


Problem: [T] tan (xy) = y, (4, 1) 


Exercise: 


Problem: [T] zy” + sin (zy) — 2x? = 10, (2, —3) 


Solution: 
y 
Re ot 
+ _— 
-5 0 5x 
OOS 18° o> peste 
fv 
—5 
ae 3n+38 
Y= 2 ~ aH 
Exercise: 


Problem: [T] = + 52 — 7 = 7y, (1,2) 


Exercise: 
Problem: [T] zy + sin (x) = 1, Ce 0) 


Solution: 


y=0 
Exercise: 
Problem: 


[T] The graph of a folium of Descartes with equation 2x* + 2y? — 9xy = 0 is given in the following graph. 


a. Find the equation of the tangent line at the point (2, 1). Graph the tangent line along with the folium. 
b. Find the equation of the normal line to the tangent line in a. at the point (2, 1). 


Exercise: 


Problem: For the equation x” + 2ry — 3y” = 0, 

a. Find the equation of the normal to the tangent line at the point (1, 1). 

b. At what other point does the normal line in a. intersect the graph of the equation? 
Solution: 
a.y = —x2 + 2b. (3, —1) 


Exercise: 


Problem: Find all points on the graph of y? — 27y = x” — 90 at which the tangent line is vertical. 
Exercise: 
Problem: For the equation 2? + zy + y* = 7, 


a. Find the z-intercept(s). 
b. Find the slope of the tangent line(s) at the x-intercept(s). 
c. What does the value(s) in b. indicate about the tangent line(s)? 


Solution: 


a. (+v7, 0) b. —2 c. They are parallel since the slope is the same at both intercepts. 
Exercise: 


Problem: 


Find the equation of the tangent line to the graph of the equation sin ‘a + sin ‘y = § at the point (0, >). 


Exercise: 
Problem: 


Find the equation of the tangent line to the graph of the equation tan ! (e+y)= a 7 at the point (0,1). 


Solution: 


y= sel 


Exercise: 


Problem: Find 7/ and y// for x? + 6xy — 2y* = 3. 
Exercise: 


Problem: 


[T] The number of cell phones produced when z dollars is spent on labor and y dollars is spent on capital 
invested by a manufacturer can be modeled by the equation 60a3/ 4yl/ 4 — 3240. 


a. Find ay. and evaluate at the point (81, 16). 
b. Interpret the result of a. 


Solution: 


a. —0.5926 b. When $81 is spent on labor and $16 is spent on capital, the amount spent on capital is 
decreasing by $0.5926 per $1 spent on labor. 


Exercise: 


Problem: 


[T] The number of cars produced when z dollars is spent on labor and y dollars is spent on capital invested by 
a manufacturer can be modeled by the equation 30a'/ 3yP/ 3 — 360. 


(Both x and y are measured in thousands of dollars.) 


a. Find ay and evaluate at the point (27, 8). 
b. Interpret the result of a. 


Exercise: 


Problem: 


The volume of a right circular cone of radius x and height y is given by V = ara7y, Suppose that the 


volume of the cone is 857cm*. Find a when z = 4andy = 16. 
Solution: 


—8 


For the following exercises, consider a closed rectangular box with a square base with side x and height y. 
Exercise: 


Problem: Find an equation for the surface area of the rectangular box, S (2, y). 


Exercise: 


Problem: If the surface area of the rectangular box is 78 square feet, find ay when xz = 3 feet and y = 5 feet. 


Solution: 


—2.67 


For the following exercises, use implicit differentiation to determine y’. Does the answer agree with the formulas 
we have previously determined? 
Exercise: 


Problem: zx = siny 


Exercise: 


Problem: x = cosy 


Solution: 


y== 


Exercise: 


Problem: x = tany 


Glossary 


implicit differentiation 
is a technique for computing w for a function defined by an equation, accomplished by differentiating both 


sides of the equation (remembering to treat the variable y as a function) and solving for aw 


Derivatives of Trigonometric Functions 


e Find the derivatives of the sine and cosine function. 
e Find the derivatives of the standard trigonometric functions. 
¢ Calculate the higher-order derivatives of the sine and cosine. 


One of the most important types of motion in physics is simple harmonic motion, which is associated with such 
systems as an object with mass oscillating on a spring. Simple harmonic motion can be described by using either 
sine or cosine functions. In this section we expand our knowledge of derivative formulas to include derivatives of 
these and other trigonometric functions. We begin with the derivatives of the sine and cosine functions and then 
use them to obtain formulas for the derivatives of the remaining four trigonometric functions. Being able to 
calculate the derivatives of the sine and cosine functions will enable us to find the velocity and acceleration of 
simple harmonic motion. 


Derivatives of the Sine and Cosine Functions 


We begin our exploration of the derivative for the sine function by using the formula to make a reasonable guess at 
its derivative. Recall that for a function f(x), 


Equation: 
h) — 
(0) <Yim Leth) =F) 
h—-0 h 
Consequently, for values of h very close to 0, f’ (a) = Seth) fe) We see that by using h = 0.01, 
Equation: 
tai sin (x + 0.01) — sing 

de nt 0.01 

By setting D(x) = Silat) Oi) sine and using a graphing utility, we can get a graph of an approximation to the 


derivative of sin x ({(link]). 


sin(x + 0.01) — sinx 
0.01 


D(x) = 


The graph of the function D (x) looks a lot like 
a cosine curve. 


Upon inspection, the graph of D(a) appears to be very close to the graph of the cosine function. Indeed, we will 
show that 
Equation: 


— (si = cosa. 
7a (sin) cos & 


If we were to follow the same steps to approximate the derivative of the cosine function, we would find that 
Equation: 


—(coszxz) = —sinx. 
ag (08*) 


Note: 

The Derivatives of sin x and cos x 

The derivative of the sine function is the cosine and the derivative of the cosine function is the negative sine. 
Equation: 


as (sinz) = cosz 


dx 
Equation: 
d : 
—(cosz) = —sinz 
dz 
Proof 
Because the proofs for 4 (sina) = cosa and (cosx) = —sinz use similar techniques, we provide only the 
Fa dz 


proof for 4 (sin x) = cosa. Before beginning, recall two important trigonometric limits we learned in 
Introduction to Limits: 


Equation: 
inh h-1 
lim ee land fa =0. 
h-0 h-0 
The graphs of y = en) and y = {cosh} are shown in [link]. 


(b) 


These graphs show two important limits needed to establish the derivative formulas for the 
sine and cosine functions. 


We also recall the following trigonometric identity for the sine of the sum of two angles: 
Equation: 


sin (« + h) = sinzcosh + coszsinh. 


Now that we have gathered all the necessary equations and identities, we proceed with the proof. 
Equation: 


“sing = lim Soe Apply the definition of the derivative. 

— lim sntteh ccossinh —sing Use trig identity for the sine of the sum of two angles 
> 
. i h-si inh 

a lim (SB zeoe! sing cos sim ) Regroup. 

= lim (sinx (2) + cosxz (2 )) Factor out sing and cosa. 

=sinz-0+cosz-1 Apply trig limit formulas. 

= cosz Simplify. 


[link] shows the relationship between the graph of f (x) = sin and its derivative f’(x) = cosz. Notice that at 
the points where f (x) = sinz has a horizontal tangent, its derivative f’ (a) = cosa takes on the value zero. We 
also see that where f (x) = sina is increasing, f’(2) = cosa > 0 and where f (x) = sinz is decreasing, 

f (2) =—cose < 0, 


RS 


¢ 


f(x) = cosx f 


f(x) = sinx 


Where f(a) has a maximum or a minimum, f(x) = 0 
that is, f(x) = 0 where f(a) has a horizontal tangent. 
These points are noted with dots on the graphs. 


Example: 
Exercise: 


Problem: 
Differentiating a Function Containing sin x 


Find the derivative of f (x) = 5a°sinz. 
Solution: 


Using the product rule, we have 
Equation: 


f(z) = #£ (52°) -sine + 4(sinz) - 52° 
= 15a?- sing + cosa - 5x, 
After simplifying, we obtain 
Equation: 


f' (w) = 152?sin a + 52°cosz. 


Note: 
Exercise: 


Problem: Find the derivative of f (x) = sinxcosz. 


Solution: 


f' (x) = cos’a — sina 


Hint 


Don’t forget to use the product rule. 


Example: 
Exercise: 


Problem: 
Finding the Derivative of a Function Containing cos x 


cosa 
(Ni © 


Find the derivative of g(x) = 


Solution: 


By applying the quotient rule, we have 


Equation: 
; (—sinx)4x? — 8x(cosz) 
g (xz) = 5 
(42°) 
Simplifying, we obtain 
Equation: 
_— —42°sinz-8 
g (x) = 05 Sten LCOS XL 
_ —xsinx—2cosz 
a 4x3 
Note: 
Exercise: 
Problem: Find the derivative of f (x) = =... 
Solution: 
cosx+x sin x 
cos@x 
Hint 


Use the quotient rule. 


Example: 
Exercise: 


Problem: 
An Application to Velocity 


A particle moves along a coordinate axis in such a way that its position at time t is given by 
s(t) = 2sint — t for 0 < t < 2m. At what times is the particle at rest? 


Solution: 


To determine when the particle is at rest, set s’ (¢) = u(t) = 0. Begin by finding s’ (t). We obtain 
Equation: 


s' (t) = 2cost — 1, 


so we must solve 
Equation: 


2cost —1=Ofor0 < t < 2rn. 


ATs 


The solutions to this equation are t = 3 


and t = %. Thus the particle is at rest at timest = = andt = . 
3 P 3 3 


Note: 
Exercise: 


Problem: 


A particle moves along a coordinate axis. Its position at time t is given by s (t) = /3t + 2cost for 
0 <t < 27. At what times is the particle at rest? 


Solution: 
= #6 BE 
t= 3 b= 3 
Hint 


Use the previous example as a guide. 


Derivatives of Other Trigonometric Functions 


Since the remaining four trigonometric functions may be expressed as quotients involving sine, cosine, or both, we 
can use the quotient rule to find formulas for their derivatives. 


Example: 
Exercise: 


Problem: 
The Derivative of the Tangent Function 


Find the derivative of f (x) = tanz. 
Solution: 


Start by expressing tanz as the quotient of sinz and cosz : 
Equation: 


sinz 


file) — tan — : 
cos z 


Now apply the quotient rule to obtain 


Equation: 
; cosxzcosa — (—sinz)sinx 
f («) = 2 
(cos x) 
Simplifying, we obtain 
Equation: 
2 +2 
cos*x + sin*x 
Gere 


cos?z 


Recognizing that cos? + sin?x = 1, by the Pythagorean theorem, we now have 


Equation: 
1 
Uy 
a= : 
tS) cos2x 
Finally, use the identity sece = —— to obtain 
Equation: 
f' (x) = sec? 
Note: 
Exercise: 


Problem: Find the derivative of f (x) = cota. 


Solution: 
f' (x) = —csc*x 
Hint 
Rewrite cot z as <== and use the quotient rule. 


The derivatives of the remaining trigonometric functions may be obtained by using similar techniques. We provide 
these formulas in the following theorem. 


Note: 
Derivatives of tanz, cot x, sec x, and cscx 
The derivatives of the remaining trigonometric functions are as follows: 


Equation: 


= (tana) = sec? 


Equation: 


—(cotx) = —csc*zx 
dz 
Equation: 
* (secx) = sect 
—(secxz) = secrtanz 
dz 
Equation: 
a (csex) = —cscacotx. 
x 
Example: 
Exercise: 
Problem: 


Finding the Equation of a Tangent Line 
Find the equation of a line tangent to the graph of f (x) = cotx atz = >. 


Solution: 


To find the equation of the tangent line, we need a point and a slope at that point. To find the point, compute 
Equation: 


Thus the tangent line passes through the point (4, 1 Next, find the slope by finding the derivative of 
f (x) = cota and evaluating it at 7: 
Equation: 


ee —ese’x and f’ (7) = esc” (7) nD 


Using the point-slope equation of the line, we obtain 
Equation: 


or equivalently, 
Equation: 


Example: 
Exercise: 


Problem: 
Finding the Derivative of Trigonometric Functions 


Find the derivative of f (~) = cscx + xtanz. 
Solution: 


To find this derivative, we must use both the sum rule and the product rule. Using the sum rule, we find 
Equation: 


gaa) 


(cscx) 4 (xtanz). 
dx x 


In the first term, 4 (cscx) = —cscxcot x, and by applying the product rule to the second term we obtain 
Equation: 


d 
Gq (ttane) = (1)(tanz) + (sec?) (x). 
Therefore, we have 
Equation: 


f' (x) = —cscacotx + tana + asec’. 


Note: 
Exercise: 


Problem: Find the derivative of f (x) = 2tanaz — 3cotz. 


Solution: 


f' (x) = 2sec?a + 3csc7x 


Hint 


Use the rule for differentiating a constant multiple and the rule for differentiating a difference of two functions. 


Note: 
Exercise: 


Problem: Find the slope of the line tangent to the graph of f (x) = tanz at x = ae 


Solution: 


oop 


Hint 


Evaluate the derivative at x = a 


Higher-Order Derivatives 


The higher-order derivatives of sinz and cosa follow a repeating pattern. By following the pattern, we can find 
any higher-order derivative of sinz and cosa. 


Example: 
Exercise: 


Problem: 
Finding Higher-Order Derivatives of y = sinz 


Find the first four derivatives of y = sinz. 
Solution: 


Each step in the chain is straightforward: 


Equation: 
y = sing 
ay = cosz 
ey = —sing 
eu = -—cosz 
aE = sing. 
Analysis 


Once we recognize the pattern of derivatives, we can find any higher-order derivative by determining the step in 
the pattern to which it corresponds. For example, every fourth derivative of sin x equals sin x, so 
Equation: 


(sina) =  (sinz) = , (sinz) =.= 4 (sinz) =sinz 
2 : : ! : 
(sin z) =  (sinz) = <£,,(sinz) ee =~ (sinz) = cosa. 


Note: 
Exercise: 


ao 
Problem: For y = cosz, find t. 


Solution: 


COS x 


Hint 


See the previous example. 


Example: 
Exercise: 


Problem: 
Using the Pattern for Higher-Order Derivatives of y = sinz 


Find as (sinz). 


Solution: 


We can see right away that for the 74th derivative of sinz, 74 = 4(18) + 2, so 
Equation: 


d™ q?2+2 d2 


at (sinz) = Fee = qn) = -sing. 


Note: 
Exercise: 


qd? 


Problem: For y = sina, find +3 


(sing). 
Solution: 


—coszx 
Hint 


41443 
dxtl4+3 


@? 
dx®9 


(sinz) = (sin z) 


Example: 
Exercise: 


Problem: 
An Application to Acceleration 


A particle moves along a coordinate axis in such a way that its position at time ¢ is given by 
s(t) = 2 —sint. Find v (7/4) and a (7/4). Compare these values and decide whether the particle is 


speeding up or slowing down. 


Solution: 


First find v (t) = s’ (t): 
Equation: 


Thus, 
Equation: 


Next, find a (t) = v’(t). Thus, a(t) = vu’ (¢) = sint and we have 


Equation: 
G7 
a(l=) = 
eI, 
Since v (z) == aa <Oanda (4) = A > 0, we see that velocity and acceleration are acting in opposite 


directions; that is, the object is being accelerated in the direction opposite to the direction in which it is 
travelling. Consequently, the particle is slowing down. 


Note: 
Exercise: 


Problem: 


A block attached to a spring is moving vertically. Its position at time ¢ is given by s (¢) = 2sint. Find 
a) and a (&) . Compare these values and decide whether the block is speeding up or slowing down. 


Solution: 


v Sy =—7/3 < Oanda Ss) = —1 < 0. The block is speeding up. 
Hint 


Use [link] as a guide. 


Key Concepts 


e We can find the derivatives of sin x and cos x by using the definition of derivative and the limit formulas 
found earlier. The results are 


Equation: 


sinz = cosx cosx = —sinz. 
dx dx 


e With these two formulas, we can determine the derivatives of all six basic trigonometric functions. 


Key Equations 


¢ Derivative of sine function 
d_(g _ 
qq (sinx) = cosa 
¢ Derivative of cosine function 
d _ . 
Gq (cosz) = —sina 
¢ Derivative of tangent function 
d rr 
Gp (tanz) = sec*x 
¢ Derivative of cotangent function 
d _ 2 
qq (cotx) = —csc*x 
¢ Derivative of secant function 


-(secx) = secrtanz 


e Derivative of cosecant function 
d = 
Gq (cscx) = —cscacota 


‘ : _ 4 di ' ‘ 
For the following exercises, find = for the given functions. 
Exercise: 


Problem: y = a” — secx + 1 


Solution: 


d 
7 = 2x —secxatanz 
i 


Exercise: 


Problem: y = 3csca + > 


Exercise: 


Problem: y = x’cot x 


Solution: 
4 = 2xecotz — x2csc2z 


Exercise: 


Problem: y = x — x°sinz 


Exercise: 


Problem: y = 


x 


Solution: 

dy _ xsecxtanx—secx 

de x 
Exercise: 


Problem: y = sinztanz 


Exercise: 


Problem: y = (a + cosz) (1 — sinz) 


Solution: 

ow = (1 —sinz) (1 — sinz) — cosz (x + cosz) 
Exercise: 

Problem: y = =“22— 
Exercise: 


Problem: y = 7° 


Solution: 


dy _ _ 2csc?x 
dx (1+cot2)” 
Exercise: 


Problem: y = cosx (1+ cscz) 
For the following exercises, find the equation of the tangent line to each of the given functions at the indicated 
values of x. Then use a calculator to graph both the function and the tangent line to ensure the equation for the 


tangent line is correct. 
Exercise: 


Problem: [T] f (x) = —sinz,x = 0 


Solution: 


Exercise: 


Problem: [T] f (x) = cscz, x = > 
Exercise: 


. = _ 3 
Problem: [T] f (x) = 1+ cosz,x% = =} 


Solution: 


_ 2—37 
a ie Nig i 


Exercise: 


Problem: [T] f (x) = secz, x = 7 


Exercise: 
Problem: [T] f (x) = x? — tanz, z =0 
Solution: 


y=—2 


Exercise: 


Problem: [T] f (x) = 5cotz, « = F 


2. 
For the following exercises, find — for the given functions. 
Exercise: 


Problem: y = zsinz — cosx 
Solution: 


3cosx — xsinz 


Exercise: 


Problem: y = sinxzcosz 


Exercise: 


Problem: y = x — 5 sine 


Solution: 


12s 
5) sin zv 


Exercise: 


Problem: y = + + tana 


x 


Exercise: 


Problem: y = 2cscz 
Solution: 


2cscx (csc7a -- cot”z) 


Exercise: 


2 


Problem: y = sec“x 


Exercise: 


Problem: Find all x values on the graph of f (x) = —3sinxcosz where the tangent line is horizontal. 


Solution: 


(2n+1)7 5 : 
—T—, where nis an integer 


Exercise: 


Problem: 


Find all x values on the graph of f (x) = x — 2cosx for 0 < x < 2m where the tangent line has slope 2. 
Exercise: 
Problem: 


Let f (x) = cota. Determine the points on the graph of f for 0 < x < 2m where the tangent line(s) is (are) 
parallel to the line y = —2a. 


Solution: 


T 3a 
(7,1), (4-1) 
Exercise: 
Problem: 
[T] A mass on a spring bounces up and down in simple harmonic motion, modeled by the function 


s(t) = —6cost where s is measured in inches and t is measured in seconds. Find the rate at which the spring 
is oscillating att = 5s. 


Exercise: 
Problem: 
Let the position of a swinging pendulum in simple harmonic motion be given by s (t) = acost + bsint 


where a and 6 are constants, ¢ measures time in seconds, and s measures position in centimeters. If the 
position is 0 cm and the velocity is 3 cm/s when t = 0, find the values of a and b. 


Solution: 


a=0,b=3 
Exercise: 


Problem: 


After a diver jumps off a diving board, the edge of the board oscillates with position given by s(t) = —5cost 
cm at t seconds after the jump. 


a. Sketch one period of the position function for t > 0. 

b. Find the velocity function. 

c. Sketch one period of the velocity function for t > 0. 

d. Determine the times when the velocity is 0 over one period. 
e. Find the acceleration function. 

f. Sketch one period of the acceleration function for t > 0. 


Exercise: 
Problem: 
The number of hamburgers sold at a fast-food restaurant in Pasadena, California, is given by y = 10 + 5sinz 
where y is the number of hamburgers sold and x represents the number of hours after the restaurant opened at 


11 a.m. until 11 p.m., when the store closes. Find y/ and determine the intervals where the number of burgers 
being sold is increasing. 


Solution: 


y' = 5cos (a), increasing on (0, =), (2%, =), and (4, 12) 
Exercise: 


Problem: 


[T] The amount of rainfall per month in Phoenix, Arizona, can be approximated by y(t) = 0.5 + 0.3cost, 
where ¢ is months since January. Find y’ and use a calculator to determine the intervals where the amount of 
rain falling is decreasing. 


For the following exercises, use the quotient rule to derive the given equations. 


Exercise: 
Problem: “(cot x) = —csc?« 
° dx 
Exercise: 


Problem: ~ (secx) = secrtanz 


Exercise: 


a 


Problem: 7~(cscxz) = —cscxcotx 
iL 


Exercise: 


Problem: Use the definition of derivative and the identity 


2 a bag d ; 
cos (« +h) = cosxcosh — sinzsinh to prove that — = -sing. 


For the following exercises, find the requested higher-order derivative for the given functions. 
Exercise: 


Problem: —* of y = 3cosz 


Solution: 


3sinz 


Exercise: 


Problem: <*> of y = 3sinz + «cosa 


Exercise: 


Problem: — of y = 5cosz 


Solution: 


5cosx 


Exercise: 


Problem: —> of y = secx + cotz 


Exercise: 


Problem: * of y = x!° — seca 


Solution: 


720x’ — 5tan (x)sec* (x) — tan* (x) sec (x) 


Derivatives of Inverse Functions 


¢ Calculate the derivative of an inverse function. 
e Recognize the derivatives of the standard inverse trigonometric functions. 


In this section we explore the relationship between the derivative of a function 
and the derivative of its inverse. For functions whose derivatives we already 
know, we can use this relationship to find derivatives of inverses without having 
to use the limit definition of the derivative. In particular, we will apply the 
formula for derivatives of inverse functions to trigonometric functions. This 
formula may also be used to extend the power rule to rational exponents. 


The Derivative of an Inverse Function 


We begin by considering a function and its inverse. If f(a) is both invertible 
and differentiable, it seems reasonable that the inverse of f(z) is also 
differentiable. [link] shows the relationship between a function f(a) and its 
inverse f~1 (zx). Look at the point (a, f~1(a)) on the graph of f(a) having a 
tangent line with a slope of ( bi =a (a). = re This point corresponds to a point 
(f— (a), a) on the graph of f(x) having a tangent line with a slope of 

f' (f-*(a)) = +. Thus, if f~“(z) is differentiable at a, then it must be the 
case that 

Equation: 


y f(x) Slope = f'(f-"(a)) = : 


(f*(a), a) 


f*(x) 


(a, f *(a)) 
0 x 


The tangent lines of a function and its inverse are 
related; so, too, are the derivatives of these functions. 


We may also derive the formula for the derivative of the inverse by first 
recalling that z = f (f~!(z)). Then by differentiating both sides of this 


equation (using the chain rule on the right), we obtain 
Equation: 


1 =f! (f7(e)) (FY @)). 


Solving for (f~)! (x), we obtain 
Equation: 


We summarize this result in the following theorem. 


Note: 

Inverse Function Theorem 

Let f(x) be a function that is both invertible and differentiable. Let 

y = f—' (a) be the inverse of f(x). For all x satisfying f’ (f~'(z)) 4 0, 
Equation: 


te ae) OVW VE) area: 
Alternatively, if y = g (2) is the inverse of f (x), then 
Equation: 
1 
g(x) = 
f'(9(z)) 
Example: 
Exercise: 
Problem: 


Applying the Inverse Function Theorem 

Use the inverse function theorem to find the derivative of g(x) = =*. 
Compare the resulting derivative to that obtained by differentiating the 
function directly. 


Solution: 
The inverse of g(x) = 2 is f () = —-. Since g/ (x) = Fe) 
begin by finding f’ (x). Thus, 
Equation: 
2 —2 


_9 is 
’ (x) = ———~ and f' (g(x)) = —————_. = ———— = 
F'(2) = ——* ands (o(2) : 


Finally, 


Equation: 


We can verify that this is the correct derivative by applying the quotient 
rule to g (x) to obtain 


Equation: 
u 
/ 
xz) = -—. 
g (x) 2 
Note: 
Exercise: 
Problem: 


1 


Use the inverse function theorem to find the derivative of g(x) = 5- 


Compare the result obtained by differentiating g (x) directly. 


Solution: 


Hint 


Use the preceding example as a guide. 


Example: 
Exercise: 


Problem: 
Applying the Inverse Function Theorem 


Use the inverse function theorem to find the derivative of g (x) = </z. 


Solution: 


The function g (a) = ¥/z is the inverse of the function f (x) = x*. Since 


g(2)= Fletay’ begin by finding f’ (x). Thus, 


Equation: 


f' (z) = 3a° and f' (g(z)) = 3(*/z) = 3842/3 


Finally, 
Equation: 
g (2) = — = <2" 
322/33 
Note: 
Exercise: 
Problem: 


Find the derivative of g(x) = \/zx by applying the inverse function 
theorem. 


Solution: 
g(x) = 52% 
Hint 


g (x) is the inverse of f (x) = x°. 


From the previous example, we see that we can use the inverse function 
theorem to extend the power rule to exponents of the form =, where 7 is a 


positive integer. This extension will ultimately allow us to differentiate x’, 
where q is any rational number. 


Note: 

Extending the Power Rule to Rational Exponents 

The power rule may be extended to rational exponents. That is, if n is a 
positive integer, then 

Equation: 


d (21/") 2 Een 


dx n 


Also, if n is a positive integer and ™ is an arbitrary integer, then 
Equation: 


- (a) = 7 gtmin-t 


Proof 


The function g (a) = x!/” is the inverse of the function f (a) = x”. Since 


g({z)= Flay” begin by finding f’ (x). Thus, 
Equation: 
f' (z) = nz" and f' (g(z)) = n(ar) — nglr-l)/n 
Finally, 
Equation: 
Hee 1 — 1 a-njn — 1 a/n)-1 


To differentiate 2”/” we must rewrite it as (al/ a and apply the chain rule. 


Thus, 
Equation: 


Eon) = (oy) =mfeiny "ations = Batons 


Example: 
Exercise: 


Problem: 
Applying the Power Rule to a Rational Power 
Find the equation of the line tangent to the graph of y = «2/3 at x = 8. 


Solution: 


First find a and evaluate it at x = 8. Since 
Equation: 


the slope of the tangent line to the graph at x = 8 is +. 


Substituting x = 8 into the original function, we obtain y = 4. Thus, the 
tangent line passes through the point (8, 4). Substituting into the point- 
slope formula for a line, we obtain the tangent line 

Equation: 


1,4 
=—2+—. 
Cee 


Note: 
Exercise: 


Problem: Find the derivative of s (t) = V2t +1. 


Solution: 


Use the chain rule. 


Derivatives of Inverse Trigonometric Functions 


We now turn our attention to finding derivatives of inverse trigonometric 
functions. These derivatives will prove invaluable in the study of integration 
later in this text. The derivatives of inverse trigonometric functions are quite 
surprising in that their derivatives are actually algebraic functions. Previously, 
derivatives of algebraic functions have proven to be algebraic functions and 
derivatives of trigonometric functions have been shown to be trigonometric 
functions. Here, for the first time, we see that the derivative of a function need 
not be of the same type as the original function. 


Example: 
Exercise: 


Problem: 
Derivative of the Inverse Sine Function 


Use the inverse function theorem to find the derivative of g(x) = sin~'z. 


Solution: 


Since for a in the interval |—4, 4], f (z) = sinz is the inverse of 


g(x) = sin~'z, begin by finding f’(x). Since 


Equation: 


f' (x) = cosa and f' (g(z)) = cos (sin“'z) = V1 — 2?, 


we see that 
Equation: 
il 1 
! oI 
g (x) = —(sin‘a) = = , 
( ) f'(g(@))  Vi-2 
Analysis 


To see that cos (sin *z) =vV1-— x”, consider the following argument. Set 
sin ‘ax = @. In this case, sin@ = x where == US Ss WE lei 
considering the case where 0 < 0 < 7. Since @ is an acute angle, we may 
construct a right triangle having acute angle 0, a hypotenuse of length 1 and the 
side opposite angle 0 having length x. From the Pythagorean theorem, the side 
adjacent to angle @ has length V1 — x?. This triangle is shown in [link]. Using 
the triangle, we see that cos (sin~'z) = cose = v | — 22. 


(1 — x? 


Using a right triangle having acute 
angle 0, a hypotenuse of length 1, 
and the side opposite angle 0 
having length x, we can see that 


cos (sin“'z) = cosO = V1 — 2’. 


In the case where — > < @ < 0, we make the observation that 0 < —@ < > 
and hence 


Equation: 
cos (sin~'z) = cos@ = cos (—8) = V1 — 2?. 
Now if = $ or? = —+,a =1orz = —1, and since in either case 
cos@ = 0 and V1 — x? = 0, we have 
Equation: 


cos (sin“'z) = Cos — VJ1 — g?, 


Consequently, in all cases, cos (sin *z) = V1 — 22. 


Example: 
Exercise: 


Problem: 
Applying the Chain Rule to the Inverse Sine Function 


Apply the chain rule to the formula derived in [link] to find the derivative 
of h(x) = sin~ (g(x)) and use this result to find the derivative of 
[| (Ge)) = Shey (ra), 


Solution: 


Applying the chain rule to h (x) = sin~' (g(z)), we have 
Equation: 


h (2) = > '(a). 
1 - (9(@))? 


Now let g(x) = 22°, so g’ (x) = 62”. Substituting into the previous 
result, we obtain 


Equation: 
! _ 1 : 2 
OO) rere 
= 6x? 
V1—428 * 
Note: 
Exercise: 
Problem: 


Use the inverse function theorem to find the derivative of 
g(x) = tan ‘2. 


Solution: 


Hint 


The inverse of g(x) is f (x) = tanz. Use [link] as a guide. 


The derivatives of the remaining inverse trigonometric functions may also be 
found by using the inverse function theorem. These formulas are provided in the 
following theorem. 


Note: 
Derivatives of Inverse Trigonometric Functions 
Equation: 


Equation: 


Equation: 


Equation: 


Equation: 


Equation: 


Example: 
Exercise: 


Problem: 


d ae 1 
—— tale fs = 5 
ue 1+ (a) 
—cot “x2 = 5 
es 1+ (2) 

1 
sec lg = 


Applying Differentiation Formulas to an Inverse Tangent Function 


Find the derivative of f (x) = tan”! (27). 


Solution: 


Let g(x) = x”, so g' (x) = 2z. Substituting into [link], we obtain 
Equation: 


1 
fi(z)= 3° (22) 
1+ (a 
Simplifying, we have 
Equation: 
2g 
/ — 

Example: 
Exercise: 

Problem: 


Applying Differentiation Formulas to an Inverse Sine Function 


Find the derivative of h (x) = x*sin~'z. 


Solution: 


By applying the product rule, we have 
Equation: 


1 
h! (x) = 2asin-'z + —— . 2’. 


V1 — 2x? 


Note: 
Exercise: 


Problem: Find the derivative of h (x) = cos~! (3x — 1). 


Solution: 


Hint 


Use [link]. with g(x) = 3a — 1 


Example: 
Exercise: 


Problem: 
Applying the Inverse Tangent Function 


The position of a particle at time t is given by s (t) = tan™’ (+) for 
t2 >: Find the velocity of the particle at time ¢ = 1. 


Solution: 


Begin by differentiating s (t) in order to find v (t). Thus, 
Equation: 


1 —1 
v(t) = s'(t) = ———— - —.. 
1\2 2 
ip(e) « 
Simplifying, we have 
Equation: 
1 


Thus, v (1) = — 


rl 


Note: 
Exercise: 


Problem: 


Find the equation of the line tangent to the graph of f (x) = sin~+z at 
ci 


Solution: 
yar 
Hint 


f' (0) is the slope of the tangent line. 


Key Concepts 


e The inverse function theorem allows us to compute derivatives of inverse 
functions without using the limit definition of the derivative. 

e We can use the inverse function theorem to develop differentiation 
formulas for the inverse trigonometric functions. 


Key Equations 


e Inverse function theorem 
ey: (2) = F-Ney whenever f’ (f~' (x)) #0 and f(z) is 
differentiable. 


¢ Power rule with rational exponents 
d (a) — m,(m/n)-1, 
n 


‘dz 
e Derivative of inverse sine function 


dx 1-(2)? 


e Derivative of inverse cosine function 


d —-1,, = 
dz ©OS i 


i 


i 
(«)’ 
¢ Derivative of inverse tangent function 


“ tan le — 
= 1+(z) 
¢ Derivative of inverse cotangent function 
d < | 
—cot “2 = 
da 1+(2)? 
e Derivative of inverse secant function 
sec7 lg = —_L___ 
Z 2 
|a|4/ (z)°—1 
e Derivative of inverse cosecant function 
_ =i 
— csc la = : 
|x| 4/ (z)°-1 


For the following exercises, use the graph of y = f (x) to 


a. sketch the graph of y = f~' (x), and 
b. use part a. to estimate (f~!)' (1). 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


b. (f-4)'(1)-2 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


b. (f-4)'(1)- — 1/3 


For the following exercises, use the functions y = f (x) to find 


a. af at 2 = a and 
b.x = f-"(y). 


c. Then use part b. to find a at y = f (a). 
Exercise: 


Problem: f (x) = 6x — 1,2 = —2 


Exercise: 
Problem: f (xz) = 27? — 3,4 = 1 
Solution: 


1/3 
a.6,b.2 =f !(y) = (=) ,C. 7 


Exercise: 


Problem: f (x) =9 —27,0<2<3,x=2 


Exercise: 
Problem: f (xz) = sinz, z = 0 


Solution: 


a.1,b.2 = f 'y) =sin ‘y,c. 1 


For each of the following functions, find (f me (a). 


Exercise: 


Problem: f (x) = x?+ 34+ 2,4 >-3,a=2 


Exercise: 


Problem: f (x) = 2° + 2x + 3,a=0 


Solution: 
a 
5 


Exercise: 


Problem: f(z) = 2+ /z,a=2 


Exercise: 
Problem: f (x) = x — 22 Dia 


Solution: 


1 


3 
Exercise: 


Problem: f(z) =z +sinz,a =0 
Exercise: 
Problem: f (x) = tanz + 3z7,a = 0 


Solution: 


1 


For each of the given functions y = f (x), 
a. find the slope of the tangent line to its inverse function f~! at the indicated 
point P, and 
b. find the equation of the tangent line to the graph of f~? at the indicated 
point. 


Exercise: 


Problem: f (x) = =4z, P (2,1) 


Exercise: 


Problem: f (x) = Vx — 4, P (2,8) 
Solution: 


a. 4, b. y = 4a 


Exercise: 


Problem: f (x) = (x? + 1)*, P (16, 1) 


Exercise: 
Problem: f (x) = —z* — x + 2, P(—8, 2) 


Solution: 


oh. Jes el 18 
a. — 9g b. y= —qgt + 73 


Exercise: 
Problem: f (xz) = x° + 32° — 4x — 8, P(—8, 1) 


For the following exercises, find cs for the given function. 
Exercise: 


Problem: y = sin‘ (”) 


Solution: 


22 


Vi-a 


Exercise: 


Problem: y = cos! (\/z) 


Exercise: 
Problem: 1 = sec ! (+) 


Solution: 
= 
VJ1—22 


Exercise: 


Problem: y = Vcsc-!zx 


Exercise: 


Problem: y = (1 6 tan !a)° 


Solution: 


3(1+tan~!2)? 
1+a2? 


Exercise: 


Problem: y = cos! (22) - sin * (22) 
Exercise: 
peek: 1 
Problem: y = tan"(ay 
Solution: 
eS 
(1+2?) (tan-lx)” 


Exercise: 


Problem: y = sec‘ (—2) 


Exercise: 
Problem: y = cot 1/4 — x? 
Solution: 
ee 
(5—a?) /4—a? 
Exercise: 


Problem: y = x - csc ‘a 


For the following exercises, use the given values to find (f =a) (a). 
Exercise: 


Problem: f (7) = 0, f(z) = —1,a=0 


Solution: 


-1 
Exercise: 
Problem: f (6) = 2, f’(6) = 4,a=2 


Exercise: 
Problem: f (+) = —8, f/(4) =2,a = —8 


Solution: 
alk 
2 


Exercise: 


Problem: f (v3) = 5, f1(v3) =2,a=4 


Exercise: 
Problem: f (1) = —3, f/(1) = 10,a = —3 


Solution: 


1 
10 


Exercise: 

Problem: f (1) = 0, f/(1) = —2,a=0 
Exercise: 

Problem: 


[T] The position of a moving hockey puck after t seconds is 
s (t) = tan~'t where s is in meters. 


a. Find the velocity of the hockey puck at any time f. 
b. Find the acceleration of the puck at any time ¢. 
c. Evaluate a. and b. for t = 2, 4, and 6 seconds. 


d. What conclusion can be drawn from the results in c.? 


Solution: 
a. u(t) = pip b. a(t) = aa C. 
(a)0.2, 0.06, 0.03; (b) — 0.16, —0.028, —0.0088 d. The hockey puck is 
decelerating/slowing down at 2, 4, and 6 seconds. 
Exercise: 


Problem: 


[T] A building that is 225 feet tall casts a shadow of various lengths x as 
the day goes by. An angle of elevation @ is formed by lines from the top 
and bottom of the building to the tip of the shadow, as seen in the 
following figure. Find the rate of change of the angle of elevation — when 
x = 272 feet. 


225 ft 


OOO0Oo0oo0ooo0 


O 
O 
O 
O 
O 
O 
O 
O 
O 


Foooooooo0no 
bloooooooogo 


Exercise: 


Problem: 


[T] A pole stands 75 feet tall. An angle 0 is formed when wires of various 
lengths of x feet are attached from the ground to the top of the pole, as 
shown in the following figure. Find the rate of change of the angle oa 


when a wire of length 90 feet is attached. 


75 ft x 


Solution: 


—0Q.0168 radians per foot 
Exercise: 


Problem: 


[T] A television camera at ground level is 2000 feet away from the 
launching pad of a space rocket that is set to take off vertically, as seen in 
the following figure. The angle of elevation of the camera can be found by 
6 =tan! (san) where z is the height of the rocket. Find the rate of 
change of the angle of elevation after launch when the camera and the 


rocket are 5000 feet apart. 


Exercise: 


Problem: 


[T] A local movie theater with a 30-foot-high screen that is 10 feet above a 
person’s eye level when seated has a viewing angle 6 (in radians) given by 


_ -12 _ —1 4 
6=cot 7 — cot "75; 


where z is the distance in feet away from the movie screen that the person 
is sitting, as shown in the following figure. 


30 


10 


a. Find oo 

b. Evaluate “@ for x = 5, 10, 15, and 20. 
c. Interpret the results in b.. 

d. Evaluate @ for x = 25, 30,35, and 40 


e. Interpret the results in d. At what distance x should the person stand 
to maximize his or her viewing angle? 


Solution: 
ae 10. is. 0. 2. 
age = Taaat eng? D. 355 gag Gag, 0 c. As a person moves 


farther away from the screen, the viewing angle is increasing, which 
implies that as he or she moves farther away, his or her screen vision is 


54. 3 198 
12905’ 500” — 29945 — i360 ©: AS the person moves 


beyond 20 feet from the screen, the viewing angle is decreasing. The 


optimal distance the person should stand for maximizing the viewing angle 
is 20 feet. 


widening. d. — 


Derivatives of Exponential and Logarithmic Functions 


e Find the derivative of exponential functions. 
e Find the derivative of logarithmic functions. 
e Use logarithmic differentiation to determine the derivative of a function. 


So far, we have learned how to differentiate a variety of functions, including trigonometric, inverse, and implicit 
functions. In this section, we explore derivatives of exponential and logarithmic functions. As we discussed in 
Introduction to Functions and Graphs, exponential functions play an important role in modeling population growth 
and the decay of radioactive materials. Logarithmic functions can help rescale large quantities and are particularly 
helpful for rewriting complicated expressions. 


Derivative of the Exponential Function 


Just as when we found the derivatives of other functions, we can find the derivatives of exponential and 
logarithmic functions using formulas. As we develop these formulas, we need to make certain basic assumptions. 
The proofs that these assumptions hold are beyond the scope of this course. 


First of all, we begin with the assumption that the function B (x) = b*, b > 0, is defined for every real number 
and is continuous. In previous courses, the values of exponential functions for all rational numbers were defined— 
beginning with the definition of b”, where n is a positive integer—as the product of b multiplied by itself n times. 


Later, we defined b° = 1,b-" = $ for a positive integer n, and ps/t — (Wb)s for positive integers s and ¢t. These 
definitions leave open the question of the value of b” where r is an arbitrary real number. By assuming the 
continuity of B (x) = b”,b > 0, we may interpret b” as limb* where the values of x as we take the limit are 

«r>r 


rational. For example, we may view 4” as the number satisfying 
Equation: 


43 <4™< 44 43.1 <4Tc< 43.2, 43.14 <4 Ael8 
43.141 <4 < 43.142 43.1415 <47< 43.1416 fo 


As we see in the following table, 4" ~ 77.88. 


x 4° x 4* 

48 64 a 77.8802710486 
Ae 73.5166947198 a 77.8810268071 
a 77.7084726013 gene 77.9242251944 
Aots 77.8162741237 A 78.7932424541 
a 77.8702309526 Ane 84.4485062895 
ee 77.8799471543 44 256 


Approximating a Value of 4” 


We also assume that for B (x) = 6”, b > 0, the value B’ (0) of the derivative exists. In this section, we show that 
by making this one additional assumption, it is possible to prove that the function B (z) is differentiable 
everywhere. 


We make one final assumption: that there is a unique value of b > 0 for which B’ (0) = 1. We define e to be this 
unique value, as we did in Introduction to Functions and Graphs. [link] provides graphs of the functions 

y = 27, y = 3", y = 2.7", and y = 2.8”. A visual estimate of the slopes of the tangent lines to these functions at 0 
provides evidence that the value of e lies somewhere between 2.7 and 2.8. The function E' (a) = e” is called the 
natural exponential function. Its inverse, L (x) = log,z = Inz is called the natural logarithmic function. 


y 3* 2.9% 
1.8 2.7% 
1.6 
2x 
1.4 
1:2 
1.0 
0.8 
0.6 
-0.6 -0.4 —0.2 0 0.2 0.4 0.6* 


The graph of E(x) = e* is between y = 2” and y = 3°. 


For a better estimate of e, we may construct a table of estimates of B’ (0) for functions of the form B (a) = b?. 
Before doing this, recall that 


Equation: 
b* — B° b* — 1 b* —1 
B' (0) = lim = lim me 
z30 zg —0O z30 ¢ xz 
for values of x very close to zero. For our estimates, we choose z = 0.00001 and z = —0.00001 to obtain the 
estimate 


Equation: 


p—9-00001 _ 4 po-00001 _ 4 


oe BQ ee ee 
—0.00001 Ws 0.00001 
See the following table. 
b ODOT < B'(0)< rg b STOOL < B'(0)< T0000 
2 0.693145 < B'(0) < 0.69315 2.7183 1.000002 < B'(0) < 1.000012 
2.7 0.993247 < B'(0) < 0.993257 2.719 1.000259 < B'(0) < 1.000269 
2.71 0.996944 < B'(0) < 0.996954 2.72 1.000627 < B'(0) < 1.000637 
2.718 0.999891 < B’ (0) < 0.999901 2.8 1.029614 < B’ (0) < 1.029625 
2.7182 0.999965 < B'(0) < 0.999975 3 1.098606 < B'(0) < 1.098618 


Estimating a Value of e 
The evidence from the table suggests that 2.7182 < e < 2.7183. 


The graph of E (a) = e” together with the line y = x + 1 are shown in [link]. This line is tangent to the graph of 
E(2) =e ata = 0. 


—1.0 —0.5 0 0.5 1.0% 


The tangent line to F (x) = e” at x = 0 has slope 1. 


Now that we have laid out our basic assumptions, we begin our investigation by exploring the derivative of 
B(a) = b*,b > 0. Recall that we have assumed that B’ (0) exists. By applying the limit definition to the 
derivative we conclude that 

Equation: 


Turning to B’ (x), we obtain the following. 


Equation: 
B(r) = lim ee Apply the limit definition of the derivative. 
= tim Note that b?+* = b70". 
— lim ee). Factor out b*. 
a b'lim vet Apply a property of limits. 
= b°B' (0) Use B’ (0) = lim we lim La 


We see that on the basis of the assumption that B (x) = 6” is differentiable at 0, B (a) is not only differentiable 
everywhere, but its derivative is 
Equation: 


B (x) = b*B’ (0). 


For E (x) = e*, E'(0) = 1. Thus, we have E’ (x) = e®. (The value of B’ (0) for an arbitrary function of the form 
B(a) = b’,b > 0, will be derived later.) 


Note: 

Derivative of the Natural Exponential Function 

Let E(x) = e” be the natural exponential function. Then 
Equation: 


Ea) =e". 


In general, 
Equation: 


a (8) = eHg/ (2), 


Example: 
Exercise: 


Problem: 
Derivative of an Exponential Function 


Find the derivative of f (xz) = e'@n(2*), 


Solution: 


Using the derivative formula and the chain rule, 
Equation: 


fi(e) = el) + (tan (22) 


= e'2?2)sec? (2x) - 2. 


Example: 
Exercise: 


Problem: 
Combining Differentiation Rules 


x2 
Find the derivative of y= —. 


Solution: 
Use the derivative of the natural exponential function, the quotient rule, and the chain rule. 


Equation: 


YS ee Apply the quotient rule. 


= 2 Simplify. 


Note: 
Exercise: 


Problem: Find the derivative of h (x) = xe?*. 


Solution: 
Bigeye" + 2re* 
Hint 


Don’t forget to use the product rule. 


Example: 
Exercise: 


Problem: 
Applying the Natural Exponential Function 


A colony of mosquitoes has an initial population of 1000. After ¢ days, the population is given by 
A(t) = 1000e°*. Show that the ratio of the rate of change of the population, A’ (t), to the population, A (t) 
is constant. 


Solution: 


First find A’ (¢). By using the chain rule, we have A’ (t) = 300e°**. Thus, the ratio of the rate of change of 
the population to the population is given by 
Equation: 


300°: 3t 
/ ca = 
ls 1000¢%3! oe 


The ratio of the rate of change of the population to the population is the constant 0.3. 


Note: 
Exercise: 


Problem: 


If A (t) = 1000e°** describes the mosquito population after t days, as in the preceding example, what is the 
rate of change of A (t) after 4 days? 


Solution: 


996 
Hint 


Find A’ (4). 


Derivative of the Logarithmic Function 


Now that we have the derivative of the natural exponential function, we can use implicit differentiation to find the 
derivative of its inverse, the natural logarithmic function. 


Note: 

The Derivative of the Natural Logarithmic Function 

If z > O and y = Ing, then 

Equation: 
ae 
de x 

More generally, let g (a) be a differentiable function. For all values of « for which g’ (a) > 0, the derivative of 

h(x) = In (g(2)) is given by 

Equation: 


Proof 


If ¢ > Oand y = Ing, then e¥ = zx. Differentiating both sides of this equation results in the equation 
Equation: 


yi 


e 1. 
dx 


Solving for ua yields 


Equation: 


dy 1 
dx ev 
Finally, we substitute z = e¥ to obtain 
Equation: 
dy 1 
dx «x. 


We may also derive this result by applying the inverse function theorem, as follows. Since y = g(x) = Inz is the 
inverse of f (2) = e*, by applying the inverse function theorem we have 
Equation: 

dy 1 a 

dx fi(g(x)) me 


Using this result and applying the chain rule to h (x) = In (g(za)) yields 
Equation: 


+ are shown in [link]. 


The function y = Inz is increasing on (0, +00). Its 
derivative y/= 4 is greater than zero on (0, +00). 


Example: 
Exercise: 


Problem: 
Taking a Derivative of a Natural Logarithm 


Find the derivative of f (x) = In (a* + 3a — 4). 


Solution: 


Use [link] directly. 


Equation: 
A eS - (327 + 3) Use g(x) = 23+ 32 —4inh! (2) = a5) g (2). 
= “yt “ Rewrite. 


Example: 
Exercise: 


Problem: 
Using Properties of Logarithms in a Derivative 


Find the derivative of f (x) = In ( sing ) 


Solution: 


At first glance, taking this derivative appears rather complicated. However, by using the properties of 
logarithms prior to finding the derivative, we can make the problem much simpler. 


Equation: 
fie —) in (se ) = 2Inz + In (sinz) — In (2a 4+ 1) Apply properties of logarithms. 
fi(z) = ++cot2- 35 Apply sum rule and h’ (x) = az) Glee 
Note: 
Exercise: 


Problem: Differentiate: f (x) = In(3a + 2)”. 


Solution: 


Hint 


Use a property of logarithms to simplify before taking the derivative. 


Now that we can differentiate the natural logarithmic function, we can use this result to find the derivatives of 
y = logyx and y = b* forb > 0,0 1. 


Note: 
Derivatives of General Exponential and Logarithmic Functions 
Let b > 0,6 ¥ 1, and let g (a) be a differentiable function. 


i. If, y = log,z, then 
Equation: 
dy 1 
dx xlnb’ 


More generally, if h (x) = log, (g (x)), then for all values of x for which g(x) > 0, 


Equation: 
U 
g(x)lnb 
ii. If y = 6”, then 
Equation: 
d 
<Y _ pnb. 
dz 


More generally, if h (2) = 69(*), then 
Equation: 


Proof 


Ing 


If y = log,«, then bY = z. It follows that In (b”) = In a. Thus y1ln b = In z. Solving for y, we have y = 777. 
Differentiating and keeping in mind that In} is a constant, we see that 


Equation: 
dy 1 
dz zind- 


The derivative in [link] now follows from the chain rule. 


If y = b*, then In y = xlInb. Using implicit differentiation, again keeping in mind that In b is constant, it follows 
that 7 oe = Inb. Solving for a and substituting y = b”, we see that 
Equation: 

dy 


— = ylnb = b*lnb. 
dz yln n 


The more general derivative ((link]) follows from the chain rule. 


Example: 
Exercise: 


Problem: 
Applying Derivative Formulas 


Find the derivative of h(x) = 335. 


Solution: 


Use the quotient rule and [link]. 


Equation: 
Wi = asa Apply the quotient rule. 
_ 2:3%In3 taal 
ay Simplify. 
Example: 
Exercise: 
Problem: 


Finding the Slope of a Tangent Line 
Find the slope of the line tangent to the graph of y = log, (3a + 1) atx = 1. 
Solution: 


To find the slope, we must evaluate = at = 1. Using [link], we see that 
Equation: 


dy 3 


dx (32+1)In2° 


By evaluating the derivative at x = 1, we see that the tangent line has slope 
Equation: 


dy) __3 3 


dx|,-.  4mn2 Inl6™ 


Note: 
Exercise: 


Problem: Find the slope for the line tangent to y = 3” at z = 2. 


Solution: 


91n (3) 
Hint 


Evaluate the derivative at x = 2. 


Logarithmic Differentiation 


At this point, we can take derivatives of functions of the form y = (g(zx))” for certain values of n, as well as 


functions of the form y = b9(), where b > 0 and b # 1. Unfortunately, we still do not know the derivatives of 
functions such as y = x* or y = «”. These functions require a technique called logarithmic differentiation, 


which allows us to differentiate any function of the form h (x) = g(a)! (7). Tt can also be used to convert a very 


complex differentiation problem into a simpler one, such as finding the derivative of y = ev2at * We outline this 


technique in the following problem-solving strategy. 


Note: 
Problem-Solving Strategy: Using Logarithmic Differentiation 


1. To differentiate y = h (x) using logarithmic differentiation, take the natural logarithm of both sides of the 
equation to obtain In y = In (h(z)). 
2. Use properties of logarithms to expand In (h (x)) as much as possible. 


1 dy 
G Gls? 


3. Differentiate both sides of the equation. On the left we will have 


4. Multiply both sides of the equation by y to solve for wy 
5. Replace y by h (x). 


Example: 
Exercise: 


Problem: 
Using Logarithmic Differentiation 


tanz 


Find the derivative of y = (22+ of 1) 


Solution: 


Use logarithmic differentiation to find this derivative. 


Equation: 
Iny = In(22* + Eee Step 1. Take the natural logarithm o 
Iny = tanzln (2a + 1) Step 2. Expand using properties of 1c 
Step 3. Differentiate both sides. Use 
ik Coe 4 823 
ade = «sec’xin (Pe sa) ab eee inte product rule on the right. 
es = y: (sects In (2a. + 1) + a5 : tana) Step 4. Multiply by yon both sides. 
ay = (22+ + ee (sec’e In (Dae P 1) sr SS -tanz) Step 5. Substitute y = (22+ oF Blea. 


Example: 


Exercise: 


Problem: 
Using Logarithmic Differentiation 


av 2a+1 
etsin’x ~ 


Find the derivative of y = 


Solution: 


This problem really makes use of the properties of logarithms and the differentiation rules given in this 
chapter. 


Equation: 
Iny = In ae : Step 1. Take the natural logarithm of both side 
Iny = Inz+ + In (22 + 1) —alne — 3lnsinz Step 2. Expand using properties of logarithms. 
: “s = ; Hi eo rae Step 3. Differentiate both sides. 
a = 7 (4 4 $T —1—-—3cot x) Step 4. Multiply by y on both sides. 
dy _  wV@mt1(1 , 1 : _— 2v2x+1 
zo ae (2 rogue be Scot x) Step 5. Substitute y = ate : 
Example: 
Exercise: 
Problem: 
Extending the Power Rule 
Find the derivative of y = x” where r is an arbitrary real number. 
Solution: 
The process is the same as in [link], though with fewer complications. 
Equation: 
Iny = Ina” Step 1. Take the natural logarithm of both sides. 
Iny = rlnz Step 2. Expand using properties of logarithms. 
= a = ro Step 3. Differentiate both sides. 
fu = ¥> Step 4. Multiply by yon both sides. 
au = 22 Step 5. Substitute y = 2”. 
fu = ra} Simplify. 
Note: 
Exercise: 


Problem: Use logarithmic differentiation to find the derivative of y = x”. 


Solution: 


= =o eine) 


Hint 


Follow the problem solving strategy. 


Note: 
Exercise: 


Problem: Find the derivative of y = (tanz)”. 


Solution: 


y = n(tana)” ‘sec2x 


Hint 


Use the result from [link]. 


Key Concepts 


¢ On the basis of the assumption that the exponential function y = b”, b > 0 is continuous everywhere and 
differentiable at 0, this function is differentiable everywhere and there is a formula for its derivative. 

e We can use a formula to find the derivative of y = Inz, and the relationship log,z = pie allows us to extend 
our differentiation formulas to include logarithms with arbitrary bases. 

¢ Logarithmic differentiation allows us to differentiate functions of the form y = g(x)! ) or very complex 
functions by taking the natural logarithm of both sides and exploiting the properties of logarithms before 
differentiating. 


Key Equations 


¢ Derivative of the natural exponential function 
aa (e9(2)) — eI)! (x) 
¢ Derivative of the natural logarithmic function 
d 1 
#£(ing(#)) = 29 (x) 
¢ Derivative of the general exponential function 
¢ Derivative of the general logarithmic function 


£ (logig (x)) = 


For the following exercises, find f’ (x) for each function. 
Exercise: 


Problem: f (x) = xe” 
Solution: 


Qre* + xe% 


Exercise: 


Problem: f (x) = — 


x 


Exercise: 


Problem: f (x) =e? ™* 
Solution: 
et ine (307lnz + 2) 


Exercise: 


Problem: f (x) = Ve2* + 2x 


Exercise: 
Problem: f (x) = <=; 


Solution: 


4 
(e?+e-*)” 


Exercise: 


Problem: f (x) = man 


Exercise: 


Problem: f (x) = 2*° + 4x? 
Solution: 


Q4e+2 .1n2 + 8a 


Exercise: 


Problem: f (x) = 3°"** 


Exercise: 
Problem: f (x) = x” - 7” 


Solution: 


mae". gt + a™- ln 


Exercise: 


Problem: f (x) = In (4x? + 2) 


Exercise: 


Problem: f (x) = InV/5x —7 


Solution: 


5 
2(5x—7) 


Exercise: 


Problem: f(z) = x7In9z 


Exercise: 


Problem: f (x) = log (secz) 


Solution: 


tanz 
In10 


Exercise: 


Problem: f (x) = log;(6x* + 3)° 


Exercise: 
Problem: f (x) = 2” - log,7” 4 
Solution: 


x 24 a 2aln7 


For the following exercises, use logarithmic differentiation to find fe 
Exercise: 


Problem: y = av® 


Exercise: 


Problem: y = (sin2a)** 


Solution: 


(sin22)** [4 - In (sin2x) + 82 - cot 22] 


Exercise: 


Ing 


Problem: y = (Inz) 


Exercise: 


Problem: y = «'°%* 


Solution: 


log,x | 2lnzr 
at aln2 


Exercise: 


Problem: y = (a? — 0 ta 


Exercise: 


cotzx 


Problem: y = x 


Solution: 
qgote [-csc*ax -Ing+ cote | 
Exercise: 
Problem: y = ws 
2 


Exercise: 


Problem: y = x '/?(x? + 3) 3 (39 sly 


Solution: 
-1/2/,.2 2/3 be [et i Aa 8 
x / (x + 3) (3a 4) 7 E T 3(a?+3) T | 
Exercise: 
Problem: [T] Find an equation of the tangent line to the graph of f (x) = Aze(=’-1) at the point where 
x = —1. Graph both the function and the tangent line. 
Exercise: 
Problem: 


[T] Find the equation of the line that is normal to the graph of f (2) = x - 5” at the point where xz = 1. Graph 
both the function and the normal line. 


Solution: 


te =1 | | at 
Y= 575in5 & 7 (5 are) 


Exercise: 


Problem: 


[T] Find the equation of the tangent line to the graph of x3 — aIny + y? = 22 + 5 at the point where x = 2. 
(Hint: Use implicit differentiation to find aes ) Graph both the curve and the tangent line. 


Exercise: 
Problem: Consider the function y = x!/* for x > 0. 
a. Determine the points on the graph where the tangent line is horizontal. 
b. Determine the points on the graph where y’ > 0 and those where y/' < 0. 
Solution: 


a. £ = e~2.718 b. (e, co), (0, e) 


Exercise: 


Problem: The formula J (t) = ant is the formula for a decaying alternating current. 


a. Complete the following table with the appropriate values. 


t a 
0 (i) 
z (ii) 
7 (iii) 
r (iv) 
Qn (v) 
Qn (vi) 
es (vii) 
(viii) 
An (ix) 


b. Using only the values in the table, determine where the tangent line to the graph of I (¢) is horizontal. 


Exercise: 


Problem: 


[T] The population of Toledo, Ohio, in 2000 was approximately 500,000. Assume the population is increasing 
at arate of 5% per year. 


a. Write the exponential function that relates the total population as a function of t. 
b. Use a. to determine the rate at which the population is increasing in ¢ years. 
c. Use b. to determine the rate at which the population is increasing in 10 years. 


Solution: 


a. P = 500,000(1.05)’ individuals b. P’ (t) = 24395 - (1.05)’ individuals per year c. 39,737 individuals per 
year 


Exercise: 


Problem: 


[T] An isotope of the element erbium has a half-life of approximately 12 hours. Initially there are 9 grams of 
the isotope present. 


a. Write the exponential function that relates the amount of substance remaining as a function of t, 
measured in hours. 

b. Use a. to determine the rate at which the substance is decaying in ¢ hours. 

c. Use b. to determine the rate of decay at t = 4 hours. 


Exercise: 


Problem: 


[T] The number of cases of influenza in New York City from the beginning of 1960 to the beginning of 1961 
is modeled by the function 


N (t) = 5.3¢9-093t"-0.87t, (Q < ¢ < 4), where N (t) gives the number of cases (in thousands) and t is 
measured in years, with t = 0 corresponding to the beginning of 1960. 


a. Show work that evaluates V (0) and NV (4). Briefly describe what these values indicate about the disease 
in New York City. 

b. Show work that evaluates N’ (0) and NV’ (3). Briefly describe what these values indicate about the 
disease in New York City. 


Solution: 


a. At the beginning of 1960 there were 5.3 thousand cases of the disease in New York City. At the beginning 
of 1963 there were approximately 723 cases of the disease in the United States. b. At the beginning of 1960 
the number of cases of the disease was decreasing at rate of —4.611 thousand per year; at the beginning of 
1963, the number of cases of the disease was decreasing at a rate of —0.2808 thousand per year. 


Exercise: 
Problem: 
[T] The relative rate of change of a differentiable function y = f (x) is given by ee) %. One model for 


population growth is a Gompertz growth function, given by P (rz) = ae~>® “ where a, b, and c are constants. 


a. Find the relative rate of change formula for the generic Gompertz function. 


b. Use a. to find the relative rate of change of a population in z = 20 months when a = 204, b = 0.0198, 
andc = 0.15. 
c. Briefly interpret what the result of b. means. 


For the following exercises, use the population of New York City from 1790 to 1860, given in the following table. 


Years since 1790 Population 
0 33,131 

10 60,515 

20 96,373 

30 123,706 

40 202,300 

50 312,710 

60 515,547 

70 813,669 


New York City Population Over TimeSource: http://en.wikipedia.org/wiki/Largest_cities_in_the_United_States 
_by_population_by_decade. 


Exercise: 


Problem: [T] Using a computer program or a calculator, fit a growth curve to the data of the form p = ab’. 
Solution: 


p = 35741(1.045)' 
Exercise: 


Problem: 


[T] Using the exponential best fit for the data, write a table containing the derivatives evaluated at each year. 
Exercise: 


Problem: 


[T] Using the exponential best fit for the data, write a table containing the second derivatives evaluated at 
each year. 


Solution: 


Years since 1790 Pu 


0 69.25 
10 107.5 
20 167.0 
30 259.4 
40 402.8 
50 625.5 
60 971.4 
70 1508.5 
Exercise: 


Problem: [T] Using the tables of first and second derivatives and the best fit, answer the following questions: 


a. Will the model be accurate in predicting the future population of New York City? Why or why not? 
b. Estimate the population in 2010. Was the prediction correct from a.? 


Chapter Review Exercises 


True or False? Justify the answer with a proof or a counterexample. 
Exercise: 


Problem: Every function has a derivative. 
Solution: 


False. 


Exercise: 


Problem: A continuous function has a continuous derivative. 


Exercise: 


Problem: A continuous function has a derivative. 
Solution: 


False 


Exercise: 
Problem: If a function is differentiable, it is continuous. 


Use the limit definition of the derivative to exactly evaluate the derivative. 


Exercise: 


Problem: f (x) = Vz +4 


Solution: 


—1_ 
2 z+4 


Exercise: 


Problem: f (x) = 2 


x 


Find the derivatives of the following functions. 
Exercise: 


Problem: f (x) = 32? — 4 
Solution: 
9x? + + 
Exercise: 
Problem: f (x) = (4 — x)? 
Exercise: 
Problem: f (x) = e*™* 


Solution: 


e™Zcos x 


Exercise: 


Problem: f (x) = In (a + 2) 


Exercise: 


Problem: f (x) = x*cosx + xtan (x) 

Solution: 

xsec? (x) + 2xcos (x) + tan (x) — x’sin (x) 
Exercise: 


Problem: f (x) = V3a2+ 2 


Exercise: 


Problem: f (x) = £sin"! (x) 


Solution: 


1 ces 
= (ss + sin (z)) 
Exercise: 


Problem: z”y = (y + 2) + zysin (z) 


Find the following derivatives of various orders. 
Exercise: 


Problem: First derivative of y= xln (x)cosx 


Solution: 


cosz - (Inz +1) —aln (x)sinz 


Exercise: 


Problem: Third derivative of y = (3a + 2)? 


Exercise: 


Problem: Second derivative of y = 4” + x’sin (x) 
Solution: 


4*(In4)? + 2sinz + 4¢cosx — 2sinx 


Find the equation of the tangent line to the following equations at the specified point. 
Exercise: 


Problem: y = cos! (x) + zat z = 0 


Exercise: 
Problem: y = z + e” — 4 atx = 1 


Solution: 


T=(2+e)x-—2 


Draw the derivative for the following graphs. 
Exercise: 


Problem: 


Exercise: 


Problem: 


y 
4 


Solution: 


The following questions concern the water level in Ocean City, New Jersey, in January, which can be 
approximated by w (t) = 1.9 + 2.9cos (Zt), where t is measured in hours after midnight, and the height is 


measured in feet. 
Exercise: 


Problem: Find and graph the derivative. What is the physical meaning? 


Exercise: 
Problem: Find w’ (3). What is the physical meaning of this value? 
Solution: 


w' (3) = —224. At 3 a.m. the tide is decreasing at a rate of 1.514 ft/hr. 


The following questions consider the wind speeds of Hurricane Katrina, which affected New Orleans, Louisiana, 
in August 2005. The data are displayed in a table. 


Hours after Midnight, August 26 Wind Speed (mph) 


1 45 
5 75 
11 100 
29 115 
49 145 
58 175 
73 155 
81 125 
85 95 
107 35 


Wind Speeds of Hurricane KatrinaSource: 
http://news.nationalgeographic.com/news/2005/09/0914_050914_katrina_timeline.html. 


Exercise: 


Problem: 


Using the table, estimate the derivative of the wind speed at hour 39. What is the physical meaning? 


Exercise: 


Problem: Estimate the derivative of the wind speed at hour 83. What is the physical meaning? 
Solution: 


—7.5. The wind speed is decreasing at a rate of 7.5 mph/hr 


Glossary 


logarithmic differentiation 
is a technique that allows us to differentiate a function by first taking the natural logarithm of both sides of an 
equation, applying properties of logarithms to simplify the equation, and differentiating implicitly 


Introduction 
class="introduction' 


As a rocket 
is being 
launched, at 
what rate 
should the 
angle of a 
video 
camera 
change to 
continue 
viewing the 
rocket? 
(credit: 
modificatio 
n of work 
by Steve 
Jurvetson, 
Wikimedia 
Commons) 


A rocket is being launched from the ground and cameras are recording the 
event. A video camera is located on the ground a certain distance from the 
launch pad. At what rate should the angle of inclination (the angle the 
camera makes with the ground) change to allow the camera to record the 
flight of the rocket as it heads upward? (See [link].) 


A rocket launch involves two related quantities that change over time. 
Being able to solve this type of problem is just one application of 
derivatives introduced in this chapter. We also look at how derivatives are 
used to find maximum and minimum values of functions. As a result, we 
will be able to solve applied optimization problems, such as maximizing 
revenue and minimizing surface area. In addition, we examine how 
derivatives are used to evaluate complicated limits, to approximate roots of 
functions, and to provide accurate graphs of functions. 


Related Rates 


e Express changing quantities in terms of derivatives. 

e Find relationships among the derivatives in a given problem. 

e Use the chain rule to find the rate of change of one quantity that 
depends on the rate of change of other quantities. 


We have seen that for quantities that are changing over time, the rates at 
which these quantities change are given by derivatives. If two related 
quantities are changing over time, the rates at which the quantities change 
are related. For example, if a balloon is being filled with air, both the radius 
of the balloon and the volume of the balloon are increasing. In this section, 
we consider several problems in which two or more related quantities are 
changing and we study how to determine the relationship between the rates 
of change of these quantities. 


Setting up Related-Rates Problems 


In many real-world applications, related quantities are changing with 
respect to time. For example, if we consider the balloon example again, we 
can say that the rate of change in the volume, V, is related to the rate of 
change in the radius, r. In this case, we say that x and a are related 
rates because V is related to r. Here we study several examples of related 
quantities that are changing with respect to time and we look at how to 
calculate one rate of change given another rate of change. 


Example: 
Exercise: 


Problem: 
Inflating a Balloon 


A spherical balloon is being filled with air at the constant rate of 
2cm? /sec ({link]). How fast is the radius increasing when the radius 
is3cm? 


Time 1 Time 2 Time 3 


As the balloon is being filled with air, both the radius and the 
volume are increasing with respect to time. 


Solution: 


The volume of a sphere of radius r centimeters is 
Equation: 


Since the balloon is being filled with air, both the volume and the 
radius are functions of time. Therefore, t seconds after beginning to 
fill the balloon with air, the volume of air in the balloon is 
Equation: 


V(t) = <n [r(t)|°em®. 


Differentiating both sides of this equation with respect to time and 
applying the chain rule, we see that the rate of change in the volume is 
related to the rate of change in the radius by the equation 

Equation: 


Vi(t) = 4n[r (t)|’r' (2). 


The balloon is being filled with air at the constant rate of 2 cm?/sec, 
so Vi(t) = 2 cm?/sec. Therefore, 
Equation: 


2cm3/sec = (4n(r(t)/cm”) -(ri(t)cm/s), 


which implies 


Equation: 
1 
ri(t) = 5 cm/sec. 
2a(r 
When the radius r = 3cm, 
Equation: 
i(t) = ——em/ 
ri(t) = —cm/sec. 
187 
Note: 
Exercise: 
Problem: 


What is the instantaneous rate of change of the radius when 
Fi 0 Cm! 


Solution: 


ae cm/sec, or approximately 0.0044 cm/sec 


Hint 


dr 1 


‘dt ~~ 2Qrr 


Before looking at other examples, let’s outline the problem-solving strategy 
we will be using to solve related-rates problems. 


Note: 
Problem-Solving Strategy: Solving a Related-Rates Problem 


1. Assign symbols to all variables involved in the problem. Draw a 
figure if applicable. 

2. State, in terms of the variables, the information that is given and the 
rate to be determined. 

3. Find an equation relating the variables introduced in step 1. 

4. Using the chain rule, differentiate both sides of the equation found in 
step 3 with respect to the independent variable. This new equation 
will relate the derivatives. 

5. Substitute all known values into the equation from step 4, then solve 
for the unknown rate of change. 


Note that when solving a related-rates problem, it is crucial not to substitute 
known values too soon. For example, if the value for a changing quantity is 
substituted into an equation before both sides of the equation are 
differentiated, then that quantity will behave as a constant and its derivative 
will not appear in the new equation found in step 4. We examine this 
potential error in the following example. 


Examples of the Process 


Let’s now implement the strategy just described to solve several related- 
rates problems. The first example involves a plane flying overhead. The 
relationship we are studying is between the speed of the plane and the rate 


at which the distance between the plane and a person on the ground is 
changing. 


Example: 
Exercise: 


Problem: 
An Airplane Flying at a Constant Elevation 


An airplane is flying overhead at a constant elevation of 4000 ft. A 
man is viewing the plane from a position 3000 ft from the base of a 
radio tower. The airplane is flying horizontally away from the man. If 
the plane is flying at the rate of 600 ft /sec, at what rate is the 
distance between the man and the plane increasing when the plane 
passes over the radio tower? 


Solution: 


Step 1. Draw a picture, introducing variables to represent the different 
quantities involved. 


An airplane is flying at a constant height of 4000 ft. The distance 


between the person and the airplane and the person and the place 
on the ground directly below the airplane are changing. We 
denote those quantities with the variables s and z, respectively. 


As shown, x denotes the distance between the man and the position 
on the ground directly below the airplane. The variable s denotes the 
distance between the man and the plane. Note that both x and s are 
functions of time. We do not introduce a variable for the height of the 
plane because it remains at a constant elevation of 4000 ft. Since an 
object’s height above the ground is measured as the shortest distance 
between the object and the ground, the line segment of length 4000 ft 
is perpendicular to the line segment of length z feet, creating a right 
triangle. 


Step 2. Since x denotes the horizontal distance between the man and 
the point on the ground below the plane, dx /dt represents the speed 
of the plane. We are told the speed of the plane is 600 ft/sec. 
Therefore, & = 600 ft/sec. Since we are asked to find the rate of 
change in the distance between the man and the plane when the plane 
is directly above the radio tower, we need to find ds /dt when 

x= 3000 ft. 


Step 3. From the figure, we can use the Pythagorean theorem to write 
an equation relating x and s: 
Equation: 


[x (t)]? + 4000? = [s (t)]°. 


Step 4. Differentiating this equation with respect to time and using the 
fact that the derivative of a constant is zero, we arrive at the equation 
Equation: 


dz _ ds 
oT mare 


Step 5. Find the rate at which the distance between the man and the 
plane is increasing when the plane is directly over the radio tower. 
That is, find a when x = 3000 ft. Since the speed of the plane is 
600 ft /sec, we know that a = 600 ft/sec. We are not given an 
explicit value for s; however, since we are trying to find ~~ when 


x = 3000 ft, we can use the Pythagorean theorem to determine the 
distance s when x = 3000 and the height is 4000 ft. Solving the 
equation 

Equation: 


30002 + 40002 = s? 


for s, we have s = 5000 ft at the time of interest. Using these values, 
we conclude that ds/d¢ is a solution of the equation 


Equation: 
ds 
(3000) (600) = (5000) - aa: 

Therefore, 
Equation: 

d 3000 - 

Caen gies Uae 360 ft/sec. 

dt 5000 


Note: When solving related-rates problems, it is important not to 
substitute values for the variables too soon. For example, in step 3, we 
related the variable quantities x (¢) and s (t) by the equation 
Equation: 


[x (t)]? + 40007 = [s (t)]”. 


Since the plane remains at a constant height, it is not necessary to 
introduce a variable for the height, and we are allowed to use the 


constant 4000 to denote that quantity. However, the other two 
quantities are changing. If we mistakenly substituted x(t) = 3000 
into the equation before differentiating, our equation would have been 
Equation: 


30007 + 4000? = [s (t)]?. 


After differentiating, our equation would become 
Equation: 


ds 


(hee s(t) 


As a result, we would incorrectly conclude that a — 1: 


Note: 
Exercise: 


Problem: 


What is the speed of the plane if the distance between the person and 
the plane is increasing at the rate of 300 ft/sec? 


Solution: 
500 ft /sec 
Hint 


as = 300 ft/sec 


We now return to the problem involving the rocket launch from the 
beginning of the chapter. 


Example: 
Exercise: 


Problem: 
Chapter Opener: A Rocket Launch 


(credit: modification of work by 
Steve Jurvetson, Wikimedia 
Commons) 


A rocket is launched so that it rises vertically. A camera is positioned 
5000 ft from the launch pad. When the rocket is 1000 ft above the 
launch pad, its velocity is 600 ft/sec. Find the necessary rate of 
change of the camera’s angle as a function of time so that it stays 
focused on the rocket. 


Solution: 


Step 1. Draw a picture introducing the variables. 


5000 ft 


A camera is positioned 5000 ft from the launch pad of the rocket. 
The height of the rocket and the angle of the camera are 
changing with respect to time. We denote those quantities with 
the variables h and 0, respectively. 


Let h denote the height of the rocket above the launch pad and 0 be 
the angle between the camera lens and the ground. 


Step 2. We are trying to find the rate of change in the angle of the 
camera with respect to time when the rocket is 1000 ft off the ground. 
That is, we need to find — when h = 1000 ft. At that time, we know 


the velocity of the rocket is = 600 ft/sec. 


Step 3. Now we need to find an equation relating the two quantities 
that are changing with respect to time: h and 0. How can we create 
such an equation? Using the fact that we have drawn a right triangle, 
it is natural to think about trigonometric functions. Recall that tan 0 is 


the ratio of the length of the opposite side of the triangle to the length 
of the adjacent side. Thus, we have 


Equation: 
h 
tand? = ——_. 
5000 
This gives us the equation 
Equation: 
h = 5000tan80. 


Step 4. Differentiating this equation with respect to time t, we obtain 
Equation: 
dh 


do 
— = 5000sec20 —. 
dt ad 


Step 5. We want to find a when h = 1000 ft. At this time, we know 
that = — 600 ft/sec. We need to determine sec’. Recall that sec 
is the ratio of the length of the hypotenuse to the length of the 
adjacent side. We know the length of the adjacent side is 5000 ft. To 
determine the length of the hypotenuse, we use the Pythagorean 
theorem, where the length of one leg is 5000 ft, the length of the 
other leg is h = 1000 ft, and the length of the hypotenuse is c feet as 
shown in the following figure. 


1000 


5000 


We see that 
Equation: 


1000? + 5000? = c? 


and we conclude that the hypotenuse is 
Equation: 


c = 1000V 26 ft. 


Therefore, when h = 1000, we have 
Equation: 


2 
5 1000+ 26 26 
sec“8 = | ————§_ ——— 
5000 25 


Recall from step 4 that the equation relating -- to our known values 
is 
Equation: 

dh 


dé 
—_ = 2 A 
it 5000 sec*0 t ; 


When h = 1000 ft, we know that — — 600 ft/sec and sec”0 = on 
Substituting these values into the previous equation, we arrive at the 


equation 
Equation: 
600 = 5000 20 ie 
a D5) die 
Therefore, & = = rad/sec. 


Note: 
Exercise: 


Problem: 
What rate of change is necessary for the elevation angle of the camera 
if the camera is placed on the ground at a distance of 4000 ft from the 


launch pad and the velocity of the rocket is 500 ft/sec when the rocket 
is 2000 ft off the ground? 


Solution: 
3 tad/sec 
Hint 


Find 4 when h = 2000 ft. At that time, 4 = 500 ft/sec. 


In the next example, we consider water draining from a cone-shaped funnel. 
We compare the rate at which the level of water in the cone is decreasing 
with the rate at which the volume of water is decreasing. 


Example: 
Exercise: 


Problem: 
Water Draining from a Funnel 


Water is draining from the bottom of a cone-shaped funnel at the rate 
of 0.03 ft®/sec. The height of the funnel is 2 ft and the radius at the 
top of the funnel is 1 ft. At what rate is the height of the water in the 
funnel changing when the height of the water is > liver 


Solution: 


Step 1: Draw a picture introducing the variables. 
1 


Water is draining from a funnel of height 2 ft and 
radius 1 ft. The height of the water and the radius of 
water are changing over time. We denote these 
quantities with the variables h and r, respectively. 


Let h denote the height of the water in the funnel, r denote the radius 
of the water at its surface, and V denote the volume of the water. 


Step 2: We need to determine a when h = + ft. We know that 


WY = —0.03 ft/sec. 


Step 3: The volume of water in the cone is 
Equation: 


From the figure, we see that we have similar triangles. Therefore, the 
ratio of the sides in the two triangles is the same. Therefore, —- = + 
Or = 4. Using this fact, the equation for volume can be simplified 


to 
Equation: 


Step 4: Applying the chain rule while differentiating both sides of this 
equation with respect to time t, we obtain 


Equation: 
dV 2 dh 
dt 4 dt 
Step 5: We want to find 4 a #. when h=-< athe Since water is leaving at 


the rate of 0.03 ft® ieee we know that av = —0.03 ft?/sec. 


Therefore, 
Equation: 


which implies 
Equation: 


It follows that 


Equation: 
dh 0.48 
Ss SS IS 
dt T / 
Note: 
Exercise: 
Problem: 


At what rate is the height of the water changing when the height of the 
water is aa ft? 


Solution: 


—0.61 ft/sec 
Hint 


We need to find a when h = 7 


Key Concepts 


e To solve a related rates problem, first draw a picture that illustrates the 
relationship between the two or more related quantities that are 
changing with respect to time. 

e In terms of the quantities, state the information given and the rate to be 
found. 

e Find an equation relating the quantities. 

e Use differentiation, applying the chain rule as necessary, to find an 
equation that relates the rates. 


e Be sure not to substitute a variable quantity for one of the variables 
until after finding an equation relating the rates. 


For the following exercises, find the quantities for the given equation. 
Exercise: 


Problem: Find a atc = Landy = 27+ 3 if ae =A; 


Solution: 


8 
Exercise: 


dy 


Problem: Find oe at ¢ = —2 andy = 227+ 1if 7 in 
Exercise: 


Problem: 
Find & at (a, y) = (1,3) and 2? = 2? +7 if a = 4 and “y =a. 


Solution: 


13 
v'10 


For the following exercises, sketch the situation if necessary and used 
related rates to solve for the quantities. 
Exercise: 


Problem: 


[T] If two electrical resistors are connected in parallel, the total 
resistance (measured in ohms, denoted by the Greek capital letter 
omega, 92) is given by the equation x = = + = If R, is 
increasing at a rate of 0.5 (./min and Rp» decreases at a rate of 


1.10/min, at what rate does the total resistance change when 
R, = 200 and R2 = 500./min? 


Exercise: 
Problem: 
A 10-ft ladder is leaning against a wall. If the top of the ladder slides 


down the wall at a rate of 2 ft/sec, how fast is the bottom moving along 
the ground when the bottom of the ladder is 5 ft from the wall? 


Solution: 


2/3 ft/sec 


Exercise: 
Problem: 
A 25-ft ladder is leaning against a wall. If we push the ladder toward 
the wall at a rate of 1 ft/sec, and the bottom of the ladder is initially 


20 ft away from the wall, how fast does the ladder move up the wall 
5 sec after we start pushing? 


Exercise: 
Problem: 
Two airplanes are flying in the air at the same height: airplane A is 
flying east at 250 mi/h and airplane B is flying north at 300 mi/h. If 
they are both heading to the same airport, located 30 miles east of 


airplane A and 40 miles north of airplane B, at what rate is the distance 
between the airplanes changing? 


A 


Solution: 


The distance is decreasing at 390 mi/h. 

Exercise: 
Problem: 
You and a friend are riding your bikes to a restaurant that you think is 
east; your friend thinks the restaurant is north. You both leave from the 
same point, with you riding at 16 mph east and your friend riding 


12 mph north. After you traveled 4 mi, at what rate is the distance 
between you changing? 


Exercise: 
Problem: 
Two buses are driving along parallel freeways that are 5 mi apart, one 
heading east and the other heading west. Assuming that each bus 
drives a constant 55 mph, find the rate at which the distance between 


the buses is changing when they are 13 mi apart, heading toward each 
other. 


Solution: 


The distance between them shrinks at a rate of 0 ~ 101.5 mph. 
Exercise: 

Problem: 

A 6-ft-tall person walks away from a 10-ft lamppost at a constant rate 


of 3 ft/sec. What is the rate that the tip of the shadow moves away 
from the pole when the person is 10 ft away from the pole? 


Exercise: 
Problem: 
Using the previous problem, what is the rate at which the tip of the 


shadow moves away from the person when the person is 10 ft from the 
pole? 


Solution: 


3 ft/sec 
Exercise: 
Problem: 
A 5-ft-tall person walks toward a wall at a rate of 2 ft/sec. A spotlight 
is located on the ground 40 ft from the wall. How fast does the height 


of the person’s shadow on the wall change when the person is 10 ft 
from the wall? 


Exercise: 
Problem: 
Using the previous problem, what is the rate at which the shadow 


changes when the person is 10 ft from the wall, if the person is 
walking away from the wall at a rate of 2 ft/sec? 


Solution: 


It grows at a rate ft/sec 


Exercise: 


Problem: 


A helicopter starting on the ground is rising directly into the air at a 
rate of 25 ft/sec. You are running on the ground starting directly under 
the helicopter at a rate of 10 ft/sec. Find the rate of change of the 
distance between the helicopter and yourself after 5 sec. 


Exercise: 
Problem: 
Using the previous problem, what is the rate at which the distance 
between you and the helicopter is changing when the helicopter has 


risen to a height of 60 ft in the air, assuming that, initially, it was 30 ft 
above you? 


Solution: 


(13526) 


The distance is increasing at ~—,——~ ft/sec 


For the following exercises, draw and label diagrams to help solve the 
related-rates problems. 
Exercise: 


Problem: 


The side of a cube increases at a rate of + m/sec. Find the rate at 
which the volume of the cube increases when the side of the cube is 4 


mM. 


Exercise: 


Problem: 


The volume of a cube decreases at a rate of 10 m°/s. Find the rate at 
which the side of the cube changes when the side of the cube is 2 m. 


Solution: 


= 3 m/sec 
Exercise: 
Problem: 
The radius of a circle increases at a rate of 2 m/sec. Find the rate at 
which the area of the circle increases when the radius is 5 m. 
Exercise: 
Problem: 


The radius of a sphere decreases at a rate of 3 m/sec. Find the rate at 
which the surface area decreases when the radius is 10 m. 


Solution: 


2407 m/sec 
Exercise: 
Problem: 
The radius of a sphere increases at a rate of 1 m/sec. Find the rate at 
which the volume increases when the radius is 20 m. 
Exercise: 
Problem: 
The radius of a sphere is increasing at a rate of 9 cm/sec. Find the 


radius of the sphere when the volume and the radius of the sphere are 
increasing at the same numerical rate. 


Solution: 


1 
2./% an 


Exercise: 
Problem: 
The base of a triangle is shrinking at a rate of 1 cm/min and the height 
of the triangle is increasing at a rate of 5 cm/min. Find the rate at 


which the area of the triangle changes when the height is 22 cm and 
the base is 10 cm. 


Exercise: 
Problem: 
A triangle has two constant sides of length 3 ft and 5 ft. The angle 
between these two sides is increasing at a rate of 0.1 rad/sec. Find the 


rate at which the area of the triangle is changing when the angle 
between the two sides is 7/6. 


Solution: 


ve (3v3) 
The area is increasing at a rate ~.— ft /sec. 


Exercise: 


Problem: 


A triangle has a height that is increasing at a rate of 2 cm/sec and its 
area is increasing at a rate of 4 cm/sec. Find the rate at which the base 
of the triangle is changing when the height of the triangle is 4 cm and 
the area is 20 cm’. 


For the following exercises, consider a right cone that is leaking water. The 
dimensions of the conical tank are a height of 16 ft and a radius of 5 ft. 
Exercise: 


Problem: 


How fast does the depth of the water change when the water is 10 ft 
high if the cone leaks water at a rate of 10 ft?/min? 


Solution: 

The depth of the water decreases at ae ft/min. 
Exercise: 

Problem: 


Find the rate at which the surface area of the water changes when the 
water is 10 ft high if the cone leaks water at a rate of 10 ft?/min. 


Exercise: 
Problem: 
If the water level is decreasing at a rate of 3 in/min when the depth of 


the water is 8 ft, determine the rate at which water is leaking out of the 
cone. 


Solution: 


The volume is decreasing at a rate of (257) £3 /mi 
Exercise: 
Problem: 
A vertical cylinder is leaking water at a rate of 1 ft/sec. If the cylinder 


has a height of 10 ft and a radius of 1 ft, at what rate is the height of 
the water changing when the height is 6 ft? 


Exercise: 


Problem: 


A cylinder is leaking water but you are unable to determine at what 
rate. The cylinder has a height of 2 m and a radius of 2 m. Find the rate 
at which the water is leaking out of the cylinder if the rate at which the 
height is decreasing is 10 cm/min when the height is 1 m. 


Solution: 


2 ; 
The water flows out at rate Cn) m?/min. 


Exercise: 
Problem: 
A trough has ends shaped like isosceles triangles, with width 3 m and 
height 4 m, and the trough is 10 m long. Water is being pumped into 


the trough at a rate of 5 m®/min. At what rate does the height of the 
water change when the water is 1 m deep? 


—— 


Exercise: 


Problem: 


A tank is shaped like an upside-down square pyramid, with base of 4 
m by 4m anda height of 12 m (see the following figure). How fast 
does the height increase when the water is 2 m deep if water is being 
pumped in at a rate of - m/sec? 


Sena ee 


12 


Solution: 


2 m/sec 


For the following problems, consider a pool shaped like the bottom half of a 
sphere, that is being filled at a rate of 25 ft?/min. The radius of the pool is 
10 ft. 

Exercise: 


Problem: 
Find the rate at which the depth of the water is changing when the 
water has a depth of 5 ft. 
Exercise: 
Problem: 


Find the rate at which the depth of the water is changing when the 
water has a depth of 1 ft. 


Solution: 


25 . 
or ft/min 


Exercise: 
Problem: 
If the height is increasing at a rate of 1 in./sec when the depth of the 
water is 2 ft, find the rate at which water is being pumped in. 
Exercise: 
Problem: 
Gravel is being unloaded from a truck and falls into a pile shaped like 
a cone at a rate of 10 ft?/min. The radius of the cone base is three times 


the height of the cone. Find the rate at which the height of the gravel 
changes when the pile has a height of 5 ft. 


Solution: 
2: . 
on ft/min 


Exercise: 


Problem: 


Using a similar setup from the preceding problem, find the rate at 
which the gravel is being unloaded if the pile is 5 ft high and the height 
is increasing at a rate of 4 in./min. 


For the following exercises, draw the situations and solve the related-rate 
problems. 
Exercise: 


Problem: 


You are stationary on the ground and are watching a bird fly 
horizontally at a rate of 10 m/sec. The bird is located 40 m above your 
head. How fast does the angle of elevation change when the horizontal 
distance between you and the bird is 9 m? 


Solution: 


The angle decreases at =~ rad/sec. 


om 
Exercise: 


Problem: 


You stand 40 ft from a bottle rocket on the ground and watch as it 
takes off vertically into the air at a rate of 20 ft/sec. Find the rate at 
which the angle of elevation changes when the rocket is 30 ft in the air. 


Exercise: 


Problem: 


A lighthouse, L, is on an island 4 mi away from the closest point, P, on 
the beach (see the following image). If the lighthouse light rotates 
clockwise at a constant rate of 10 revolutions/min, how fast does the 
beam of light move across the beach 2 mi away from the closest point 
on the beach? 


Solution: 


1007mi/min 
Exercise: 
Problem: 
Using the same setup as the previous problem, determine at what rate 


the beam of light moves across the beach 1 mi away from the closest 
point on the beach. 


Exercise: 


Problem: 


You are walking to a bus stop at a right-angle corner. You move north 
at a rate of 2 m/sec and are 20 m south of the intersection. The bus 
travels west at a rate of 10 m/sec away from the intersection — you 
have missed the bus! What is the rate at which the angle between you 
and the bus is changing when you are 20 m south of the intersection 
and the bus is 10 m west of the intersection? 


Solution: 


The angle is changing at a rate of $5 rad/sec. 


For the following exercises, refer to the figure of baseball diamond, which 
has sides of 90 ft. 


Exercise: 


Problem: 


[T] A batter hits a ball toward third base at 75 ft/sec and runs toward 
first base at a rate of 24 ft/sec. At what rate does the distance between 
the ball and the batter change when 2 sec have passed? 


Exercise: 
Problem: 
[T] A batter hits a ball toward second base at 80 ft/sec and runs toward 
first base at a rate of 30 ft/sec. At what rate does the distance between 


the ball and the batter change when the runner has covered one-third of 
the distance to first base? (Hint: Recall the law of cosines.) 


Solution: 


The distance is increasing at a rate of 62.50 ft/sec. 
Exercise: 
Problem: 
[T] A batter hits the ball and runs toward first base at a speed of 22 


ft/sec. At what rate does the distance between the runner and second 
base change when the runner has run 30 ft? 


Exercise: 


Problem: 


[T] Runners start at first and second base. When the baseball is hit, the 
runner at first base runs at a speed of 18 ft/sec toward second base and 
the runner at second base runs at a speed of 20 ft/sec toward third base. 
How fast is the distance between runners changing 1 sec after the ball 
is hit? 

Solution: 


The distance is decreasing at a rate of 11.99 ft/sec. 


Glossary 


related rates 


are rates of change associated with two or more related quantities that 
are changing over time 


Linear Approximations and Differentials 


e Describe the linear approximation to a function at a point. 

e Write the linearization of a given function. 

e Draw a graph that illustrates the use of differentials to approximate the change in a quantity. 
¢ Calculate the relative error and percentage error in using a differential approximation. 


We have just seen how derivatives allow us to compare related quantities that are changing over time. In this 
section, we examine another application of derivatives: the ability to approximate functions locally by linear 
functions. Linear functions are the easiest functions with which to work, so they provide a useful tool for 
approximating function values. In addition, the ideas presented in this section are generalized later in the text when 
we study how to approximate functions by higher-degree polynomials Introduction to Power Series and Functions. 


Linear Approximation of a Function at a Point 


Consider a function f that is differentiable at a point z = a. Recall that the tangent line to the graph of f at a is 
given by the equation 


Equation: 
y = f(a) + fr(a)(@ — a). 
For example, consider the function f(x) = + at a = 2. Since f is differentiable at x = 2 and f1(x) = —+, we 
see that f7(2) = -;- Therefore, the tangent line to the graph of f at a = 2 is given by the equation 
Equation: 
1 1 
= — — —(4—-2). 
po G ye) 


[link](a) shows a graph of f(a) = - along with the tangent line to f at x = 2. Note that for x near 2, the graph of 
the tangent line is close to the graph of f. As a result, we can use the equation of the tangent line to approximate 
f(x) for x near 2. For example, if 2 = 2.1, the y value of the corresponding point on the tangent line is 
Equation: 


1 1 
= — — —(2.1 — 2) = 0.475. 
i al ) 
The actual value of f(2.1) is given by 
Equation: 
fel) = ae 0.47619 
Aaa =o. ; 


Therefore, the tangent line gives us a fairly good approximation of f(2.1) ({link](b)). However, note that for 
values of x far from 2, the equation of the tangent line does not give us a good approximation. For example, if 
x = 10, the y-value of the corresponding point on the tangent line is 

Equation: 


1 
(10-2) = 5 -2=-15, 


me 


i 
y~ 9 


whereas the value of the function at z = 10 is f(10) = 0.1. 


Actual value of 
f(2.1) Graph of 


0.485 : 
function 


(2.1, 0.47619) 
(2.1, 0.475) 


Approximate 
value of f(2.1) 


Tangent line 
ofx =2 


2.09 24 2.11 2.13 243° 
(a) (b) 
(a) The tangent line to f(z) = 1/a at x = 2 provides a good approximation to f for x near 2. (b) At 


x = 2.1, the value of y on the tangent line to f(x) = 1/z is 0.475. The actual value of f(2.1) is 
1/2.1, which is approximately 0.47619. 


In general, for a differentiable function f, the equation of the tangent line to f at x = a can be used to 
approximate f(x) for x near a. Therefore, we can write 
Equation: 


f(x) = f(a) + fr(a)(x — a) for x near a. 
We call the linear function 
Equation: 
L(x) = fla) + fr(a)(# — a) 
the linear approximation, or tangent line approximation, of f at z = a. This function L is also known as the 
linearization of f at z = a. 


To show how useful the linear approximation can be, we look at how to find the linear approximation for 


f(z) =s/eate = 9. 


Example: 
Exercise: 


Problem: _ 
Linear Approximation of ./z 


Find the linear approximation of f(x) = /z at x = 9 and use the approximation to estimate V9.1. 


Solution: 


Since we are looking for the linear approximation at z = 9, using [link] we know the linear approximation is 
given by 
Equation: 


L(x) = f(9) + f(9)(a — 9). 


We need to find f(9) and f7(9). 
Equation: 


f@)=Vve = fO)=V9=3 
file)=s— > MWO=Fe=% 


Therefore, the linear approximation is given by [link]. 
Equation: 


TG = 5 (e-9) 


Using the linear approximation, we can estimate 9.1 by writing 
Equation: 


V9.1 = (9.1) & L(9.1) = 34+ =(9.1 — 9) = 3.0167. 


The local linear approximation to f(x) = ./z atx = 9 
provides an approximation to f for x near 9. 


Analysis 


Using a calculator, the value of /9.1 to four decimal places is 3.0166. The value given by the linear 
approximation, 3.0167, is very close to the value obtained with a calculator, so it appears that using this linear 
approximation is a good way to estimate 4/2, at least for z near 9. At the same time, it may seem odd to use a 
linear approximation when we can just push a few buttons on a calculator to evaluate /9.1. However, how does 
the calculator evaluate \/9.1? The calculator uses an approximation! In fact, calculators and computers use 
approximations all the time to evaluate mathematical expressions; they just use higher-degree approximations. 


Note: 
Exercise: 


Problem: 


Find the local linear approximation to f(x) = ¥/z at x = 8. Use it to approximate */8.1 to five decimal 
places. 


Solution: 


Example: 
Exercise: 


Problem: 
Linear Approximation of sinz 


Find the linear approximation of f(x) = sing at x = 3 and use it to approximate sin(62°). 


Solution: 


First we note that since } rad is equivalent to 60”, using the linear approximation at x = m/3 seems 
reasonable. The linear approximation is given by 


Equation: 
ute)=1(5) +9(2) (2-2), 


We see that 
Equation: 


fe) =sine > f(F) =sin($) = 
fi(e) =cosz => fi($) = 008 ($) =z 


Therefore, the linear approximation of f at z = 7/3 is given by [link]. 


Equation: 
J 3 1 T 
1D aa) 
ay oe 3 
To estimate sin(62°) using L, we must first convert 62° to radians. We have 62° = $27 radians, so the 
estimate for sin(62°) is given by 
Equation: 


Hop = a S22 et 627 _¥3 1 627 m\) _ V3 1 Qn We. T 
ie > \ 750) ~\ isc} S 9D \is0 3) "2 \ iso} @ ° 180 


The linear approximation to f(z) = sina at x = 7/3 provides an approximation to 
sin « for x near 7/3. 


Note: 
Exercise: 


Problem: Find the linear approximation for f(z) = cosx atx = 7. 


Solution: 
ee 
Hint 


L(x) = f(a) + fi(a)(x — a) 


Linear approximations may be used in estimating roots and powers. In the next example, we find the linear 
approximation for f(x) = (1+ z)" at x = 0, which can be used to estimate roots and powers for real numbers 
near 1. The same idea can be extended to a function of the form f(z) = (m + 2)” to estimate roots and powers 
near a different number m. 


Example: 
Exercise: 


Problem: 
Approximating Roots and Powers 


Find the linear approximation of f(a) = (1+ x)" at « = 0. Use this approximation to estimate (1.01)°. 


Solution: 


The linear approximation at z = 0 is given by 
Equation: 


L(x) = f(0) + f(0)(a — 0). 


Because 
Equation: 


f(e)=(1+2)" > f(0)=1 
fla) =n(1+2)"? > fr(0) =n, 


the linear approximation is given by [link](a). 
Equation: 


L(z) =1+n(#—-0)=1+ne 


We can approximate (1.01)* by evaluating L(0.01) when n = 3. We conclude that 
Equation: 


(1.01)? = f(1.01) ~ L(1.01) = 1 + 3(0.01) = 1.03. 


y Yh 
3 1.032 e 
L(x) = 1+ 3x | f(x) = (1 + x) 
1.031 so al 
2 031+ 
| 1.0305 + 
(0, 1) (0.01, 1.030301) 
1.03 + (0.01, 1.03) 


0.0085 0.0095 0.0105 0.0115 * 
(a) (b) 


(a) The linear approximation of f(x) at z = 0 is L(x). (b) The actual value of 1.01? is 
1.030301. The linear approximation of f(x) at z = 0 estimates 1.01° to be 1.03. 


Note: 
Exercise: 


Problem: 


Find the linear approximation of f(a) = (1+ a)* at x = 0 without using the result from the preceding 
example. 


Solution: 


L(x) =1+42 
Hint 


fle) =4(1+2)* 


Differentials 


We have seen that linear approximations can be used to estimate function values. They can also be used to estimate 
the amount a function value changes as a result of a small change in the input. To discuss this more formally, we 
define a related concept: differentials. Differentials provide us with a way of estimating the amount a function 
changes as a result of a small change in input values. 


When we first looked at derivatives, we used the Leibniz notation dy/dz to represent the derivative of y with 
respect to x. Although we used the expressions dy and dx in this notation, they did not have meaning on their own. 
Here we see a meaning to the expressions dy and dx. Suppose y = f(a) is a differentiable function. Let dx be an 
independent variable that can be assigned any nonzero real number, and define the dependent variable dy by 
Equation: 


dy = fr(x)dz. 
It is important to notice that dy is a function of both x and dz. The expressions dy and dx are called differentials. 


We can divide both sides of [link] by dx, which yields 
Equation: 


This is the familiar expression we have used to denote a derivative. [link] is known as the differential form of 
[link]. 


Example: 
Exercise: 


Problem: 
Computing differentials 


For each of the following functions, find dy and evaluate when x = 3 and dz = 0.1. 
ay=2?+2r 
b. y = cosz 

Solution: 

The key step is calculating the derivative. When we have that, we can obtain dy directly. 


a. Since f(x) = x” + 22, we know f/(x) = 2x + 2, and therefore 
Equation: 


dy = (2x + 2)dz. 
When a = 3 and dz = 0.1, 
Equation: 


dy = (2-34 2)(0.1) = 0.8. 


b. Since f(x) = cosa, f(x) = —sin(x). This gives us 
Equation: 


dy = —sinzdz. 


When « = 3 and dz = 0.1, 
Equation: 


dy = —sin(3)(0.1) = —0:1sin(3). 


Note: 
Exercise: 


Problem: For y = e®, find dy. 
Solution: 
chy = Qre* dx 

Hint 


dy = fi(x)dx 


We now connect differentials to linear approximations. Differentials can be used to estimate the change in the 
value of a function resulting from a small change in input values. Consider a function f that is differentiable at 
point a. Suppose the input x changes by a small amount. We are interested in how much the output y changes. If z 
changes from a to a + dz, then the change in z is dx (also denoted Az), and the change in y is given by 
Equation: 


Ay = f(a+ dz) — f(a). 


Instead of calculating the exact change in y, however, it is often easier to approximate the change in y by using a 
linear approximation. For x near a, f(x) can be approximated by the linear approximation 


Equation: 
L(x) = fla) + fr(a)(a — a). 
Therefore, if dx is small, 
Equation: 
f(a+dz) + L(a+dz) = f(a) + fr(a)(a+ dz — a). 
That is, 


Equation: 


f(a+ dz) — f(a) = Lia + dz) — f(a) = fr(a)dz. 


In other words, the actual change in the function f if x increases from a to a + dz is approximately the difference 
between L(a + dx) and f(a), where L(z) is the linear approximation of f at a. By definition of L(x), this 
difference is equal to f?(a)dzx. In summary, 

Equation: 


Ay = f(a+dz) — f(a) = L(a+ dz) — f(a) = fr(a)dx = dy. 


Therefore, we can use the differential dy = f/(a)dzx to approximate the change in y if x increases from x = a to 
x =a-+ dz. We can see this in the following graph. 


(a + dx, f(a + dx)) 
(a + dx, L(a + dx) 


‘dy = Fa)dx! Ay ™ f(a — dx) = f(a) 


qrccc- 


q 


+ |---- 


The differential dy = f’(a)dz is used to approximate the actual change in 
y if x increases from a to a + dz. 


We now take a look at how to use differentials to approximate the change in the value of the function that results 
from a small change in the value of the input. Note the calculation with differentials is much simpler than 
calculating actual values of functions and the result is very close to what we would obtain with the more exact 
calculation. 


Example: 
Exercise: 


Problem: 
Approximating Change with Differentials 


Let y = x7 + 2x. Compute Ay and dy at x = 3 if dx = 0.1. 
Solution: 


The actual change in y if x changes from z = 3 to z = 3.1 is given by 
Equation: 


Ay= f(3.1) = f(8) = ((3-1)" + 2(3.1)| — [37 + 2(3))/= 0.81. 


The approximate change in y is given by dy = f#(3)dx. Since fi(x) = 2x” + 2, we have 
Equation: 


dy = fi3jde = (2(3) $2)(0:1) S08. 


Note: 
Exercise: 


Problem: For y = x” + 22, find Ay and dy at x = 3 if dx = 0.2. 


Solution: 


dy = 1.6, Ay = 1.64 
Hint 


dy = f(3)de, Ay = f(3.2) — (3) 


Calculating the Amount of Error 


Any type of measurement is prone to a certain amount of error. In many applications, certain quantities are 
calculated based on measurements. For example, the area of a circle is calculated by measuring the radius of the 
circle. An error in the measurement of the radius leads to an error in the computed value of the area. Here we 
examine this type of error and study how differentials can be used to estimate the error. 


Consider a function f with an input that is a measured quantity. Suppose the exact value of the measured quantity 
is a, but the measured value is a + dx. We say the measurement error is dx (or Aw). As a result, an error occurs in 
the calculated quantity f(x). This type of error is known as a propagated error and is given by 

Equation: 


Ay = f(a+ dz) — f(a). 


Since all measurements are prone to some degree of error, we do not know the exact value of a measured quantity, 
so we cannot calculate the propagated error exactly. However, given an estimate of the accuracy of a measurement, 
we can use differentials to approximate the propagated error Ay. Specifically, if f is a differentiable function at a, 
the propagated error is 

Equation: 


Ay © dy = fr(a)dz. 


Unfortunately, we do not know the exact value a. However, we can use the measured value a + dz, and estimate 
Equation: 


Ay = dy = fr(a+dz)dz. 


In the next example, we look at how differentials can be used to estimate the error in calculating the volume of a 
box if we assume the measurement of the side length is made with a certain amount of accuracy. 


Example: 
Exercise: 


Problem: 


Volume of a Cube 
Suppose the side length of a cube is measured to be 5 cm with an accuracy of 0.1 cm. 


a. Use differentials to estimate the error in the computed volume of the cube. 
b. Compute the volume of the cube if the side length is (i) 4.9 cm and (ii) 5.1 cm to compare the estimated 
error with the actual potential error. 


Solution: 


a. The measurement of the side length is accurate to within +0.1 cm. Therefore, 
Equation: 


—0' bd S01. 
The volume of a cube is given by V = 2°, which leads to 
Equation: 

dV = 32°dz. 
Using the measured side length of 5 cm, we can estimate that 
Equation: 
=3(5) (Wel) dV 35) (Oat): 

Therefore, 
Equation: 


=) SOM S&T. 


oO 


. If the side length is actually 4.9 cm, then the volume of the cube is 
Equation: 


V(4.9) = (4.9)° = 117.649 cm’. 


If the side length is actually 5.1 cm, then the volume of the cube is 
Equation: 


V(5.1) = (5.1)° = 132.651 cm’. 


Therefore, the actual volume of the cube is between 117.649 and 132.651. Since the side length is 
measured to be 5 cm, the computed volume is V(5) = 5° = 125. Therefore, the error in the computed 
volume is 

Equation: 


172649) = 125 SAV 1327651 = 125: 


That is, 
Equation: 


—f.d0l = AV S< 7.651". 


We see the estimated error dV is relatively close to the actual potential error in the computed volume. 


Note: 
Exercise: 


Problem: 


Estimate the error in the computed volume of a cube if the side length is measured to be 6 cm with an 
accuracy of 0.2 cm. 


Solution: 


The volume measurement is accurate to within 21.6 cm?. 


Hint 


dV = 3a7dx 


The measurement error dx (=Az) and the propagated error Ay are absolute errors. We are typically interested in 
the size of an error relative to the size of the quantity being measured or calculated. Given an absolute error Ag for 
a particular quantity, we define the relative error as a where gq is the actual value of the quantity. The 
percentage error is the relative error expressed as a percentage. For example, if we measure the height of a ladder 
to be 63 in. when the actual height is 62 in., the absolute error is 1 in. but the relative error is oe = 0.016, or 
1.6%. By comparison, if we measure the width of a piece ot coniboad to be 8.25 in. when the actual width is 8 in., 


our absolute error is + in., whereas the relative error is —3> = 35, or 3.1%. Therefore, the percentage error in the 


measurement of the cardboard is larger, even though 0.25 in. is less than 1 in. 


Example: 
Exercise: 


Problem: 
Relative and Percentage Error 


An astronaut using a camera measures the radius of Earth as 4000 mi with an error of +80 mi. Let’s use 
differentials to estimate the relative and percentage error of using this radius measurement to calculate the 
volume of Earth, assuming the planet is a perfect sphere. 


Solution: 


If the measurement of the radius is accurate to within +80, we have 
Equation: 


—80 < dr < 80. 


Since the volume of a sphere is given by V = a we have 
Equation: 


dV = 4nr’dr. 


Using the measured radius of 4000 mi, we can estimate 
Equation: 


—A47(4000)?(80) < dV < 4n(4000)?(80). 


To estimate the relative error, consider — Since we do not know the exact value of the volume V, use the 
measured radius r = 4000 mi to estimate V. We obtain V = (4)7(4000)°. Therefore the relative error 


satisfies 
Equation: 


—4n(4000)?(80) WW. 4n(4000)°(80) 
4n(4000)°/3 ~ V ~ 4x(4000)°/3 ’ 


which simplifies to 
Equation: 


dV 
—0.06 < — < 0.06. 
0.06 < V < 0.06 


The relative error is 0.06 and the percentage error is 6%. 


Note: 
Exercise: 


Problem: 
Determine the percentage error if the radius of Earth is measured to be 3950 mi with an error of +100 mi. 
Solution: 


7.6% 
Hint 


Use the fact that dV = 4mr*dr to find dV/V. 


Key Concepts 


¢ A differentiable function y = f(x) can be approximated at a by the linear function 
Equation: 


L(x) = fla) + f(a)(a — a). 


¢ Fora function y = f(x), if x changes from a to a + dz, then 
Equation: 


dy = fi(x)dx 


is an approximation for the change in y. The actual change in y is 
Equation: 


Ay = f(a+ dz) — f(a). 


e A measurement error dz can lead to an error in a calculated quantity f(x). The error in the calculated 
quantity is known as the propagated error. The propagated error can be estimated by 
Equation: 


dy = fi(x)dz. 


e To estimate the relative error of a particular quantity q, we estimate At, 


Key Equations 
e Linear approximation 
L(x) = f(a) + fi(a)(x — a) 
e A differential 
dy = fi(x)dz. 
Exercise: 
Problem: What is the linear approximation for any generic linear function y = ma + 6? 
Exercise: 


Problem: 


Determine the necessary conditions such that the linear approximation function is constant. Use a graph to 
prove your result. 


Solution: 


fi(a) =0 
Exercise: 


Problem: 


Explain why the linear approximation becomes less accurate as you increase the distance between z and a. 
Use a graph to prove your argument. 


Exercise: 


Problem: When is the linear approximation exact? 
Solution: 


The linear approximation exact when y = f(z) is linear or constant. 


For the following exercises, find the linear approximation L(x) to y = f(a) near x = a for the function. 
Exercise: 


Problem: f(z) = z + z*,a = 0 


Exercise: 
Problem: f(x) = at = 2 


Solution: 


Exercise: 


Problem: f(x) = tanz,a = 4 


Exercise: 
Problem: f(x) = sinz,a = + 


Solution: 
L(x) =1 


Exercise: 


Problem: f(x) = xsinz,a = 27 
Exercise: 

Problem: f(x) = sin’x, a = 0 

Solution: 


L(«z) =0 


For the following exercises, compute the values given within 0.01 by deciding on the appropriate f(x) and a, and 
evaluating L(x) = f(a) + f’(a)(a — a). Check your answer using a calculator. 
Exercise: 


Problem: [T] (2.001)° 
Exercise: 


Problem: [T] sin(0.02) 


Solution: 
0.02 


Exercise: 


Problem: [T] cos(0.03) 
Exercise: 
Problem: [T] (15.99)!/4 


Solution: 


1.9996875 


Exercise: 


Problem: [T] Tar 


Exercise: 


Problem: [T] sin(3.14) 


Solution: 


0.001593 


For the following exercises, determine the appropriate f(a) and a, and evaluate L (x) = f (a) + f’ (a) (a — a). 
Calculate the numerical error in the linear approximations that follow. 
Exercise: 


Problem: [T] (1.01)° 


Exercise: 


Problem: [T] cos(0.01) 


Solution: 


1; error, ~0.00005 


Exercise: 


Problem: [T] (sin(0.01))” 
Exercise: 
Problem: [T] (1.01) ° 


Solution: 


0.97; error, ~0.0006 


Exercise: 


Problem: [T] (1 + aay 
Exercise: 

Problem: [T] /8.99 

Solution: 


3- error, ~4.632 x 10-7 


i. 
600? 


For the following exercises, find the differential of the function. 
Exercise: 


Problem: y = 3x2*+ 2? — 22 +1 


Exercise: 


Problem: y = xcosz 


Solution: 


dy = (cosx — xsinx)dz 


Exercise: 


Problem: y = 1+ x 


Exercise: 


x?+2 
zx 


Problem: y = => 


Solution: 


ay = (=e? )as 


For the following exercises, find the differential and evaluate for the given x and dz. 
Exercise: 


Problem: y = 3x2 — «+6, 2 = 2,dz = 0.1 


Exercise: 


Problem: y = ——, x = 1, dx = 0.25 


a+1? 
Solution: 
— 1 1 
dy (e+? 16 
Exercise: 


Problem: y = tanz, x = 0, dx = aa 


Exercise: 


Problem: y = 32°22 > =0,dr =0.1 


Vet’ 
Solution: 

— 9u?+122—2 ra 
dy = er)? dz, —0.1 


Exercise: 


in (22x) 


Problem: y = * ,¢=7,dxz = 0.25 


x 


Exercise: 
Problem: y = 2° + 2a + 4, z=1,d¢z=0.05 
Solution: 


dy = (307+ 2-— 4)dz, 0.2 


For the following exercises, find the change in volume dV or in surface area dA. 
Exercise: 


Problem: dV if the sides of a cube change from 10 to 10.1. 


Exercise: 


Problem: dA if the sides of a cube change from z to x + dz. 


Solution: 


122 dx 


Exercise: 


Problem: dA if the radius of a sphere changes from r by dr. 


Exercise: 


Problem: dV if the radius of a sphere changes from r by dr. 


Solution: 


Anr2dr 


Exercise: 


Problem: dV if a circular cylinder with r = 2 changes height from 3 cm to 3.05 cm. 


Exercise: 


Problem: dV if a circular cylinder of height 3 changes from r = 2 tor = 1.9 cm. 


Solution: 


—1.27 cm? 


For the following exercises, use differentials to estimate the maximum and relative error when computing the 
surface area or volume. 
Exercise: 


Problem: 


A spherical golf ball is measured to have a radius of 5 mm, with a possible measurement error of 0.1 mm. 
What is the possible change in volume? 


Exercise: 


Problem: 


A pool has a rectangular base of 10 ft by 20 ft and a depth of 6 ft. What is the change in volume if you only 
fill it up to 5.5 ft? 


Solution: 


—100 ft? 


Exercise: 


Problem: 


An ice cream cone has height 4 in. and radius 1 in. If the cone is 0.1 in. thick, what is the difference between 
the volume of the cone, including the shell, and the volume of the ice cream you can fit inside the shell? 


For the following exercises, confirm the approximations by using the linear approximation at x = 0. 
Exercise: 


Problem: V1 —-xze1- $a 


Exercise: 


Problem: —— ~ 1 


Exercise: 


Problem: Vc? + x2 ~ c 


Glossary 


differential 
the differential dx is an independent variable that can be assigned any nonzero real number; the differential 
dy is defined to be dy = fi(x)dx 


differential form 
given a differentiable function y = fr(x), the equation dy = f#(x)dz is the differential form of the derivative 
of y with respect to x 


linear approximation 
the linear function L(x) = f(a) + f(a)(x — a) is the linear approximation of f atz = a 


percentage error 
the relative error expressed as a percentage 


propagated error 
the error that results in a calculated quantity f(x) resulting from a measurement error dx 


relative error 
given an absolute error Ag for a particular quantity, “4 is the relative error. 


tangent line approximation (linearization) 
since the linear approximation of f at x = a is defined using the equation of the tangent line, the linear 
approximation of f at z = a is also known as the tangent line approximation to f atx =a 


Maxima and Minima 


e Define absolute extrema. 

e Define local extrema. 

e Explain how to find the critical points of a function over a closed 
interval. 

e Describe how to use critical points to locate absolute extrema over a 
closed interval. 


Given a particular function, we are often interested in determining the 
largest and smallest values of the function. This information is important in 
creating accurate graphs. Finding the maximum and minimum values of a 
function also has practical significance because we can use this method to 
solve optimization problems, such as maximizing profit, minimizing the 
amount of material used in manufacturing an aluminum can, or finding the 
maximum height a rocket can reach. In this section, we look at how to use 
derivatives to find the largest and smallest values for a function. 


Absolute Extrema 


Consider the function f(x) = x? + 1 over the interval (—oo, 00). As 

xz —> +00, f(x) — oo. Therefore, the function does not have a largest 
value. However, since x2 + 1 > 1 for all real numbers x and x? + 1 = 1 
when x = QO, the function has a smallest value, 1, when x = 0. We say that 
1 is the absolute minimum of f(x) = x? + 1 and it occurs at x = 0. We 
say that f(z) = x” + 1 does not have an absolute maximum (see the 
following figure). 


f(x) =x? +1 


The given function has an absolute minimum of 1 at 
az = 0. The function does not have an absolute 
maximum. 


Note: 

Definition 

Let f be a function defined over an interval J and let c € I. We say f has 
an absolute maximum on J at cif f(c) > f(x) for all x € I. We say f 
has an absolute minimum on I at c if f(c) < f(x) forall a € J. If f has 
an absolute maximum on J at c or an absolute minimum on I at c, we say 
f has an absolute extremum on I at c. 


Before proceeding, let’s note two important issues regarding this definition. 
First, the term absolute here does not refer to absolute value. An absolute 
extremum may be positive, negative, or zero. Second, if a function f has an 
absolute extremum over an interval I at c, the absolute extremum is f(c). 
The real number c is a point in the domain at which the absolute extremum 


occurs. For example, consider the function f(z) = 1/(x? + 1) over the 
interval (—oo, 00). Since 
Equation: 


1 


I aay 


f(x) 


for all real numbers x, we say f has an absolute maximum over (—oo, co) 
at x = 0. The absolute maximum is f(0) = 1. It occurs at z = 0, as shown 
in [Link ](b). 


A function may have both an absolute maximum and an absolute minimum, 
just one extremum, or neither. [link] shows several functions and some of 
the different possibilities regarding absolute extrema. However, the 
following theorem, called the Extreme Value Theorem, guarantees that a 
continuous function f over a closed, bounded interval [a, b] has both an 
absolute maximum and an absolute minimum. 


f(x) = =*— on (—~, ~) 


f(x) = x? on (—~, ~) ¥+1 f(x) = cos(x) on (—~, ~) 
No absolute maximum Absolute maximum of 1 at x = 0 Absolute maximum of 1 at x = 0, 
No absolute minimum No absolute minimum +2n, +4... 
Absolute minimum of —1 at x = +7, 
+377... 


(a) (b) (c) 


' 
\ 
' 
' 
I 
' 
\ 
' 
' 
1 
I 
' 
' 
\ 
' 
' 
' 
2 


Ww = {2-8 O=x<2 snc 

x-3 2=x=4 f(x) = (x — 2)? on [1, 4] Wy = 5 oni 2) 

Absolute maximum of 2 at x = 0 Absolute maximum of 4 at x = 4 No absolute maximum 

No absolute minimum Absolute minimum of 0 at x = 2 Absolute minimum of 0 at x = 0 


(d) (e) (f) 


Graphs (a), (b), and (c) show several possibilities for absolute extrema 
for functions with a domain of (—oo, oo). Graphs (d), (e), and (f) 
show several possibilities for absolute extrema for functions with a 
domain that is a bounded interval. 


Note: 


Extreme Value Theorem 

If f is a continuous function over the closed, bounded interval {a, 6], then 
there is a point in [a, b] at which f has an absolute maximum over [a, 
and there is a point in [a, b] at which f has an absolute minimum over 

la, 5). 


The proof of the extreme value theorem is beyond the scope of this text. 
Typically, it is proved in a course on real analysis. There are a couple of key 
points to note about the statement of this theorem. For the extreme value 
theorem to apply, the function must be continuous over a closed, bounded 
interval. If the interval I is open or the function has even one point of 
discontinuity, the function may not have an absolute maximum or absolute 
minimum over J. For example, consider the functions shown in [link](d), 
(e), and (f). All three of these functions are defined over bounded intervals. 
However, the function in graph (e) is the only one that has both an absolute 
maximum and an absolute minimum over its domain. The extreme value 
theorem cannot be applied to the functions in graphs (d) and (f) because 
neither of these functions is continuous over a closed, bounded interval. 
Although the function in graph (d) is defined over the closed interval [0, 4], 
the function is discontinuous at x = 2. The function has an absolute 
maximum over (0, 4] but does not have an absolute minimum. The function 
in graph (f) is continuous over the half-open interval [0, 2), but is not 
defined at x = 2, and therefore is not continuous over a closed, bounded 
interval. The function has an absolute minimum over |0, 2), but does not 
have an absolute maximum over [0, 2). These two graphs illustrate why a 
function over a bounded interval may fail to have an absolute maximum 
and/or absolute minimum. 


Before looking at how to find absolute extrema, let’s examine the related 
concept of local extrema. This idea is useful in determining where absolute 
extrema occur. 


Local Extrema and Critical Points 


Consider the function f shown in [link]. The graph can be described as two 
mountains with a valley in the middle. The absolute maximum value of the 
function occurs at the higher peak, at x = 2. However, x = 0 is also a point 
of interest. Although f (0) is not the largest value of f, the value f (0) is 
larger than f (a) for all x near 0. We say f has a local maximum at x = 0. 
Similarly, the function f does not have an absolute minimum, but it does 
have a local minimum at x = 1 because f (1) is less than f (x) for x near 
il, 


f(x) defined on (—*, ~) 
Local maxima at x = 0 and x = 2 
Local minimum at x = 1 


This function f has two local 
maxima and one local minimum. The 
local maximum at x = 2 is also the 
absolute maximum. 


Note: 

Definition 

A function f has a local maximum at c if there exists an open interval I 
containing c such that I is contained in the domain of f and f(c) > f(x) 
for all x € I. A function f has a local minimum at c if there exists an 
open interval J containing c such that J is contained in the domain of f and 
f(c) < f(x) for all x € J. A function f has a local extremum at c if f 
has a local maximum at c or f has a local minimum at c. 


Note that if f has an absolute extremum at c and f is defined over an 
interval containing c, then f(c) is also considered a local extremum. If an 
absolute extremum for a function f occurs at an endpoint, we do not 
consider that to be a local extremum, but instead refer to that as an endpoint 
extremum. 


Given the graph of a function f, it is sometimes easy to see where a local 
maximum or local minimum occurs. However, it is not always easy to see, 
since the interesting features on the graph of a function may not be visible 
because they occur at a very small scale. Also, we may not have a graph of 
the function. In these cases, how can we use a formula for a function to 
determine where these extrema occur? 


To answer this question, let’s look at [link] again. The local extrema occur 
atx = 0, x = 1, and zx = 2. Notice that at = 0 and z = 1, the derivative 
f(x) = 0. At x = 2, the derivative f/(a) does not exist, since the function 
f has a corner there. In fact, if f has a local extremum at a point x = c, the 
derivative f/(c) must satisfy one of the following conditions: either 

fl(c) = 0 or fr(c) is undefined. Such a value c is known as a critical point 
and it is important in finding extreme values for functions. 


Note: 
Definition 


Let c be an interior point in the domain of f. We say that c is a critical 
point of f if f#(c) = 0 or f/(c) is undefined. 


As mentioned earlier, if f has a local extremum at a point x = c, thenc 
must be a critical point of f. This fact is known as Fermat’s theorem. 


Note: 
Fermat’s Theorem 
If f has a local extremum at c and f is differentiable at c, then f/(c) = 0. 


Proof 


Suppose f has a local extremum at c and f is differentiable at c. We need to 
show that f/(c) = 0. To do this, we will show that f/(c) > 0 and 

fl(c) < 0, and therefore f/(c) = 0. Since f has a local extremum at c, f 
has a local maximum or local minimum at c. Suppose f has a local 
maximum at c. The case in which f has a local minimum at c can be 
handled similarly. There then exists an open interval J such that 

f (c) => f (a) for all x € I. Since f is differentiable at c, from the 
definition of the derivative, we know that 

Equation: 


Since this limit exists, both one-sided limits also exist and equal f/(c). 
Therefore, 
Equation: 


and 
Equation: 


Since f(c) is a local maximum, we see that f(x) — f(c) < 0 for x near c. 
Therefore, for x near c, but x > c, we have fer Ke) < 0. From [link] we 


conclude that f/(c) < 0. Similarly, it can be shown that f/(c) > 0. 
Therefore, f/(c) = 0. 


L) 


From Fermat’s theorem, we conclude that if f has a local extremum at c, 
then either f/(c) = 0 or f/(c) is undefined. In other words, local extrema 
can only occur at critical points. 


Note this theorem does not claim that a function f must have a local 
extremum at a critical point. Rather, it states that critical points are 
candidates for local extrema. For example, consider the function 

f (x) = 2. We have f(x) = 3x7 = 0 when x = 0. Therefore, x = O isa 
critical point. However, f(z) = 2° is increasing over (—oo, 00), and thus f 
does not have a local extremum at x = O. In [link], we see several different 
possibilities for critical points. In some of these cases, the functions have 
local extrema at critical points, whereas in other cases the functions do not. 
Note that these graphs do not show all possibilities for the behavior of a 
function at a critical point. 


f'(c) is undefined f'(c) is undefined 


Local maximum at c Local maximum at c Local minimum at c 


(a) (b) (c) 


f'(c) is undefined 


No local extremum at c No local extremum at c 


(d) (e) 


(a-e) A function f has a critical point at c if f/(c) = 0 or fl(c) is 
undefined. A function may or may not have a local extremum at a 
critical point. 


Later in this chapter we look at analytical methods for determining whether 
a function actually has a local extremum at a critical point. For now, let’s 
turn our attention to finding critical points. We will use graphical 


observations to determine whether a critical point is associated with a local 
extremum. 


Example: 
Exercise: 


Problem: 
Locating Critical Points 


For each of the following functions, find all critical points. Use a 
graphing utility to determine whether the function has a local 
extremum at each of the critical points. 


Solution: 


a. The derivative f(x) = x? — 5a + 4 is defined for all real 
numbers x. Therefore, we only need to find the values for z 
where f/(z) = 0. Since 
fi(x) = a? — 5a +4 = (x — 4) (xz — 1), the critical points are 
x = 1and ax = 4. From the graph of f in [link], we see that f 
has a local maximum at x = 1 and a local minimum at z = 4. 


—A+ f0d = =x3 = 2x2 + 4x 


This function has a local maximum 
and a local minimum. 


b. Using the chain rule, we see the derivative is 
Equation: 


f(a) = 3(x? —1)* (22) = 6a(a? — 1)”. 


Therefore, f has critical points when x = 0 and when 

az” — 1 = 0. We conclude that the critical points are z = 0, +1. 
From the graph of f in [link], we see that f has a local (and 
absolute) minimum at x = 0, but does not have a local 
extremum at 2 — Lora — —L 


This function has three critical points: x = 0, x = 1, 

and « = —1. The function has a local (and absolute) 

minimum at « = O, but does not have extrema at the 
other two critical points. 


. By the chain rule, we see that the derivative is 
Equation: 


7 (1+ 474) — 42 (22) — 4-42? 
Es (1+ 2)  (1+22)? 


The derivative is defined everywhere. Therefore, we only need to 
find values for x where f/(x) = 0. Solving f(x) = 0, we see 
that 4 — 4¢? = 0, which implies x = +1. Therefore, the critical 
points are x = +1. From the graph of f in [link], we see that f 


has an absolute maximum at z = 1 and an absolute minimum at 
x = —1. Hence, f has a local maximum at x = 1 and a local 
minimum at « = —1. (Note that if f has an absolute extremum 
over an interval I at a point c that is not an endpoint of J, then f 


has a local extremum at c. ) 


This function has an absolute 
maximum and an absolute 
minimum. 


Note: 
Exercise: 


Problem: Find all critical points for f (x) = 2° — 


Solution: 


su? — 2a +1. 


Calculate fi(z). 


Locating Absolute Extrema 


The extreme value theorem states that a continuous function over a closed, 
bounded interval has an absolute maximum and an absolute minimum. As 
shown in [link], one or both of these absolute extrema could occur at an 
endpoint. If an absolute extremum does not occur at an endpoint, however, 
it must occur at an interior point, in which case the absolute extremum is a 
local extremum. Therefore, by [link], the point c at which the local 
extremum occurs must be a critical point. We summarize this result in the 
following theorem. 


Note: 

Location of Absolute Extrema 

Let f be a continuous function over a closed, bounded interval J. The 
absolute maximum of f over J and the absolute minimum of f over J must 
occur at endpoints of J or at critical points of f in I. 


With this idea in mind, let’s examine a procedure for locating absolute 
extrema. 


Note: 

Problem-Solving Strategy: Locating Absolute Extrema over a Closed 
Interval 

Consider a continuous function f defined over the closed interval {a, 5]. 


1. Evaluate f at the endpoints x = a and x = b. 
2. Find all critical points of f that lie over the interval (a, b) and 
evaluate f at those critical points. 


3. Compare all values found in (1) and (2). From [link], the absolute 
extrema must occur at endpoints or critical points. Therefore, the 
largest of these values is the absolute maximum of f. The smallest of 
these values is the absolute minimum of f. 


Now let’s look at how to use this strategy to find the absolute maximum and 
absolute minimum values for continuous functions. 


Example: 
Exercise: 


Problem: 
Locating Absolute Extrema 


For each of the following functions, find the absolute maximum and 
absolute minimum over the specified interval and state where those 
values occur. 


a. f(x) = —x2? + 3a — 2 over [1, 3]. 
b. f(z) = x? — 3a?/3 over (0, 2]. 


Solution: 


a. Step 1. Evaluate f at the endpoints x = 1 and x = 3. 
Equation: 


f GQ) =and 7 (3) = —2 


Step 2. Since f/(x) = —2ax + 3, fl is defined for all real 
numbers x. Therefore, there are no critical points where the 
derivative is undefined. It remains to check where f/(x) = 0. 
Since f(x) = —22+3=O0atzr= 3 and 3 is in the interval 


ea lear (3) is a candidate for an absolute extremum of f over 
[1, 3]. We evaluate f (2) and find 
Equation: 


Step 3. We set up the following table to compare the values 
found in steps 1 and 2. 


x lee) Conclusion 

0 0 

- Me Absolute maximum 
3 =2 Absolute minimum 


From the table, we find that the absolute maximum of f over the 
interval [1, 3] is +, and it occurs at x = 3. The absolute 
minimum of f over the interval [1, 3] is —2, and it occurs at 

x = 3as shown in the following graph. 


=. f(x) = —x? + 3x -— 2 


-2 (2 +9) 


This function has both an absolute maximum and an 
absolute minimum. 


. Step 1. Evaluate f at the endpoints x = 0 and x = 2. 
Equation: 


f(0) = Oand f(2) = 4 —3V4 = —0.762 


Step 2. The derivative of f is given by 
Equation: 


2  art/8 2 
gi/3 pl /3 


f(x) = 2x” — 


for x + 0. The derivative is zero when 2x4/* — 2 = 0, which 
implies 2 = +1. The derivative is undefined at x = 0. 
Therefore, the critical points of f are x = 0,1, —1. The point 
x = 0 is an endpoint, so we already evaluated f(0) in step 1. 
The point z = —1 is not in the interval of interest, so we need 
only evaluate f (1). We find that 

Equation: 


dD == 


Step 3. We compare the values found in steps 1 and 2, in the 
following table. 


x face) Conclusion 

0 0 Absolute maximum 
if 2 Absolute minimum 
2 —0.762 


We conclude that the absolute maximum of f over the interval 
[0, 2] is zero, and it occurs at x = 0. The absolute minimum is 
—2, and it occurs at x = 1 as shown in the following graph. 


This function has an absolute 
maximum at an endpoint of the 
interval. 


Note: 
Exercise: 


Problem: 


Find the absolute maximum and absolute minimum of 
f(x) = x? — 4x + 3 over the interval [1, 4]. 


Solution: 


The absolute maximum is 3 and it occurs at z = 4. The absolute 
minimum is —1 and it occurs at x = 2. 


Hint 


Look for critical points. Evaluate f at all critical points and at the 
endpoints. 


At this point, we know how to locate absolute extrema for continuous 
functions over closed intervals. We have also defined local extrema and 
determined that if a function f has a local extremum at a point c, then c 
must be a critical point of f. However, c being a critical point is not a 
sufficient condition for f to have a local extremum at c. Later in this 
chapter, we show how to determine whether a function actually has a local 
extremum at a critical point. First, however, we need to introduce the Mean 
Value Theorem, which will help as we analyze the behavior of the graph of 
a function. 


Key Concepts 


e A function may have both an absolute maximum and an absolute 
minimum, have just one absolute extremum, or have no absolute 
maximum or absolute minimum. 

e If a function has a local extremum, the point at which it occurs must be 
a critical point. However, a function need not have a local extremum at 
a critical point. 

e A continuous function over a closed, bounded interval has an absolute 
maximum and an absolute minimum. Each extremum occurs at a 
critical point or an endpoint. 


Exercise: 


Problem: 


In precalculus, you learned a formula for the position of the maximum 
or minimum of a quadratic equation y = ax? + bx + c, which was 
h=- Ra Prove this formula using calculus. 

Exercise: 
Problem: 
If you are finding an absolute minimum over an interval [a, b|, why do 


you need to check the endpoints? Draw a graph that supports your 
hypothesis. 


Solution: 


Answers may vary 
Exercise: 
Problem: 
If you are examining a function over an interval (a, b), for a and b 


finite, is it possible not to have an absolute maximum or absolute 
minimum? 


Exercise: 
Problem: 
When you are checking for critical points, explain why you also need 


to determine points where f ’ (x) is undefined. Draw a graph to 
support your explanation. 


Solution: 


Answers will vary 


Exercise: 


Problem: 

Can you have a finite absolute maximum for y = ax? + bx + c over 

(—oo, 00)? Explain why or why not using graphical arguments. 
Exercise: 

Problem: 

Can you have a finite absolute maximum for y = ax? + bx? + cx + d 


over (—oo, oo) assuming a is non-zero? Explain why or why not using 
graphical arguments. 


Solution: 


No; answers will vary 
Exercise: 
Problem: 
Let m be the number of local minima and // be the number of local 


maxima. Can you create a function where M > m + 2? Draw a graph 
to support your explanation. 


Exercise: 
Problem: 


Is it possible to have more than one absolute maximum? Use a 
graphical argument to prove your hypothesis. 


Solution: 


Since the absolute maximum is the function (output) value rather than 
the x value, the answer is no; answers will vary 


Exercise: 


Problem: 


Is it possible to have no absolute minimum or maximum for a 
function? If so, construct such a function. If not, explain why this is 
not possible. 


Exercise: 
Problem: 


[T] Graph the function y = e®”. For which values of a, on any infinite 
domain, will you have an absolute minimum and absolute maximum? 


Solution: 


When a = 0 


For the following exercises, determine where the local and absolute maxima 
and minima occur on the graph given. Assume the graph represents the 
entirety of each function. 

Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 
Absolute minimum at 3; Absolute maximum at —2.2; local minima at 
—2, 1; local maxima at —1, 2 

Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


Absolute minima at —2, 2; absolute maxima at —2.5, 2.5; local 
minimum at 0; local maxima at —1, 1 


For the following problems, draw graphs of f (a), which is continuous, 
over the interval |—4, 4] with the following properties: 
Exercise: 


Problem: 


Absolute maximum at x = 2 and absolute minima at x = +3 
Exercise: 


Problem: 
Absolute minimum at x = 1 and absolute maximum at x = 2 
Solution: 


Answers may vary. 


Exercise: 
Problem: 
Absolute maximum at 2 = 4, absolute minimum at x = —1, local 


maximum at x = —2, and a critical point that is not a maximum or 
minimum at x = 2 


Exercise: 


Problem: 


Absolute maxima at z = 2 and z = —8, local minimum at x = 1, and 
absolute minimum at « = 4 


Solution: 


Answers may vary. 


For the following exercises, find the critical points in the domains of the 
following functions. 
Exercise: 


Problem: y = 4° — 3x 


Exercise: 
Problem: y = 4,/x — x” 


Solution: 


r= 1 


Exercise: 


Problem: y = —— 


Exercise: 


Problem: y = In(x — 2) 
Solution: 


None 


Exercise: 


Problem: y = tan(z) 
Exercise: 

Problem: y = V4 — x? 

Solution: 


f= 0 


Exercise: 


Problem: y = 3/2 _ 35/2 


Exercise: 


Problem: 1 = aed 
Ce r2+2r—3 
Solution: 
None 
Exercise: 


Problem: y = sin? (2) 


Exercise: 


— 


Problem: y = x + = 


Solution: 


f=]—1,1 


For the following exercises, find the local and/or absolute maxima for the 
functions over the specified domain. 
Exercise: 


Problem: f(x) = x? + 3 over [—1, 4] 
Exercise: 

Problem: y = x? + = over [1, 4| 

Solution: 


Absolute maximum: x = 4, y = 33. absolute minimum: x = 1, 
y=3 


Exercise: 


Problem: y = (x — x)” over |—1, 1] 


Exercise: 


Problem: y = —-—- over (0,1) 


(x—a?) 
Solution: 
Absolute minimum: z = + y=4 


Exercise: 


Problem: y = \/9 — x over [1,9] 


Exercise: 


Problem: y = x + sin(z) over [0, 27 
Solution: 


Absolute maximum: xz = 277, y = 27; absolute minimum: x = 0, 
y=0 


Exercise: 


Problem: y = =, over [0, 100 


Exercise: 
Problem: y = |x + 1| + |x — 1| over [—3, 2] 


Solution: 


Absolute maximum: « = —3; absolute minimum: —1 < z<1,y=2 


Exercise: 


Problem: y = \/z — Vx? over (0, 4] 


Exercise: 


Problem: y = sinz + cosz over (0, 27 


Solution: 


,y = V2; absolute minimum: « = =, 


Absolute maximum: x = mn 


y=-v2 


Exercise: 


cL 
4 


Problem: y = 4sin@ — 3cos0 over 0, 27 


For the following exercises, find the local and absolute minima and maxima 
for the functions over (—oo, 00). 
Exercise: 


Problem: y = x? + 4x +5 
Solution: 


Absolute minimum: z = —2, y= 1 


Exercise: 


Problem: y = x? — 12z 


Exercise: 


Problem: y = 3x* + 8x° — 18x? 


Solution: 
Absolute minimum: x = —3, y = —135; local maximum: z = 0, 
y = 0; local minimum: x = 1, y = —7 

Exercise: 


Problem: y = x°(1 — «)° 


Exercise: 


2 
Problem: y = *+**% 


Solution: 


Local maximum: z = 1 — 2/2, y= 3 4/2: local minimum: 
2=1+4+2V/2,y=3+4V2 


Exercise: 


22-1 
x—1 


Problem: y = 


For the following functions, use a calculator to graph the function and to 
estimate the absolute and local maxima and minima. Then, solve for them 
explicitly. 

Exercise: 


Problem: [T] y = 32/1 — 2? 


Solution: 
Absolute maximum: x = = y= 3; absolute minimum: xz = m8 
ed's aes 
= 
Exercise: 


Problem: [T] y = x + sin(z) 
Exercise: 
Problem: [T] y = 122° + 45* + 20z° — 90x? — 120x +3 
Solution: 
Local maximum: z = —2, y = 59; local minimum: z = 1, y = —130 


Exercise: 


Problem: [T] y = cae 


Exercise: 


Problem: [T] y = = 


Solution: 


Absolute maximum: x = 0, y = 1; absolute minimum: x = —2, 2, 
y=0 


Exercise: 


Problem: 


A company that produces cell phones has a cost function of 

C = «* — 1200z + 36,400, where C is cost in dollars and z is 
number of cell phones produced (in thousands). How many units of 
cell phone (in thousands) minimizes this cost function? 


Exercise: 


Problem: 


A ball is thrown into the air and its position is given by 
h(t) = —4.9¢? + 60¢ + 5 m. Find the height at which the ball stops 
ascending. How long after it is thrown does this happen? 


Solution: 


_ 9245 _ 300 
h= “yp m,t= 7% 


For the following exercises, consider the production of gold during the 
Califomia gold rush (1848-1888). The production of gold can be modeled 


by Gt) = tay where ¢ is the number of years since the rush began 


(0 <t < 40) and G is ounces of gold produced (in millions). A summary 
of the data is shown in the following figure. 


w ~ 
of, Oo 


Gold (millions of troy ounces) 
aa i) 
FP oN Oo Ww 


o 
on 


Exercise: 
Problem: 
Find when the maximum (local and global) gold production occurred, 
and the amount of gold produced during that maximum. 
Exercise: 
Problem: 


Find when the minimum (local and global) gold production occurred. 
What was the amount of gold produced during this minimum? 


Solution: 


The global minimum was in 1848, when no gold was produced. 


Find the critical points, maxima, and minima for the following piecewise 
functions. 
Exercise: 


g—4e 0O<a2<1 
Problem: y = 5 

w-4 l<x<2 

Exercise: 
get g<l 

Problem: y = 

g—A4g+5 ¢>1 
Solution: 


Absolute minima: z = 0, x = 2, y = 1; local maximum at z = 1, 
y=2 


For the following exercises, find the critical points of the following generic 
functions. Are they maxima, minima, or neither? State the necessary 
conditions. 

Exercise: 


Problem: y = ax” + bx + c, given that a > 0 


Exercise: 


Problem: y = (x — 1)", given that a > 1 


Solution: 


No maxima/minima if a is odd, minimum at xz = 1 if a is even 


Glossary 


absolute extremum 
if f has an absolute maximum or absolute minimum at c, we say f has 


an absolute extremum at c 


absolute maximum 
if f (c) > f (a) for all x in the domain of f, we say f has an absolute 
maximum at c 


absolute minimum 
if f (c) < f (a) for all x in the domain of f, we say f has an absolute 
minimum at c 


critical point 
if f1(c) = 0 or fl(c) is undefined, we say that c is a critical point of f 


extreme value theorem 
if f is a continuous function over a finite, closed interval, then f has an 
absolute maximum and an absolute minimum 


Fermat’s theorem 
if f has a local extremum at c, then c is a critical point of f 


local extremum 
if f has a local maximum or local minimum at c, we say f has a local 
extremum at c 


local maximum 
if there exists an interval I such that f (c) > f (x) forall x € I, we 
say f has a local maximum at c 


local minimum 
if there exists an interval I such that f (c) < f (x) forall x € I, we 
say f has a local minimum at c 


Derivatives and the Shape of a Graph 


e Explain how the sign of the first derivative affects the shape of a function’s 
graph. 

e State the first derivative test for critical points. 

e Use concavity and inflection points to explain how the sign of the second 
derivative affects the shape of a function’s graph. 

e Explain the concavity test for a function over an open interval. 

e Explain the relationship between a function and its first and second 
derivatives. 

e State the second derivative test for local extrema. 


Earlier in this chapter we stated that if a function f has a local extremum at a point 
c, then c must be a critical point of f. However, a function is not guaranteed to 
have a local extremum at a critical point. For example, f(x) = z° has a critical 
point at z = O since f’(x) = 32? is zero at x = 0, but f does not have a local 
extremum at z = 0. Using the results from the previous section, we are now able 
to determine whether a critical point of a function actually corresponds to a local 
extreme value. In this section, we also see how the second derivative provides 
information about the shape of a graph by describing whether the graph of a 
function curves upward or curves downward. 


The First Derivative Test 


Corollary 3 of the Mean Value Theorem showed that if the derivative of a function 
is positive over an interval J then the function is increasing over J. On the other 
hand, if the derivative of the function is negative over an interval J, then the 
function is decreasing over I as shown in the following figure. 


f is increasing f is increasing 


(a) (b) 


f is decreasing f is decreasing 


(c) (d) 


Both functions are increasing over the interval (a, b). 
At each point a, the derivative f/(x) > 0. Both 
functions are decreasing over the interval (a, b). At 
each point z, the derivative f/(x) < 0. 


A continuous function f has a local maximum at point c if and only if f switches 
from increasing to decreasing at point c. Similarly, f has a local minimum at c if 
and only if f switches from decreasing to increasing at c. If f is a continuous 
function over an interval J containing c and differentiable over J, except possibly 
at c, the only way f can switch from increasing to decreasing (or vice versa) at 
point c is if f’ changes sign as x increases through c. If f is differentiable at c, the 
only way that f’. can change sign as zx increases through c is if f’ (c) = 0. 
Therefore, for a function f that is continuous over an interval J containing c and 


differentiable over I, except possibly at c, the only way f can switch from 
increasing to decreasing (or vice versa) is if f/(c) = 0 or f' (c) is undefined. 
Consequently, to locate local extrema for a function f, we look for points c in the 
domain of f such that f/(c) = 0 or f' (c) is undefined. Recall that such points are 
called critical points of f. 


Note that f need not have a local extrema at a critical point. The critical points are 
candidates for local extrema only. In [link], we show that if a continuous function 
f has a local extremum, it must occur at a critical point, but a function may not 
have a local extremum at a critical point. We show that if f has a local extremum 
at a critical point, then the sign of f’ switches as x increases through that point. 


f(a) is 
undefined 


increasing decreasing increasing increasing decreasing 


The function f has four critical points: a, b,c, and d. The function f has 
local maxima at a and d, and a local minimum at b. The function f does not 
have a local extremum at c. The sign of f/ changes at all local extrema. 


Using [link], we summarize the main results regarding local extrema. 


e If acontinuous function f has a local extremum, it must occur at a critical 
point c. 


e The function has a local extremum at the critical point c if and only if the 
derivative f’ switches sign as x increases through c. 

e Therefore, to test whether a function has a local extremum at a critical point 
c, we must determine the sign of f’ (x) to the left and right of c. 


This result is known as the first derivative test. 


Note: 

First Derivative Test 

Suppose that f is a continuous function over an interval J containing a critical 
point c. If f is differentiable over I, except possibly at point c, then f (c) satisfies 
one of the following descriptions: 


i. If f’ changes sign from positive when x < c to negative when x > c, then 
f (c) is a local maximum of f. 
ii. If f’ changes sign from negative when x < c to positive when x > c, then 
f (c) is a local minimum of f. 
iii. If f/ has the same sign for x < cand x > ¢, then f (c) is neither a local 
maximum nor a local minimum of f. 


We can summarize the first derivative test as a strategy for locating local extrema. 


Note: 
Problem-Solving Strategy: Using the First Derivative Test 
Consider a function f that is continuous over an interval J. 


1. Find all critical points of f and divide the interval J into smaller intervals 
using the critical points as endpoints. 

2. Analyze the sign of f/ in each of the subintervals. If f/ is continuous over a 
given subinterval (which is typically the case), then the sign of f/ in that 
subinterval does not change and, therefore, can be determined by choosing 
an arbitrary test point x in that subinterval and by evaluating the sign of f/ at 
that test point. Use the sign analysis to determine whether f is increasing or 
decreasing over that interval. 


3. Use [link] and the results of step 2 to determine whether f has a local 
maximum, a local minimum, or neither at each of the critical points. 


Now let’s look at how to use this strategy to locate all local extrema for particular 
functions. 


Example: 
Exercise: 


Problem: 
Using the First Derivative Test to Find Local Extrema 


Use the first derivative test to find the location of all local extrema for 
f (x) = x? — 3x? — 9x — 1. Use a graphing utility to confirm your results. 


Solution: 


Step 1. The derivative is f’ (x) = 3x? — 6x — 9. To find the critical points, 
we need to find where f’ (x) = 0. Factoring the polynomial, we conclude 
that the critical points must satisfy 

Equation: 


Ue =e = 9) = Sie = SB) == 1) = 00. 


Therefore, the critical points are x = 3, —1. Now divide the interval 
(—oo, 00) into the smaller intervals (—oo, —1), (—1, 3) and (3, co). 


Step 2. Since f/ is a continuous function, to determine the sign of f’ (x) over 
each subinterval, it suffices to choose a point over each of the intervals 
(—oo, —1), (—1, 3) and (3, 00) and determine the sign of f’ at each of 
these points. For example, let’s choose x = —2,x = 0, and zx = 4s test 
points. 


Sign of 


Test Se ae) 
Interval Point at Test Point Conclusion 
(—oo, —1) t= —2 eee) ee) ae fee 
- 7 f is 
(—1, 3) t=0 GEG) = decreasing. 
a) | | | ——ae| f is 
(3, 00) t= 4 GaGaiGs) =e increasing. 


Step 3. Since f’ switches sign from positive to negative as x increases 
through 1, f has a local maximum at x = —1. Since f’ switches sign from 
negative to positive as x increases through 3, f has a local minimum at 

x = 3. These analytical results agree with the following graph. 


—28 


The function f has a maximum at x = —1 anda 
minimum at z = 3 


7x 


Note: 
Exercise: 


Problem: 


Use the first derivative test to locate all local extrema for 
f (x) = —x? + 2274 182. 


Solution: 


f has a local minimum at —2 and a local maximum at 3. 
Hint 


Find all critical points of f and determine the signs of f’ (x) over particular 
intervals determined by the critical points. 


Example: 
Exercise: 


Problem: 
Using the First Derivative Test 


Use the first derivative test to find the location of all local extrema for 
f (a) = 5x1/3 — 2/3, Use a graphing utility to confirm your results. 


Solution: 


Step 1. The derivative is 
Equation: 


4 
ree ese pe Se DL) 
: : 327/3 3 322/83 3 92/3 


The derivative f’ (a) = 0 when 1 — a*/* = 0. Therefore, f’ (x) = 0 at 

x = +1. The derivative f’ (x) is undefined at x = 0. Therefore, we have 
three critical points: x = 0, x = 1, and z = —1. Consequently, divide the 
interval (—o0o, oo) into the smaller intervals (—oo, —1), (—1,0), (0,1), and 
(1, 00). 


Step 2: Since f’ is continuous over each subinterval, it suffices to choose a 
test point x in each of the intervals from step 1 and determine the sign of f’ 


at each of these points. The points = —2,z = —$,2 = + ENG |e 
are test points for these intervals. 
Sign of 
5(1—24*/3 
Test f(z) = oe at 
Interval Point Test Point Conclusion 
ee Vee | sy, eae f is 
ay : 1 decreasing. 
me Ean RG fis 
) : a ar a increasing. 
1 ae WW _ fis 
Oe) 2 a: ¥ increasing. 
1 -2 WO _ _ fis 
ed) ‘s F decreasing. 


Step 3: Since f is decreasing over the interval (—co, —1) and increasing 
over the interval (—1,0), f has alocal minimum at « = —1. Since f is 
increasing over the interval (—1, 0) and the interval (0,1), f does not have a 
local extremum at « = 0. Since f is increasing over the interval (0, 1) and 
decreasing over the interval (1, 00), f has a local maximum at « = 1. The 
analytical results agree with the following graph. 


The function f has a local minimum at 


az — —1 anda local maximum at 
1 — 
Note: 
Exercise: 
Problem: 


Use the first derivative test to find all local extrema for f (xz) = Wx — 1. 


Solution: 


f has no local extrema because f’ does not change sign at x = 1. 


Hint 


The only critical point of f is x = 1. 


Concavity and Points of Inflection 


We now know how to determine where a function is increasing or decreasing. 
However, there is another issue to consider regarding the shape of the graph of a 
function. If the graph curves, does it curve upward or curve downward? This 
notion is called the concavity of the function. 


[link](a) shows a function f with a graph that curves upward. As z increases, the 
slope of the tangent line increases. Thus, since the derivative increases as x 
increases, f’ is an increasing function. We say this function f is concave up. [link] 
(b) shows a function f that curves downward. As x increases, the slope of the 
tangent line decreases. Since the derivative decreases as x increases, f’ is a 
decreasing function. We say this function f is concave down. 


Note: 
Definition 
Let f be a function that is differentiable over an open interval I. If f’ is 


increasing over I, we say f is concave up over I. If f’ is decreasing over I, we 
say f is concave down over I. 


fis increasing f' is decreasing 
fis concave up f is concave down 


(b) 


f' is increasing 
f is concave up 


f'is decreasing 
f is concave down 


(d) 


(a), (c) Since f/ is increasing over the interval (a, b), we say f is concave 
up over (a, b). (b), (d) Since f/ is decreasing over the interval (a, b), we 
say f is concave down over (a, b). 


In general, without having the graph of a function f, how can we determine its 
concavity? By definition, a function f is concave up if f’ is increasing. From 
Corollary 3, we know that if f’ is a differentiable function, then f’ is increasing if 
its derivative f(x) > 0. Therefore, a function f that is twice differentiable is 


concave up when f//(z) > 0. Similarly, a function f is concave down if f’ is 
decreasing. We know that a differentiable function f’ is decreasing if its derivative 
f(a) < 0. Therefore, a twice-differentiable function f is concave down when 
f(x) < 0. Applying this logic is known as the concavity test. 


Note: 
Test for Concavity 
Let f be a function that is twice differentiable over an interval J. 


i. If f(x) > 0 for all  € J, then f is concave up over I. 
ii. If fv (x) < 0 forall x € TI, then f is concave down over I. 


We conclude that we can determine the concavity of a function f by looking at the 
second derivative of f. In addition, we observe that a function f can switch 
concavity ([link]). However, a continuous function can switch concavity only at a 
point x if fv (x) = 0 or f(z) is undefined. Consequently, to determine the 
intervals where a function f is concave up and concave down, we look for those 
values of x where f//(x) = 0 or f(z) is undefined. When we have determined 
these points, we divide the domain of f into smaller intervals and determine the 
sign of f// over each of these smaller intervals. If f// changes sign as we pass 
through a point x, then f changes concavity. It is important to remember that a 
function f may not change concavity at a point x even if f(x) = 0 or f(z) is 
undefined. If, however, f does change concavity at a point a and f is continuous 
at a, we say the point (a, f (a)) is an inflection point of f. 


Note: 

Definition 

If f is continuous at a and f changes concavity at a, the point (a, f (a)) is an 
inflection point of f. 


inflection point 


(a, fa)) 


x 


F'<0 2 


f">0 


f'>0 
f°>0 


f'>0 
f"<0 


f'<0 
f"=<0 


Slope increasing Slope decreasing 


Since f(x) > 0 for x < a, the function f is concave up over the interval 
(—co, a). Since f(x) < 0 for x > a, the function f is concave down over 
the interval (a, 00). The point (a, f (a)) is an inflection point of f. 


Example: 
Exercise: 


Problem: 
Testing for Concavity 


3 


For the function f (x) = x° — 6x? + 9x + 30, determine all intervals where 
f is concave up and all intervals where f is concave down. List all inflection 
points for f. Use a graphing utility to confirm your results. 


Solution: 


To determine concavity, we need to find the second derivative f(x). The 
first derivative is f(x) = 3x2 — 12x + 9, so the second derivative is 

fu (x) = 6x — 12. If the function changes concavity, it occurs either when 
fu (x) = 0 or f(z) is undefined. Since f/ is defined for all real numbers 


x, we need only find where f/ (x) = 0. Solving the equation 6z — 12 = 0, 
we see that x = 2 is the only place where f could change concavity. We now 
test points over the intervals (—oo, 2) and (2, co) to determine the concavity 
of f. The points x = 0 and x = 3 are test points for these intervals. 


Test Sign of f(x) = 6x — 12 
Interval Point at Test Point Conclusion 
f is 
(=c5, 4) x=0 = concave 
down 
(2, 00) Las + JE 
concave up. 


We conclude that f is concave down over the interval (—oo, 2) and concave 
up over the interval (2, oo). Since f changes concavity at x = 2, the point 
(2, f (2)) = (2, 32) is an inflection point. [link] confirms the analytical 
results. 


f(x) = x* — 6x2 + 9x + 30 


The given function has a point of 
inflection at (2,32) where the graph 
changes concavity. 


Note: 
Exercise: 


Problem: 


For f (xz) = —23 + $2? + 18z, find all intervals where f is concave up and 
all intervals where f is concave down. 


Solution: 


f is concave up over the interval (—o0, 5) and concave down over the 
interval (5, oo) 


Hint 


Find where f// (x) = 0. 


We now summarize, in [link], the information that the first and second derivatives 
of a function f provide about the graph of f, and illustrate this information in 


[link]. 
Sign of Sign of 
fl fu 
Positive Positive 
Positive Negative 
Negative Positive 
Negative Negative 


Is f increasing or 
decreasing? 


Increasing 


Increasing 


Decreasing 


Decreasing 


What Derivatives Tell Us about Graphs 


Concavity 
Concave up 


Concave 
down 


Concave up 


Concave 
down 


f'<0 
f'>0 


f'>0 
f">0 


f'>0 
f"<0 


f'<0 
"<0 


fis decreasing 
fis concave up 


fis increasing 
fis concave up 


fis increasing 
fis concave down 


fis increasing 
fis concave down 


Consider a twice-differentiable function f over an open interval J. If 
f(x) > 0 for all x € I, the function is increasing over I. If f#(x) < 0 for all 
x € I, the function is decreasing over I. If f(x) > 0 forall x € I, the 
function is concave up. If f(x) < 0 for all x € I, the function is concave 
down on I. 


The Second Derivative Test 


The first derivative test provides an analytical tool for finding local extrema, but 
the second derivative can also be used to locate extreme values. Using the second 
derivative can sometimes be a simpler method than using the first derivative. 


We know that if a continuous function has a local extrema, it must occur at a 
critical point. However, a function need not have a local extrema at a critical point. 
Here we examine how the second derivative test can be used to determine 
whether a function has a local extremum at a critical point. Let f be a twice- 
differentiable function such that f’ (a) = 0 and fv” is continuous over an open 
interval I containing a. Suppose f!/ (a) < 0. Since f/ is continuous over J, 

fu (a) <0 for all x € I ({link]). Then, by Corollary 3, f’ is a decreasing function 
over I. Since f’ (a) = 0, we conclude that for all x € I, f’ (x) > Oif z < aand 
f' (a) < Oif x > a. Therefore, by the first derivative test, f has a local maximum 
at « = a. On the other hand, suppose there exists a point b such that f’(b) = 0 but 


f(b) > 0. Since f/ is continuous over an open interval J containing b, then 
f(a) > 0 for all x € I ({link]). Then, by Corollary 3, f’ is an increasing 
function over I. Since f'(b) = 0, we conclude that for all x € I, f’(x) < Oif 

x < band f'(x) > Oif x > b. Therefore, by the first derivative test, f has a local 
minimum at x = b. 


f(b) = 0 — 
f"(b) > 0 


Consider a twice-differentiable function f such that f/ 

is continuous. Since f/(a) = 0 and f(a) < 0, there 

is an interval J containing a such that for all x in I, f 

is increasing if x < a and f is decreasing if x > a. As 
aresult, f has a local maximum at x = a. Since 
f(b) = Oand f(b) > 0, there is an interval I 

containing 6 such that for all x in I, f is decreasing if 

x < band f is increasing if x > b. As aresult, f has a 

local minimum at x = 6. 


Note: 
Second Derivative Test 
Suppose f’(c) = 0, f/ is continuous over an interval containing c. 


i. If fi’ (c) > 0, then f has a local minimum at c. 


ii. If fv (c) < 0, then f has a local maximum at c. 
iii. If f’ (c) = 0, then the test is inconclusive. 


Note that for case iii. when f/’ (c) = 0, then f may have a local maximum, local 
minimum, or neither at c. For example, the functions f (x) = x°, f (x) = x4, and 
f (x) = —2* all have critical points at x = 0. In each case, the second derivative 
is zero at z = 0. However, the function f (2) = z* has a local minimum at x = 0 
whereas the function f (2) = —2* has a local maximum at 2, and the function 

f (x) = x? does not have a local extremum at x = 0. 


Let’s now look at how to use the second derivative test to determine whether f has 
a local maximum or local minimum at a critical point c where f' (c) = 0. 


Example: 
Exercise: 


Problem: 
Using the Second Derivative Test 


Use the second derivative to find the location of all local extrema for 
f{z)=@ — 52°. 


Solution: 


To apply the second derivative test, we first need to find critical points c 
where f’(c) = 0. The derivative is f’ (x) = 5a* — 152”. Therefore, 


f (@) bao = lhe? — be (2 — 3) 0 when — 0, chy 3, 


To determine whether f has a local extrema at any of these points, we need 
to evaluate the sign of f// at these points. The second derivative is 
Equation: 


fu (x) = 202° — 302 = 102 (22? — 3). 


In the following table, we evaluate the second derivative at each of the 
critical points and use the second derivative test to determine whether f has 
a local maximum or local minimum at any of these points. 


x f(a) Conclusion 

a a —30/3 Local maximum 

0 0 Second derivative test is inconclusive 
V3 30/3 Local minimum 


By the second derivative test, we conclude that f has a local maximum at 

xz = —V3 and f has a local minimum at z = /3. The second derivative test 
is inconclusive at x = 0. To determine whether f has a local extrema at 

x = 0, we apply the first derivative test. To evaluate the sign of 


(ae (a2 — 3) for x € (—v3,0) and x € (0, v3), let x2 = —1 
and x = 1 be the two test points. Since f’(—1) < Oand f’(1) < 0, we 


conclude that f is decreasing on both intervals and, therefore, f does not 
have a local extrema at z = 0 as shown in the following graph. 
y 


The function f has a local maximum at x = —4/3 and a local minimum 
ate = V3 


Note: 
Exercise: 


Problem: 


3 


Consider the function f (x) = 2° — (+)a* — 18x. The points c = 3, —2 
satisfy f’(c) = 0. Use the second derivative test to determine whether f has 
a local maximum or local minimum at those points. 


Solution: 


f has a local maximum at —2 and a local minimum at 3. 


Hint 


f(z) = 62 —3 


We have now developed the tools we need to determine where a function is 
increasing and decreasing, as well as acquired an understanding of the basic shape 
of the graph. In the next section we discuss what happens to a function as 

x — +oo. At that point, we have enough tools to provide accurate graphs of a 
large variety of functions. 


Key Concepts 


If c is a critical point of f and f’(x) > 0 forxz < cand f'(z) < Oforz >c, 
then f has a local maximum at c. 

If c is a critical point of f and f’(x) < 0 forz < cand f’(x) > Oforz >c, 
then f has a local minimum at c. 

If f(a) > 0 over an interval J, then f is concave up over I. 

If f(a) < 0 over an interval J, then f is concave down over I. 


e If f’(c) = Oand f(c) > 0, then f has a local minimum at c. 

e If f’(c) = Oand fr (c) < 0, then f has a local maximum at c. 

e If f’(c) = Oand fv (c) = 0, then evaluate f’ (x) at a test point z to the left 
of c and a test point x to the right of c, to determine whether f has a local 
extremum at c. 


Exercise: 
Problem: 
If cis a critical point of f (2), when is there no local maximum or minimum 
at c? Explain. 

Exercise: 


Problem: 


For the function y = x? 


maximum/minimum? 


, is zc = 0 both an inflection point and a local 


Solution: 


It is not a local maximum/minimum because f’ does not change sign 


Exercise: 


Problem: For the function y = x°, is z = 0 an inflection point? 
Exercise: 
Problem: 


Is it possible for a point c to be both an inflection point and a local extrema of 
a twice differentiable function? 


Solution: 


No 
Exercise: 


Problem: 


Why do you need continuity for the first derivative test? Come up with an 
example. 


Exercise: 


Problem: 


Explain whether a concave-down function has to cross y = 0 for some value 
of x. 


Solution: 


False; for example, y = ./z. 
Exercise: 


Problem: 


Explain whether a polynomial of degree 2 can have an inflection point. 


For the following exercises, analyze the graphs of f’, then list all intervals where f 
is increasing or decreasing. 
Exercise: 


Problem: 


Solution: 


Increasing for —2 < x < —landz > 2; decreasing for x < —2 and 
—L< 72 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


Decreasing for x < 1, increasing for x > 1 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


Decreasing for —2 < x < —land1 < z < 2; increasing for -1<a4<1 
and 2 < —2andz > 2 


For the following exercises, analyze the graphs of f’, then list all intervals where 


a. f is increasing and decreasing and 
b. the minima and maxima are located. 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


a. Increasing over —2 < «& < —1,0< 2 < 1,2 > 2, decreasing over 
x2<—2,-l<2<0,1< 2 < 2; b. maximaatz = —landz =1, 
minima at c = —2 andx = Oandz = 2 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


a. Increasing over x > O, decreasing over z < 0; b. Minimum at x = 0 
Exercise: 


Problem: 


For the following exercises, analyze the graphs of f’, then list all inflection points 
and intervals f that are concave up and concave down. 
Exercise: 


Problem: 


y 
2 


Solution: 


Concave up on all z, no inflection points 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


Concave up on all z, no inflection points 


Exercise: 


Problem: 


: 
2 


Exercise: 


Problem: 


Solution: 


Concave up for x < 0 and x > 1, concave down for 0 < x < 1, inflection 
points atz = Oandz=1 


For the following exercises, draw a graph that satisfies the given specifications for 
the domain x = [—3, 3]. The function does not have to be continuous or 
differentiable. 

Exercise: 


Problem: 


fle) > 0,7 (e) SD overa> 1-3 = o <0, 7 (2) =Oover0 <a = 4 
Exercise: 
Problem: 


f' (x) > Ooverz > 2,-3 < a < —1, f' (x) < 0 over 
—l<a<2, f(x) <0 forallz 


Solution: 


Answers will vary 
Exercise: 
Problem: 
f(z) <Oover—-1l <a <1, f(z) >0,-3 <2 < -1,1< 2 <3, local 
maximum at x = 0, local minima at x = +2 
Exercise: 
Problem: 


There is a local maximum at x = 2, local minimum at x = 1, and the graph 
is neither concave up nor concave down. 


Solution: 


Answers will vary 


Exercise: 


Problem: 


There are local maxima at x = +1, the function is concave up for all x, and 
the function remains positive for all zx. 


For the following exercises, determine 


a. intervals where f is increasing or decreasing and 
b. local minima and maxima of f. 


Exercise: 


Problem: f (x) = sinz + sin*x over —t <4 <7 
Solution: 


a. Increasing over —5 < a < 4, decreasing over x < —>,x@ > 4 b. Local 


maximum at « = +; local minimum at z = —F 


Exercise: 
Problem: f (x) = x” + cosz 


For the following exercises, determine a. intervals where f is concave up or 
concave down, and b. the inflection points of f. 
Exercise: 


Problem: f (x) = x? — 427+ 2+ 2 


Solution: 


a. Concave up for x > +, concave down for 7 < ¥ b. Inflection point at 


—_ A 
t= 3 


For the following exercises, determine 


a. intervals where f is increasing or decreasing, 
b. local minima and maxima of f, 


c. intervals where f is concave up and concave down, and 
d. the inflection points of f. 


Exercise: 
Problem: f (x) = x” — 6x 
Exercise: 
Problem: f (x) = x° — 62? 
Solution: 
a. Increasing over x < QO and x > 4, decreasing over 0 < x < 4b. 


Maximum at x = 0, minimum at x = 4c. Concave up for x > 2, concave 
down for x < 2d. Infection point at x = 2 


Exercise: 


Problem: f (x) = x* — 6z° 


Exercise: 


Problem: f (x) = x"! — 6x" 


Solution: 
a. Increasing over x < 0 and x > o. decreasing over 0 < x < 0. b. 
Minimum at « = a c. Concave down for x < 3, concave up for x > _ 


d. Inflection point at x = +> 


Exercise: 


Problem: f (xz) = «+27 — 2° 


Exercise: 


Problem: f(x) = 2?+2+1 


Solution: 


a. Increasing over x > — +, decreasing over x < —} b. Minimum at 


t= 5 c. Concave up for all z d. No inflection points 


Exercise: 
Problem: f(x) = x° + x4 


For the following exercises, determine 


a. intervals where f is increasing or decreasing, 

b. local minima and maxima of f, 

c. intervals where f is concave up and concave down, and 

d. the inflection points of f. Sketch the curve, then use a calculator to compare 
your answer. If you cannot determine the exact answer analytically, use a 
calculator. 


Exercise: 
Problem: [T] f (x) = sin (7x) — cos (za) over x = [—1, 1] 
Solution: 


a. Increases over —F << 3, decreases over x > — and x < 4 b. 


Minimum at z = — = maximum at 7 = -- c. Concave up for 
= <x < 7, concave down for x < os and x > — d. Inflection points at 
ne ee 
L=—-T,0=4 
Exercise: 


Problem: [T] f(z) = x + sin (2z) over x = [—4, 4] 
Exercise: 
Problem: [T] f(z) = sinz + tanz over (—4, F) 


Solution: 


a. Increasing for all z b. No local minimum or maximum c. Concave up for 
x > 0, concave down for x < 0d. Inflection point at z = 0 


Exercise: 


Problem: [T] f (x) = (x — 2)?(x — 4)” 


Exercise: 
Problem: [T] f(z) = =,2 #1 


Solution: 


a. Increasing for all z where defined b. No local minima or maxima c. 
Concave up for z < 1; concave down for x > 1d. No inflection points in 
domain 


Exercise: 

Problem: [T] f (x) = *2* over x = [—2n, 27] [27,0) U (0, 27] 
Exercise: 

Problem: f (xz) = sin (x)e” over x = [—7, 7] 

Solution: 


: T 3m : 3a T 
a. Increasing over —7 <x < “7, decreasing over 2 > *,2<—7b. 


Minimum at x = —7, maximum at x = OR. c. Concave up for 


—% <«@< F, concave down for x < —4,az > 5 d. Infection points at 
LS an 


Exercise: 


Problem: f (x) = Inz,/z,z > 0 


Exercise: 


Problem: f(z) = $/z+-+,2>0 


Solution: 


a. Increasing over « > 4, decreasing over 0 < & < 4b. Minimum at ¢ = 4 
c. Concave up for0 < # < 84/2, concave down for z > 8¥/2 d. Inflection 
pola = 8v/2 


Exercise: 
Problem: f (x) = <x #0 


For the following exercises, interpret the sentences in terms of f, f’, and f/. 
Exercise: 


Problem: The population is growing more slowly. Here f is the population. 


Solution: 


7.20. Ot 0 
Exercise: 


Problem: 


A bike accelerates faster, but a car goes faster. Here f = Bike’s position 
minus Car’s position. 


Exercise: 


Problem: The airplane lands smoothly. Here f is the plane’s altitude. 


Solution: 


FOC 0.710 


Exercise: 


Problem: Stock prices are at their peak. Here f is the stock price. 
Exercise: 
Problem: 


The economy is picking up speed. Here f is a measure of the economy, such 
as GDP. 


Solution: 


FSO > 7" > 0 


For the following exercises, consider a third-degree polynomial f (x), which has 
the properties f’(1) = 0, f’ (3) = 0. Determine whether the following statements 
are true or false. Justify your answer. 

Exercise: 


Problem: f(z) = 0 forsomel1 <2 <3 


Exercise: 


Problem: f// (x) = 0 forsome1 < x < 3 


Solution: 


True, by the Mean Value Theorem 


Exercise: 


Problem: There is no absolute maximum at z = 3 


Exercise: 


Problem: If f (x) has three roots, then it has 1 inflection point. 


Solution: 


True, examine derivative 


Exercise: 


Problem: If f (x) has one inflection point, then it has three real roots. 


Glossary 


concave down 


if f is differentiable over an interval J and f’ is decreasing over I, then f is 
concave down over I 


concave up 
if f is differentiable over an interval I and f’ is increasing over I, then f is 
concave up over I 


concavity 
the upward or downward curve of the graph of a function 


concavity test 
suppose f is twice differentiable over an interval I; if f7 > 0 over I, then f 
is concave up over I; if f/’" < 0 over J, then f is concave down over I 


first derivative test 
let f be a continuous function over an interval J containing a critical point c 
such that f is differentiable over J except possibly at c; if f’ changes sign 
from positive to negative as x increases through c, then f has a local 
maximum at c; if f’ changes sign from negative to positive as x increases 
through c, then f has a local minimum at c; if f’ does not change sign as x 
increases through c, then f does not have a local extremum at c 


inflection point 
if f is continuous at c and f changes concavity at c, the point (c, f (c)) is an 
inflection point of f 


second derivative test 
suppose f’ (c) = 0 and f/ is continuous over an interval containing c; if 
f'(c) > 0, then f has a local minimum at c; if fi’ (c) < 0, then f has a 
local maximum at c; if f/’(c) = 0, then the test is inconclusive 


Applied Optimization Problems 
e Set up and solve optimization problems in several applied fields. 


One common application of calculus is calculating the minimum or maximum 
value of a function. For example, companies often want to minimize production 
costs or maximize revenue. In manufacturing, it is often desirable to minimize 
the amount of material used to package a product with a certain volume. In this 
section, we show how to set up these types of minimization and maximization 
problems and solve them by using the tools developed in this chapter. 


Solving Optimization Problems over a Closed, Bounded Interval 


The basic idea of the optimization problems that follow is the same. We have a 
particular quantity that we are interested in maximizing or minimizing. However, 
we also have some auxiliary condition that needs to be satisfied. For example, in 
[link], we are interested in maximizing the area of a rectangular garden. 
Certainly, if we keep making the side lengths of the garden larger, the area will 
continue to become larger. However, what if we have some restriction on how 
much fencing we can use for the perimeter? In this case, we cannot make the 
garden as large as we like. Let’s look at how we can maximize the area of a 
rectangle subject to some constraint on the perimeter. 


Example: 
Exercise: 


Problem: 
Maximizing the Area of a Garden 


A rectangular garden is to be constructed using a rock wall as one side of 
the garden and wire fencing for the other three sides ((link]). Given 100 ft 
of wire fencing, determine the dimensions that would create a garden of 
maximum area. What is the maximum area? 


We want to determine the measurements x and y 
that will create a garden with a maximum area using 
100 ft of fencing. 


Solution: 


Let x denote the length of the side of the garden perpendicular to the rock 
wall and y denote the length of the side parallel to the rock wall. Then the 
area of the garden is 

Equation: 


Ae: 


We want to find the maximum possible area subject to the constraint that 
the total fencing is 100 ft. From [link], the total amount of fencing used 
will be 2x + y. Therefore, the constraint equation is 

Equation: 


2c + y = 100. 


Solving this equation for y, we have y = 100 — 22. Thus, we can write the 
area as 
Equation: 


A(x) = x- (100 — 2x) = 100x — 22. 


Before trying to maximize the area function A (x) = 100x — 2”, we need 
to determine the domain under consideration. To construct a rectangular 
garden, we certainly need the lengths of both sides to be positive. 
Therefore, we need x > O and y > 0. Since y = 100 — 22, if y > 0, then 
xz < 50. Therefore, we are trying to determine the maximum value of A (x) 
for x over the open interval (0,50). We do not know that a function 
necessarily has a maximum value over an open interval. However, we do 
know that a continuous function has an absolute maximum (and absolute 
minimum) over a closed interval. Therefore, let’s consider the function 

A (x) = 100x — 22? over the closed interval [0, 50]. If the maximum 
value occurs at an interior point, then we have found the value x in the 
open interval (0, 50) that maximizes the area of the garden. Therefore, we 
consider the following problem: 


Maximize A (x) = 100x — 22? over the interval [0, 50). 


As mentioned earlier, since A is a continuous function on a closed, 
bounded interval, by the extreme value theorem, it has a maximum and a 
minimum. These extreme values occur either at endpoints or critical points. 
At the endpoints, A (x) = 0. Since the area is positive for all x in the open 
interval (0, 50), the maximum must occur at a critical point. Differentiating 
the function A (x), we obtain 

Equation: 


A’ (x) = 100 — 42. 


Therefore, the only critical point is 7 = 25 ({link]). We conclude that the 
maximum area must occur when x = 25. Then we have 

y = 100 — 2x = 100 — 2 (25) = 50. To maximize the area of the garden, 
let x = 25 ft and y = 50 ft. The area of this garden is 1250 ft’. 


Maximum area is 1250 square feet 
when x = 25 feet 


A(x) = 100x — 2x? 


10 15 20 25 30 35 40 45 50 55% 


To maximize the area of the garden, we need to find the 
maximum value of the function A (x) = 100a — 22”. 


Note: 
Exercise: 


Problem: 


Determine the maximum area if we want to make the same rectangular 
garden as in [link], but we have 200 ft of fencing. 


Solution: 


The maximum area is 5000 ft”. 


Hint 


We need to maximize the function A (x) = 200 — 22? over the interval 
(0, 100}. 


Now let’s look at a general strategy for solving optimization problems similar to 
[link]. 


Note: 
Problem-Solving Strategy: Solving Optimization Problems 


Re 


ice) 


Ol 


. Introduce all variables. If applicable, draw a figure and label all variables. 
. Determine which quantity is to be maximized or minimized, and for what 


range of values of the other variables (if this can be determined at this 
time). 


. Write a formula for the quantity to be maximized or minimized in terms of 


the variables. This formula may involve more than one variable. 

Write any equations relating the independent variables in the formula from 
step 3. Use these equations to write the quantity to be maximized or 
minimized as a function of one variable. 


. Identify the domain of consideration for the function in step 4 based on the 


physical problem to be solved. 


. Locate the maximum or minimum value of the function from step 4. This 


step typically involves looking for critical points and evaluating a function 
at endpoints. 


Now let’s apply this strategy to maximize the volume of an open-top box given a 
constraint on the amount of material to be used. 


Example: 
Exercise: 


Problem: 
Maximizing the Volume of a Box 


An open-top box is to be made from a 24 in. by 36 in. piece of cardboard 
by removing a square from each corner of the box and folding up the flaps 
on each side. What size square should be cut out of each corner to get a box 
with the maximum volume? 


Solution: 


Step 1: Let x be the side length of the square to be removed from each 
corner ({link]). Then, the remaining four flaps can be folded up to form an 
open-top box. Let V be the volume of the resulting box. 

24 in 


36 — 2xin 


24 — 2xin 


A square with side length x inches is removed from each corner of 
the piece of cardboard. The remaining flaps are folded to form an 
open-top box. 


Step 2: We are trying to maximize the volume of a box. Therefore, the 
problem is to maximize V. 


Step 3: As mentioned in step 2, are trying to maximize the volume of a box. 
The volume of a box is V = L-W - H, where L, W, and H are the 
length, width, and height, respectively. 


Step 4: From [link], we see that the height of the box is x inches, the length 
is 36 — 2x inches, and the width is 24 — 2z inches. Therefore, the volume 
of the box is 

Equation: 


V (x) = (36 — 2x) (24 — 22)x = 4x? — 1202? + 8642. 


Step 5: To determine the domain of consideration, let’s examine [link]. 
Certainly, we need x > QO. Furthermore, the side length of the square cannot 
be greater than or equal to half the length of the shorter side, 24 in.; 
otherwise, one of the flaps would be completely cut off. Therefore, we are 
trying to determine whether there is a maximum volume of the box for z 
over the open interval (0, 12). Since V is a continuous function over the 
closed interval [0, 12], we know V will have an absolute maximum over 
the closed interval. Therefore, we consider V over the closed interval 

[O, 12] and check whether the absolute maximum occurs at an interior 
point. 


Step 6: Since V () is a continuous function over the closed, bounded 
interval [0, 12], V must have an absolute maximum (and an absolute 
minimum). Since V (x) = 0 at the endpoints and V (x) > 0 for 

0 < x < 12, the maximum must occur at a critical point. The derivative is 
Equation: 


V' (x) = 12x? — 240x + 864. 
To find the critical points, we need to solve the equation 
Equation: 
122” — 240z + 864 = 0. 
Dividing both sides of this equation by 12, the problem simplifies to 


solving the equation 
Equation: 


x? — 202 +72 =0. 


Using the quadratic formula, we find that the critical points are 
Equation: 


20+4/ (—20)? —4(1) (72) 9o04./712 204 
p= = Sieh 


Since 10 + 2\/7 is not in the domain of consideration, the only critical 
point we need to consider is 10 — 2/7. Therefore, the volume is 
maximized if we let = 10 — 2\/7 in. The maximum volume is 


V (10 = 2V7) — 640 + 4487 ~ 1825 in.? as shown in the following 


graph 
V(x) : ; ; 
2000 Maximum volume is approximately 
1825 cubic inches when x = 4.7 inches 
s7e) ee nnn Leen aaS Ten en enennneanaasawenSnnen shane 


V(x) = 4x? — 120x? + 864x 
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Maximizing the volume of the box leads to finding the maximum 
value of a cubic polynomial. 


Note: 
Watch a video about optimizing the volume of a box. 


Note: 
Exercise: 


Problem: 

Suppose the dimensions of the cardboard in [link] are 20 in. by 30 in. Let x 
be the side length of each square and write the volume of the open-top box 
as a function of x. Determine the domain of consideration for x. 


Solution: 


V (a) = x (20 — 22) (30 — 22). The domain is [0, 10]. 


Hint 


The volume of the box is L-: W - H. 


Example: 


Exercise: 


Problem: 
Minimizing Travel Time 


An island is 2 mi due north of its closest point along a straight shoreline. A 
visitor is staying at a cabin on the shore that is 6 mi west of that point. The 
visitor is planning to go from the cabin to the island. Suppose the visitor 
runs at a rate of 8 mph and swims at a rate of 3 mph. How far should the 
visitor run before swimming to minimize the time it takes to reach the 
island? 


Solution: 


Step 1: Let x be the distance running and let y be the distance swimming 
({link]). Let 7’ be the time it takes to get from the cabin to the island. 


How can we choose z and y to minimize the travel time from the 
cabin to the island? 


Step 2: The problem is to minimize 7’. 


Step 3: To find the time spent traveling from the cabin to the island, add the 
time spent running and the time spent swimming. Since Distance = Rate 

x Time (D = R x T), the time spent running is 
Equation: 


Dyunning _& 


<— ’ 
| Grenwanstrie 8 


Tyunning = 


and the time spent swimming is 
Equation: 


LD esteccesc tne y 
T swimming =F le = re 
Rewimming 3 


Therefore, the total time spent traveling is 


Equation: 
cy 
T=—+=. 
8 3 


Step 4: From [link], the line segment of y miles forms the hypotenuse of a 
right triangle with legs of length 2 mi and 6 — x mi. Therefore, by the 


Pythagorean theorem, 2? + (6 — x)” = y’, and we obtain 
g= / (6 — x) + 4. Thus, the total time spent traveling is given by the 


function 
Equation: 


Step 5: From [link], we see that 0 < x < 6. Therefore, [0, 6] is the domain 
of consideration. 


Step 6: Since T (a) is a continuous function over a closed, bounded 
interval, it has a maximum and a minimum. Let’s begin by looking for any 
critical points of T over the interval [0, 6]. The derivative is 

Equation: 


[(6— 2)" +4] “ 1 (6 —2) 


-2(6-—2)=—- ; 
3y/(6-2)° +4 


| 
mle 


3 8 


lf 7 (7) = 0; then 
Equation: 


Therefore, 


Equation: 
31/ (6 — «)° +4 = 8(6 — 2). 


Squaring both sides of this equation, we see that if x satisfies this equation, 
then x must satisfy 
Equation: 


9|(6- 2) +4] = 64(6 — 2)’, 


which implies 
Equation: 


55(6 — x)” = 36. 


We conclude that if x is a critical point, then x satisfies 
Equation: 


36 
(x — 6)" = ae 


Therefore, the possibilities for critical points are 
Equation: 


Since z = 6+ 6/ 55 is not in the domain, it is not a possibility for a 
critical point. On the other hand, x = 6 — 6/55 is in the domain. Since 
we squared both sides of [link] to arrive at the possible critical points, it 
remains to verify that x = 6 — 6/ 4/55 satisfies [link]. Since 

xz=6-6/ /55 does satisfy that equation, we conclude that 

£=6—6/ 55 is a critical point, and it is the only one. To justify that the 
time is minimized for this value of x, we just need to check the values of 


T (x) at the endpoints z = 0 and x = 6, and compare them with the value 
of T' (x) at the critical point x = 6 — 6/+/55. We find that 

T (0) = 2.108 h and T (6) + 1.417 h, whereas 

it (6 — 6/V 55) ~ 1.368 h. Therefore, we conclude that T’ has a local 


minimum at x ~ 5.19 mi. 


Note: 
Exercise: 


Problem: 


Suppose the island is 1 mi from shore, and the distance from the cabin to 
the point on the shore closest to the island is 15 mi. Suppose a visitor 
swims at the rate of 2.5 mph and runs at a rate of 6 mph. Let x denote the 
distance the visitor will run before swimming, and find a function for the 
time it takes the visitor to get from the cabin to the island. 


Solution: 


a (15—2)°+1 
He) = 6 ae eon 


Hint 


ine mest Lyunning cs Lswimming: 


In business, companies are interested in maximizing revenue. In the following 
example, we consider a scenario in which a company has collected data on how 
many cars it is able to lease, depending on the price it charges its customers to 
rent a car. Let’s use these data to determine the price the company should charge 
to maximize the amount of money it brings in. 


Example: 
Exercise: 


Problem: 
Maximizing Revenue 


Owners of a car rental company have determined that if they charge 
customers p dollars per day to rent a car, where 50 < p < 200, the number 
of cars n they rent per day can be modeled by the linear function 

n (p) = 1000 — 5p. If they charge $50 per day or less, they will rent all 
their cars. If they charge $200 per day or more, they will not rent any cars. 
Assuming the owners plan to charge customers between $50 per day and 
$200 per day to rent a car, how much should they charge to maximize their 
revenue? 


Solution: 


Step 1: Let p be the price charged per car per day and let n be the number 
of cars rented per day. Let # be the revenue per day. 


Step 2: The problem is to maximize R. 


Step 3: The revenue (per day) is equal to the number of cars rented per day 
times the price charged per car per day—that is, R= n x p. 


Step 4: Since the number of cars rented per day is modeled by the linear 
function n (p) = 1000 — 5p, the revenue R can be represented by the 
function 

Equation: 


R(p) =n x p= (1000 — 5p)p = —5p” + 1000p. 


Step 5: Since the owners plan to charge between $50 per car per day and 
$200 per car per day, the problem is to find the maximum revenue R (p) 
for p in the closed interval [50, 200]. 


Step 6: Since R is a continuous function over the closed, bounded interval 
[50, 200], it has an absolute maximum (and an absolute minimum) in that 
interval. To find the maximum value, look for critical points. The derivative 
is R’(p) = —10p + 1000. Therefore, the critical point is p = 100 When 

p = 100, R(100) = $50,000. When p = 50, R (p) = $37,500. When 

p = 200, R(p) = $0. Therefore, the absolute maximum occurs at 


p = $100. The car rental company should charge $100 per day per car to 
maximize revenue as shown in the following figure. 
Maximum revenue is $50,000 per day when the 
R(p) price charged per car is $100 per day 
50000 


40000 
30000 
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To maximize revenue, a car rental company has to 
balance the price of a rental against the number of cars 
people will rent at that price. 


Note: 
Exercise: 


Problem: 
A car rental company charges its customers p dollars per day, where 
60 < p < 150. It has found that the number of cars rented per day can be 


modeled by the linear function n (p) = 750 — 5p. How much should the 
company charge each customer to maximize revenue? 


Solution: 


The company should charge $75 per car per day. 
Hint 


R(p) =n x p, where n is the number of cars rented and p is the price charged 
per Car. 


Example: 
Exercise: 


Problem: 
Maximizing the Area of an Inscribed Rectangle 


A rectangle is to be inscribed in the ellipse 
Equation: 


Lt 2 
a 
A y 


What should the dimensions of the rectangle be to maximize its area? What 
is the maximum area? 


Solution: 
Step 1: For a rectangle to be inscribed in the ellipse, the sides of the 


rectangle must be parallel to the axes. Let L be the length of the rectangle 
and W be its width. Let A be the area of the rectangle. 


We want to maximize the area of a rectangle inscribed in an 
ellipse. 


Step 2: The problem is to maximize A. 
Step 3: The area of the rectangle is A = LW. 


Step 4: Let (x, y) be the corner of the rectangle that lies in the first 
quadrant, as shown in [link]. We can write length L = 2z and width 
W = 2y. Since a + y*? = 1and y > 0, we have y = (ie e. 


Therefore, the area is 
Equation: 


2 
A= LW = (22) (24) = 44/1 - = W204 


Step 5: From [link], we see that to inscribe a rectangle in the ellipse, the z- 
coordinate of the corner in the first quadrant must satisfy 0 < x < 2. 
Therefore, the problem reduces to looking for the maximum value of A (z) 
over the open interval (0, 2). Since A (x) will have an absolute maximum 
(and absolute minimum) over the closed interval [0, 2], we consider 


A(x) = 2av4 — x? over the interval [0, 2]. If the absolute maximum 
occurs at an interior point, then we have found an absolute maximum in the 
open interval. 


Step 6: As mentioned earlier, A (a) is a continuous function over the 
closed, bounded interval [0, 2]. Therefore, it has an absolute maximum (and 
absolute minimum). At the endpoints = 0 and x = 2, A(x) = 0. For 

0 <a < 2, A(z) > 0. Therefore, the maximum must occur at a critical 
point. Taking the derivative of A (x), we obtain 


Equation: 
= i 
Al(z) =2V4-—247+2z2- wer (—2z) 
ne ee 
= AVE J4—2? 


= 8—Ax? 
/4—22° 


To find critical points, we need to find where A/(z) = 0. We can see that if 
x is a solution of 


Equation: 
8 — 4x? = 
V4 — x? 
then x must satisfy 
Equation: 
8 — 4x? = 0. 


Therefore, x? = 2. Thus, 7 = +v/2 are the possible solutions of [link]. 
Since we are considering « over the interval [0, 2], = V2 is a possibility 
for a critical point, but z = —\V/2 is not. Therefore, we check whether /2 
is a solution of [link]. Since x = \/2 is a solution of [link], we conclude 
that /2 is the only critical point of A (z) in the interval [0, 2]. Therefore, 
A (a) must have an absolute maximum at the critical point z = V2. To 
determine the dimensions of the rectangle, we need to find the length Z and 


the width W. If z = /2 then 
Equation: 


Therefore, the dimensions of the rectangle are L = 27 = 2/2 and 


W =2y = /2. The area of this rectangle is 


A= LW = (2v2) (v2) =4. 


Note: 
Exercise: 


Problem: 


Modify the area function A if the rectangle is to be inscribed in the unit 
circle 2? + y? = 1. What is the domain of consideration? 


Solution: 


A (x) = 44/1 — ax?. The domain of consideration is [0, 1]. 
Hint 


If (a, y) is the vertex of the square that lies in the first quadrant, then the area of 
the square is A = (2x) (2y) = 4zy. 


Solving Optimization Problems when the Interval Is Not Closed or 
Is Unbounded 


In the previous examples, we considered functions on closed, bounded domains. 
Consequently, by the extreme value theorem, we were guaranteed that the 
functions had absolute extrema. Let’s now consider functions for which the 
domain is neither closed nor bounded. 


Many functions still have at least one absolute extrema, even if the domain is not 
closed or the domain is unbounded. For example, the function f (x) = x? + 4 
over (—oo, 00) has an absolute minimum of 4 at x = 0. Therefore, we can still 
consider functions over unbounded domains or open intervals and determine 
whether they have any absolute extrema. In the next example, we try to minimize 
a function over an unbounded domain. We will see that, although the domain of 
consideration is (0, co), the function has an absolute minimum. 


In the following example, we look at constructing a box of least surface area with 
a prescribed volume. It is not difficult to show that for a closed-top box, by 
symmetry, among all boxes with a specified volume, a cube will have the 
smallest surface area. Consequently, we consider the modified problem of 
determining which open-topped box with a specified volume has the smallest 
surface area. 


Example: 
Exercise: 


Problem: 
Minimizing Surface Area 


A rectangular box with a square base, an open top, and a volume of 216 in.* 


is to be constructed. What should the dimensions of the box be to minimize 
the surface area of the box? What is the minimum surface area? 


Solution: 


Step 1: Draw a rectangular box and introduce the variable x to represent the 
length of each side of the square base; let y represent the height of the box. 
Let S denote the surface area of the open-top box. 


Xx 


We want to 
minimize the 
surface area of a 
square-based box 
with a given 
volume. 


Step 2: We need to minimize the surface area. Therefore, we need to 
minimize S. 


Step 3: Since the box has an open top, we need only determine the area of 
the four vertical sides and the base. The area of each of the four vertical 
sides is x - y. The area of the base is x”. Therefore, the surface area of the 
box is 

Equation: 


S = 4ary + 2”. 


Step 4: Since the volume of this box is x*y and the volume is given as 
216 in.® , the constraint equation is 
Equation: 


ay eke: 


Solving the constraint equation for y, we have y = 2. Therefore, we can 
write the surface area as a function of x only: 


Equation: 
216 9 


Therefore, S (xz) = 34 + 2. 


Step 5: Since we are requiring that z7y = 216, we cannot have x = 0. 
Therefore, we need z > 0. On the other hand, z is allowed to have any 
positive value. Note that as x becomes large, the height of the box y 
becomes correspondingly small so that x2y = 216. Similarly, as x becomes 
small, the height of the box becomes correspondingly large. We conclude 
that the domain is the open, unbounded interval (0, 00). Note that, unlike 
the previous examples, we cannot reduce our problem to looking for an 
absolute maximum or absolute minimum over a closed, bounded interval. 
However, in the next step, we discover why this function must have an 
absolute minimum over the interval (0, co). 


Step 6: Note that as 7 > 07, S' (x) > oo. Also, as x > 00, S (x) > oo. 
Since S is a continuous function that approaches infinity at the ends, it 
must have an absolute minimum at some x € (0, co). This minimum must 
occur at a critical point of S. The derivative is 

Equation: 


Therefore, S’ (x) = 0 when 22 = *%. Solving this equation for x, we 


abtain 2° = 432, sox = */432 = 6/2 . Since this is the only critical point 
of S, the absolute minimum must occur at 7 = 6W/2 (see [link]). When 
— 69/2, y= eC Cay — 34/2 in. Therefore, the dimensions of the box 
2 
should be z = 64/2 in. and = 33/2 in. With these dimensions, the 
surface area is 


Equation: 
4 
S (6v2) = i + (872) = = 1080/4 in? 
6/2 
S(x) 
600 


S(x) = = + x2 


100, Minimum surface area of 108 34 square inches 
35 
when x = 6X2 inches 


0 5 10 15 20 25 *x 


We can use a graph to determine the dimensions of a 
box of given the volume and the minimum surface 
area. 


Note: 
Exercise: 


Problem: 


Consider the same open-top box, which is to have volume 216 in. . 
Suppose the cost of the material for the base is 20¢ / in.” and the cost of the 
material for the sides is 30¢/in.? and we are trying to minimize the cost of 
this box. Write the cost as a function of the side lengths of the base. (Let x 
be the side length of the base and y be the height of the box.) 


Solution: 


c(a) = 224 4+ 0.22? dollars 


x 


Hint 


If the cost of one of the sides is 30¢ / in.” , the cost of that side is 0.30ay. 


Key Concepts 


e To solve an optimization problem, begin by drawing a picture and 
introducing variables. 

e Find an equation relating the variables. 

e Find a function of one variable to describe the quantity that is to be 
minimized or maximized. 

¢ Look for critical points to locate local extrema. 


For the following exercises, answer by proof, counterexample, or explanation. 
Exercise: 


Problem: 


When you find the maximum for an optimization problem, why do you need 
to check the sign of the derivative around the critical points? 


Solution: 


The critical points can be the minima, maxima, or neither. 


Exercise: 


Problem: 


Why do you need to check the endpoints for optimization problems? 
Exercise: 
Problem: 


True or False. For every continuous nonlinear function, you can find the 
value x that maximizes the function. 


Solution: 


False; y = —a? has a minimum only 
Exercise: 
Problem: 
True or False. For every continuous nonconstant function on a closed, finite 


domain, there exists at least one x that minimizes or maximizes the 
function. 


For the following exercises, set up and evaluate each optimization problem. 
Exercise: 


Problem: 


To carry a suitcase on an airplane, the length +width-+ height of the box 


must be less than or equal to 62 in. Assuming the height is fixed, show that 


the maximum volume is V = h(31 — (3) h) What height allows you to 


have the largest volume? 
Solution: 

= s00ine 
h = -} in. 


Exercise: 


Problem: 


You are constructing a cardboard box with the dimensions 2 m by 4 m. You 
then cut equal-size squares from each corner so you may fold the edges. 
What are the dimensions of the box with the largest volume? 


Exercise: 


Problem: 


Find the positive integer that minimizes the sum of the number and its 
reciprocal. 


Solution: 


1 
Exercise: 
Problem: 


Find two positive integers such that their sum is 10, and minimize and 
maximize the sum of their squares. 


For the following exercises, consider the construction of a pen to enclose an area. 
Exercise: 


Problem: 


You have 400 ft of fencing to construct a rectangular pen for cattle. What 
are the dimensions of the pen that maximize the area? 


Solution: 


100 ft by 100 ft 
Exercise: 
Problem: 
You have 800 ft of fencing to make a pen for hogs. If you have a river on 


one side of your property, what is the dimension of the rectangular pen that 
maximizes the area? 


Exercise: 
Problem: 
You need to construct a fence around an area of 1600 ft. What are the 


dimensions of the rectangular pen to minimize the amount of material 
needed? 


Solution: 


AO ft by 40 ft 
Exercise: 
Problem: 
Two poles are connected by a wire that is also connected to the ground. The 
first pole is 20 ft tall and the second pole is 10 ft tall. There is a distance of 


30 ft between the two poles. Where should the wire be anchored to the 
ground to minimize the amount of wire needed? 


Exercise: 
Problem: 
[T] You are moving into a new apartment and notice there is a corner where 


the hallway narrows from 8 ft to 6 ft. What is the length of the longest item 
that can be carried horizontally around the corner? 


Solution: 


19:73: {t. 
Exercise: 
Problem: 


A patient’s pulse measures 70 bpm, 80 bpm, then 120 bpm. To determine 
an accurate measurement of pulse, the doctor wants to know what value 


minimizes the expression (2 — 70)” + (a — 80)” + (a — 120)?? What 
value minimizes it? 
Exercise: 


Problem: 


In the previous problem, assume the patient was nervous during the third 
measurement, so we only weight that value half as much as the others. What 


is the value that minimizes (x — 70)” + (a — 80)” 4 AG 120)? 


Solution: 


84 bpm 
Exercise: 


Problem: 


You can run at a speed of 6 mph and swim at a speed of 3 mph and are 
located on the shore, 4 miles east of an island that is 1 mile north of the 
shoreline. How far should you run west to minimize the time needed to 
reach the island? 


Island 


You 


For the following problems, consider a lifeguard at a circular pool with diameter 
AO m. He must reach someone who is drowning on the exact opposite side of the 


pool, at position C’. The lifeguard swims with a speed v and runs around the pool 
at speed w = 3v. 


Exercise: 
Problem: 


Find a function that measures the total amount of time it takes to reach the 
drowning person as a function of the swim angle, 0. 


Solution: 


T (6) = 3 + 
Exercise: 
Problem: 
Find at what angle @ the lifeguard should swim to reach the drowning person 
in the least amount of time. 
Exercise: 


Problem: 


A truck uses gas as g(v) = av + ©, where v represents the speed of the 


truck and g represents the gallons of fuel per mile. At what speed is fuel 
consumption minimized? 


Solution: 


ale 
a 


For the following exercises, consider a limousine that gets 
m(v) = —— 


$3.5/gal. 
Exercise: 


mi/gal at speed v, the chauffeur costs $15/h, and gas is 


Problem: Find the cost per mile at speed v. 


Exercise: 


Problem: Find the cheapest driving speed. 
Solution: 


approximately 34.02 mph 


For the following exercises, consider a pizzeria that sell pizzas for a revenue of 
R(x) = az and costs C (x) = b + cx + dx”, where z represents the number of 
pizzas. 

Exercise: 


Problem: 


Find the profit function for the number of pizzas. How many pizzas gives 
the largest profit per pizza? 


Exercise: 


Problem: 


Assume that R(x) = 10x and C (x) = 2x + x”. How many pizzas sold 
maximizes the profit? 


Solution: 


4 


Exercise: 


Problem: 


Assume that R (x) = 152, and C (x) = 60 + 3a + +2”. How many 
pizzas sold maximizes the profit? 


For the following exercises, consider a wire 4 ft long cut into two pieces. One 
piece forms a circle with radius r and the other forms a square of side x. 
Exercise: 


Problem: Choose zx to maximize the sum of their areas. 


Solution: 


0 


Exercise: 
Problem: Choose z to minimize the sum of their areas. 


For the following exercises, consider two nonnegative numbers x and y such that 
x+y = 10. Maximize and minimize the quantities. 
Exercise: 


Problem: xy 


Solution: 


Maximal: z = 5, y = 5; minimal: x = 0,y = 10 andy=0,x = 10 


Exercise: 


Problem: xy” 


Exercise: 


Problem: y — “. 


Solution: 


Maximal: x = 1, y = 9; minimal: none 


Exercise: 
Problem: x? — y 


For the following exercises, draw the given optimization problem and solve. 
Exercise: 


Problem: 

Find the volume of the largest right circular cylinder that fits in a sphere of 
radius 1. 

Solution: 


An 


3V3 
Exercise: 


Problem: 


Find the volume of the largest right cone that fits in a sphere of radius 1. 
Exercise: 


Problem: 


Find the area of the largest rectangle that fits into the triangle with sides 
a=0,y=Oand$+4=1. 


Solution: 


6 
Exercise: 


Problem: 


Find the largest volume of a cylinder that fits into a cone that has base radius 
R and height h. 


Exercise: 


Problem: 


Find the dimensions of the closed cylinder volume V = 167 that has the 
least amount of surface area. 


Solution: 


r= 2h=4 
Exercise: 


Problem: 


Find the dimensions of a right cone with surface area S = 47 that has the 
largest volume. 


For the following exercises, consider the points on the given graphs. Use a 
calculator to graph the functions. 
Exercise: 


Problem: [T] Where is the line y = 5 — 2z closest to the origin? 


Solution: 


(2, 1) 


Exercise: 


Problem: [T] Where is the line y = 5 — 2a closest to point (1, 1)? 


Exercise: 


Problem: [T] Where is the parabola y = x” closest to point (2,0)? 


Solution: 


(0.8351, 0.6974) 


Exercise: 


Problem: [T] Where is the parabola y = 2? closest to point (0, 3)? 


For the following exercises, set up, but do not evaluate, each optimization 
problem. 
Exercise: 


Problem: 


A window is composed of a semicircle placed on top of a rectangle. If you 
have 20 ft of window-framing materials for the outer frame, what is the 
maximum size of the window you can create? Use r to represent the radius 
of the semicircle. 


Solution: 


A = 20r — 2r? — $mr 


Exercise: 


Problem: 


You have a garden row of 20 watermelon plants that produce an average of 
30 watermelons apiece. For any additional watermelon plants planted, the 
output per watermelon plant drops by one watermelon. How many extra 
watermelon plants should you plant? 


Exercise: 
Problem: 
You are constructing a box for your cat to sleep in. The plush material for 
the square bottom of the box costs $5/ft? and the material for the sides 


costs $2/ft”. You need a box with volume 4 ft”. Find the dimensions of the 
box that minimize cost. Use z to represent the length of the side of the box. 


Solution: 


C (x) = 5a? + = Differentiating, setting the derivative equal to zero and 


solving, we obtain x = «/ 2 andh = 4/ 2. 


Exercise: 
Problem: 
You are building five identical pens adjacent to each other with a total area 


of 1000 m?, as shown in the following figure. What dimensions should you 
use to minimize the amount of fencing? 


= 


Exercise: 


Problem: 


You are the manager of an apartment complex with 50 units. When you set 
rent at $800/month, all apartments are rented. As you increase rent by 
$25/month, one fewer apartment is rented. Maintenance costs run 
$50/month for each occupied unit. What is the rent that maximizes the 
total amount of profit? 


Solution: 


P(x) = (50 — x) (800 + 252 — 50) 


Glossary 


optimization problems 
problems that are solved by finding the maximum or minimum value of a 
function 


L’HO6pital’s Rule 


e Recognize when to apply L’Hopital’s rule. 

¢ Identify indeterminate forms produced by quotients, products, subtractions, and powers, 
and apply L’Hopital’s rule in each case. 

¢ Describe the relative growth rates of functions. 


In this section, we examine a powerful tool for evaluating limits. This tool, known as 
L’Ho6pital’s rule, uses derivatives to calculate limits. With this rule, we will be able to evaluate 
many limits we have not yet been able to determine. Instead of relying on numerical evidence to 
conjecture that a limit exists, we will be able to show definitively that a limit exists and to 
determine its exact value. 


Applying L’Hopital’s Rule 


L’H6pital’s rule can be used to evaluate limits involving the quotient of two functions. Consider 
Equation: 


fle) 
za g (x) . 


If lim f (x) = L, and limg (x) = Lo # 0, then 
Equation: 


nf (®) La 
zag (x) Lo . 


However, what happens if lim f (x) =O and limg (x) = 0? We call this one of the 


indeterminate forms, of type re This is considered an indeterminate form because we cannot 
F(z) 
C3) 
of this earlier in the text. For example, consider 
Equation: 


determine the exact behavior of as x — a without further analysis. We have seen examples 


For the first of these examples, we can evaluate the limit by factoring the numerator and writing 
Equation: 


a? — 4 — lim 2 +2) = 2) 


22 7-2 r—2 zr—2 


= lim(z+2)=24+2=4. 
x22 


For lim sine we were able to show, using a geometric argument, that 
z—0 


Equation: 


. sing 
lim 


z-0 2 


Here we use a different technique for evaluating limits such as these. Not only does this 
technique provide an easier way to evaluate these limits, but also, and more important, it 
provides us with a way to evaluate many other limits that we could not calculate previously. 


The idea behind L’ H6pital’s rule can be explained using local linear approximations. Consider 
two differentiable functions f and g such that lim f(z) =0= limg (x) and such that 


g (a) £ 0 For z near a, we can write 


Equation: 

f (x) = f(a) + f'(a) (w@— a) 
and 
Equation: 

g(x) © g(a) + g'(a)(x— a). 
Therefore, 
Equation: 


y = fx) 


y = fla) + Fla) ~— a) 


y = g(a) + g(a)(x — a) 


a x 


If lim f (Z)= limg (x), then the ratio f (x) /g (a) is approximately 


equal to the ratio of their linear approximations near a. 


Since f is differentiable at a, then f is continuous at a, and therefore f (a) = lim f (x) = 0. 
Similarly, g (a) = limg (x) = 0. If we also assume that f’ and g’ are continuous at x = a, then 
f' (a) = lim f' (x) and g/ (a) = limg’ (z). Using these ideas, we conclude that 

Equation: 


int et OED 9 @ 


va g(a) g(e)(@—a) g(a)’ 


Note that the assumption that f’ and g’ are continuous at a and g’ (a) # 0 can be loosened. We 
state L’H6pital’s rule formally for the indeterminate form a. Also note that the notation * does 
not mean we are actually dividing zero by zero. Rather, we are using the notation o to represent 
a quotient of limits, each of which is zero. 


Note: 

L’HO6pital’s Rule (0/0 Case) 

Suppose f and gare differentiable functions over an open interval containing a, except possibly 
at a. If lim f (z) = 0 and limg (x) = 0, then 


Equation: 


assuming the limit on the right exists or is 00 or —oo. This result also holds if we are 
considering one-sided limits, or if a = co and — oo. 


Proof 


We provide a proof of this theorem in the special case when f, g, f’, and g’ are all continuous 
over an open interval containing a. In that case, since lim f (x) = 0 = limg (a) and f and g are 
wa wa 


continuous at a, it follows that f (a) = 0 = g(a). Therefore, 


Equation: 
1 f(z) __ ys £(2)- F(a) ; pes 
ame) lesa = see) 0 9a) 
f=) 
= lim ESOn algebra 
im £@)-f@ 
= OE ON limit of a quotient 
im “—— 
= oe definition of the derivative 
lim f’ 
= ae continuity of f’ and g’ 
= lim aoe limit of a quotient 
ra 


Note that L’H6pital’s rule states we can calculate the limit of a quotient f by considering the 


limit of the quotient of the derivatives It is important to realize that we are not calculating 


the derivative of the quotient £. 


Example: 
Exercise: 


Problem: 
Applying L’H6pital’s Rule (0/0 Case) 
Evaluate each of the following limits by applying L’ Hopital’s rule. 


a. lim 2=2982. 
xr—0 


sin (aa) 
Le 
3 /z_y 
c. lim * 
zoo I/z 
d lim sinz—2 
“730 0 7 


Solution: 


a. Since the numerator 1 — cosz — 0 and the denominator x — 0, we can apply 
L’ Hopital’s rule to evaluate this limit. We have 
Equation: 
lim 1—cosz de (1—cosar) 
z—0 ae z—>0 # (2) 
— lim sinz 
rn) 
lim (sin) 
a 
ORF 
=a =O; 
b. As z — 1, the numerator sin (7x) — 0 and the denominator In (x) — 0. Therefore, 
we can apply L’ Hopital’s rule. We obtain 


Equation: 


sin(7z) mcos(m2x) 


7 = lim ‘i 
po ae zl ab 


= lim (zx )cos (72) 


= (w-1)(-1) =—m, 


c. As x — oo, the numerator e!/* — 1 — 0 and the denominator (+) — 0. Therefore, 
we can apply L’ Hopital’s rule. We obtain 


Equation: 
ia fae (fil 
e/* —] € 
$$$ — sn (=) = lime’ * =e = 1 
L 2 


d. As x — 0, both the numerator and denominator approach zero. Therefore, we can 
apply L’ H6pital’s rule. We obtain 
Equation: 


Since the numerator and denominator of this new quotient both approach zero as 


x — 0, we apply L’Ho6pital’s rule again. In doing so, we see that 


Equation: 
cosz — 1 _ —sinae 
Jk =} = (0; 
x20 22 z—0 2 
Therefore, we conclude that 
Equation: 
_ sing—2z 
lim =) 
=A) ne 
Note: 
Exercise: 
. = x 
Problem: Evaluate lim cee 
Solution: 
il 
Hint 
 tanx = sec*x 
Le 
We can also use L’H6pital’s rule to evaluate limits of quotients f 3 in which f (x) — +oo and 


g(x) — oo. Limits of this form are classified as indeterminate forms of type 00 /oo. Again, 
note that we are not actually dividing oo by oo. Since ov is not a real number, that is impossible; 
rather, 00/00. is used to represent a quotient of limits, each of which is 00 or —oo. 


Note: 

L’H6pital’s Rule (co/00 Case) 

Suppose f and gare differentiable functions over an open interval containing a, except possibly 
at a. Suppose lim f (x) = 00 (or —oo) and limg (x) = co (or —oo). Then, 


Equation: 


nf) _ yf) 
tag (a) ra g’ (er) 


p] 


assuming the limit on the right exists or is 00 or —oo. This result also holds if the limit is 
infinite, if @ = co or —oo, or the limit is one-sided. 


Example: 
Exercise: 


Problem: 
Applying L’H6pital’s Rule (00/00 Case) 


Evaluate each of the following limits by applying L’ H6pital’s rule. 


ae elite === 
roo 2241 


. Ing 
b jim cotz 


Solution: 


a. Since 3x + 5 and 2z + 1 are first-degree polynomials with positive leading 
coefficients, lim (32 +5) = oo and lim (2x + 1) = oo. Therefore, we apply 


L’ Hopital’s rule and obtain 
Equation: 
3r+5 | i 3 3 


1m 1m : 


Note that this limit can also be calculated without invoking L’ Hopital’s rule. Earlier in 
the chapter we showed how to evaluate such a limit by dividing the numerator and 
denominator by the highest power of z in the denominator. In doing so, we saw that 
Equation: 


£5 _ 384+5/ex 3 


li = = 
x70 2e+1 2022 +1/a 2 


L’ H6pital’s rule provides us with an alternative means of evaluating this type of limit. 


b. Here, lim Inz = —oo and lim cot x = oo. Therefore, we can apply L’Ho6pital’s rule 
z—0T z—0T 
and obtain 
Equation: 
Inz 1 ze t| 
lim ier / =e 


z>0+cotz t0+—csc2z = 20+ —resc2r 


Now as x — 0+, csc2a —> oo. Therefore, the first term in the denominator is 
approaching zero and the second term is getting really large. In such a case, anything 
can happen with the product. Therefore, we cannot make any conclusion yet. To 
evaluate the limit, we use the definition of cscz to write 

Equation: 


lim ee 
20+ —xrcsc2zx z>0* —27 


Now lim sin?x = 0 and lim x = 0, so we apply L’H6pital’s rule again. We find 
ee Oa por 


Equation: 
. sin 2sinxCcosx 0 
lim = SSE Ee — ary 
z>0t —2 2—30t = —1 
We conclude that 
Equation: 
Inz 
im = 
z—0* cotz 
Note: 
Exercise: 


Problem: Evaluate lim == 
L090 VL 


Solution: 
0 
Hint 
d 1 
ae Me = e 


As mentioned, L’ Hopital’s rule is an extremely useful tool for evaluating limits. It is important 
to remember, however, that to apply L’Hopital’s rule to a quotient A) it is essential that the 


g(x)’ 
f a be of the form + or oo /oo. Consider the following example. 


limit of 


Example: 
Exercise: 


Problem: 
When L’HoOpital’s Rule Does Not Apply 


Consider lim cee) Show that the limit cannot be evaluated by applying L’ Hopital’s rule. 
Ae 


Solution: 


Because the limits of the numerator and denominator are not both zero and are not both 
infinite, we cannot apply L’ Hopital’s rule. If we try to do so, we get 
Equation: 


d / » fe 
z @ +5) = 2a 


and 
Equation: 


d 
—(3 4) =3. 
ye eet ) 


At which point we would conclude erroneously that 
Equation: 


However, since lim se te 5) = 6 and lim (3z + 4) = 7, we actually have 
p—rll ell 


Equation: 


We can conclude that 
Equation: 


Note: 
Exercise: 


Problem: 


COs x COs x 


Explain why we cannot apply L’Ho6pital’s rule to evaluate lim . Evaluate lim 
z—>0T z—0t 


by other means. 


Solution: 


lim cosz = 1. Therefore, we cannot apply L’ H6pital’s rule. The limit of the quotient is 
zx 
ore) 


Hint 


Determine the limits of the numerator and denominator separately. 


Other Indeterminate Forms 


L’HO6pital’s rule is very useful for evaluating limits involving the indeterminate forms ¢ and 

oo /co. However, we can also use L’H6pital’s rule to help evaluate limits involving other 
indeterminate forms that arise when evaluating limits. The expressions 0 - 00, 00 — 00, 1%, 00°, 
and 0° are all considered indeterminate forms. These expressions are not real numbers. Rather, 
they represent forms that arise when trying to evaluate certain limits. Next we realize why these 
are indeterminate forms and then understand how to use L’ H6pital’s rule in these cases. The key 
idea is that we must rewrite the indeterminate forms in such a way that we arrive at the 


indeterminate form 4 or 00/00. 


Indeterminate Form of Type 0 - co 


Suppose we want to evaluate lim (f (x) -g(«)), where f (x) — 0 and g(x) — oo (or —oo) as 


x —> a. Since one term in the product is approaching zero but the other term is becoming 
arbitrarily large (in magnitude), anything can happen to the product. We use the notation 0 - oo 
to denote the form that arises in this situation. The expression 0 - oo is considered indeterminate 
because we cannot determine without further analysis the exact behavior of the product 

f (x)g (x) as x — a. For example, let n be a positive integer and consider 


Equation: 


1 2 
f@\= @aen oe a ae 


As x — oo, f (x) — 0 and g(x) — oo. However, the limit as x > oo of f (x)g(x) = way 
varies, depending on n. If nm = 2, then lim f (x)g (x) = 3.Ifn =1, then 
lim f (x)g (x) = oo. Ifn = 3, then lim f (x)g (x) = 0. Here we consider another limit 


involving the indeterminate form 0 - oo and show how to rewrite the function as a quotient to 
use L’Hopital’s rule. 


Example: 
Exercise: 


Problem: 
Indeterminate Form of Type 0 - co 


Evaluate lim zInz. 
x2—0t 


Solution: 


First, rewrite the function x In z as a quotient to apply L’ Hopital’s rule. If we write 
Equation: 
Inz 
zlnz = —_, 
1/z 


we see that Inz — —ooas x — Ot and = — co as x — 0°. Therefore, we can apply 
L’ Hopital’s rule and obtain 
Equation: 


Inz : # (Ina) . ile 
m oe ee lim aeiiay: 
sa lie) 20+ —1/z 20+ 


We conclude that 
Equation: 


lim zlnz = 0. 
x2—0T 


Finding the limit at z = 0 of the 
function f (xz) = zlnz. 


Note: 
Exercise: 


Problem: Evaluate limzcotz. 
xz—0 


Solution: 


il 
Hint 


© COSx 
sing 


Write xcotz = 


Indeterminate Form of Type co — co 


Another type of indeterminate form is oo — oo. Consider the following example. Let n be a 
positive integer and let f (x) = 3x2” and g(x) = 3z? +5. As x > oo, f (x) > oo and 

g(x) — oo. We are interested in Jim (f (x) — g(«)). Depending on whether f (x) grows 
faster, g (x) grows faster, or they grow at the same rate, as we see next, anything can happen in 


this limit. Since f (x) — oo and g(x) — oo, we write oo — oo to denote the form of this limit. 
As with our other indeterminate forms, oo — oo has no meaning on its own and we must do 


more analysis to determine the value of the limit. For example, suppose the exponent n in the 
function f (x) = 3x" is n = 3, then 
Equation: 

lim (f (x) — g(z)) = lim (82° — 32” — 5) = oo. 


L—- 00 xL—- 00 


On the other hand, if n = 2, then 
Equation: 


lim (f (x) — g(z)) = lim (3a? — 32? — 5) = —5. 


XL— 00 xL— 00 


However, ifn = 1, then 
Equation: 


lim (f (x) — g(«)) = lim (3a — 3x? — 5) = —oo. 


L—- 00 


Therefore, the limit cannot be determined by considering only oo — oo. Next we see how to 
rewrite an expression involving the indeterminate form oo — oo as a fraction to apply 
L’ Hopital’s rule. 


Example: 
Exercise: 


Problem: 
Indeterminate Form of Type co — co 


Evaluate lim (4 a ie 
spor Se 


Solution: 


By combining the fractions, we can write the function as a quotient. Since the least 
common denominator is x*tanz, we have 
Equation: 


1 1 (tana) — 2? 


72 


tanz x*tanx 


As x — 0°, the numerator tanz — az” — 0 and the denominator z*tanz — 0. Therefore, 
we can apply L’HOpital’s rule. Taking the derivatives of the numerator and the 
denominator, we have 

Equation: 


(tanzg)—2? (sec) — 2x 


im 3 
s0+ = g*tang 0+ ¢2sec2z + Qatanz 


As x —> 0+, (sec?x) — 2a > 1 and x’sec*x + 2xtanzx —> 0. Since the denominator is 


positive as x approaches zero from the right, we conclude that 
Equation: 


t (sec”z) ee 
lim ae = 65 
z0* x¢*sec*x + 2rtanxr 


Therefore, 
Equation: 


Note: 
Exercise: 


8 | 
a. 
Bye 
8 
— 


Problem: Evaluate lim (- 
2-0 


Solution: 


0 
Hint 


Rewrite the difference of fractions as a single fraction. 


Another type of indeterminate form that arises when evaluating limits involves exponents. The 
expressions 0°, 00°, and 1™ are all indeterminate forms. On their own, these expressions are 
meaningless because we cannot actually evaluate these expressions as we would evaluate an 
expression involving real numbers. Rather, these expressions represent forms that arise when 
finding limits. Now we examine how L’Ho6pital’s rule can be used to evaluate limits involving 
these indeterminate forms. 


Since L’H6pital’s rule applies to quotients, we use the natural logarithm function and its 
properties to reduce a problem evaluating a limit involving exponents to a related problem 


involving a limit of a quotient. For example, suppose we want to evaluate lim f (x)9) and we 
ra 


arrive at the indeterminate form 00°. (The indeterminate forms 0° and 1% can be handled 
similarly.) We proceed as follows. Let 


Equation: 
y= f(a)”. 
Then, 
Equation: 
Iny = In (f(2)") = g(a)ln(F (2)) 
Therefore, 
Equation: 


Linn in (y)] = lima [g (r)in (f (2) 
Since lim f (x) = 00, we know that limIn (f (x)) = oo. Therefore, limg (x)In (f (z)) is of 


the indeterminate form 0 - oo, and we can use the techniques discussed earlier to rewrite the 
expression g (x)In (f ()) in a form so that we can apply L’H6pital’s rule. Suppose 
lim g (x)In (f (x)) = L, where L may be oo or —oo. Then 


Equation: 


Since the natural logarithm function is continuous, we conclude that 
Equation: 


which gives us 


Equation: 
; at gz) _ QL 
eee 
Example: 
Exercise: 


Problem: 


Indeterminate Form of Type 00° 
Evaluate lim x!/*. 

42 — ACS) 
Solution: 


Let y = x'/*. Then, 
Equation: 


In (2¥*) = : ae —n 


We need to evaluate lim ne Applying L’Hopital’s rule, we obtain 
L700 
Equation: 
Ing vee 


lim ny = lim = ine 
x00 zoo zoo | 


0. 


Therefore, lim Iny = 0. Since the natural logarithm function is continuous, we conclude 
4940.6) 


that 
Equation: 
In (Jimy) = 0 
which leads to 
Equation: 
1 
ling a al 
rL—-0oO zL—-00 Ge 
Hence, 
Equation: 
lim z!/* = 1. 
#9429) 
Note: 


Exercise: 


Problem: Evaluate lim x!/™*), 
4040S) 


Solution: 


e 


Hint 


Let y = az/™() and apply the natural logarithm to both sides of the equation. 


Example: 
Exercise: 


Problem: 
Indeterminate Form of Type 0° 


Evaluate lim 2°". 


z—-0 
Solution: 
Let 
Equation: 
y gine 
Therefore, 
Equation: 
In = la (rs) = singlnz. 
We now evaluate lim sinzInz. Since lim sing = 0 and lim Inz = —oo, we have the 
z—0t z—0r z—0r 


indeterminate form 0 - oo. To apply L’H6pital’s rule, we need to rewrite sinzlnz as a 
fraction. We could write 
Equation: 


sin x 
1/Inz 


sinzlnz = 


or 
Equation: 


; Inz Inz 
sinzlnz = - = ‘ 
1/sinz cscz 


Let’s consider the first option. In this case, applying L’Hopital’s rule, we would obtain 
Equation: 


Nes _ sing : COS x : 
lim sinzInz = lim = lim —————_—. = lim (—2(Inz)"cosz). 


z—0t xz—0t 1/Inz xz—0t 1) («(nz)’) z—0t 


Unfortunately, we not only have another expression involving the indeterminate form 

0 - oo, but the new limit is even more complicated to evaluate than the one with which we 
started. Instead, we try the second option. By writing 

Equation: 


’ Inz Inz 
sinzlna = ——— = ; 
1/sinz —cscz 


and applying L’Ho6pital’s rule, we obtain 


Equation: 
ee 1/x —1 
lim sinzlnz = lim = lim — — = lim ————__., 
xz—0t+ z—0+ CSCz z>0+ —cscxcotzr z0+ ecscxrcotx 


1 


sing 


cos 2 
sinz ? 


Using the fact that cscz = and cotz = 
right-hand side as 


Equation: 


we can rewrite the expression on the 


2 


rr ee ES ip S -(-tana)} = (tg =) @ (-tanz) ) =1-0 


1 
z—>0* 7cosz x2—0t+ 


We conclude that lim Iny = 0. Therefore, In ( lim v) = 0 and we have 
207 20" 


Equation: 
limy = ling ? eo = 1. 
2-07 2-07 
Hence, 
Equation: 
lima cael 


2-0 


Note: 
Exercise: 


Problem: Evaluate lim x”. 
x2—0t 


Solution: 
il 
Hint 


Let y = a” and take the natural logarithm of both sides of the equation. 


Growth Rates of Functions 


Suppose the functions f and g both approach infinity as 2 — oo. Although the values of both 
functions become arbitrarily large as the values of x become sufficiently large, sometimes one 
function is growing more quickly than the other. For example, f (x) = x? and g(x) = x° both 
approach infinity as 2 —> oo. However, as shown in the following table, the values of x° are 
growing much faster than the values of «”. 


x 10 100 1000 10,000 
f(a) =2? 100 10,000 1,000,000 100,000,000 
g(x) = 23 1000 1,000,000 1,000,000,000 1,000,000,000,000 


Comparing the Growth Rates of x? and x? 


In fact, 
Equation: 


3 2 


lim — = limz = o. or, equivalently, lim —- = lim — = 0. 


As a result, we say x° is growing more rapidly than x? as x — oo. On the other hand, for 

f (x) = 2 and g(x) = 3x7 + 4z +1, although the values of g (z) are always greater than the 
values of f (x) for x > 0, each value of g (x) is roughly three times the corresponding value of 
f (x) as x — oo, as shown in the following table. In fact, 


Equation: 
x? 1 
lim ——— = —. 
e700 3y2+4r+1 3 
x 10 100 1000 10,000 
f(z)=2 100 10,000 1,000,000 100,000,000 
g(x) = 3a? +42+1 341 30,401 3,004,001 300,040,001 


Comparing the Growth Rates of x” and 327+ 42 + 1 
In this case, we say that x” and 3x? + 4% + 1 are growing at the same rate as x —> 00. 


More generally, suppose f and g are two functions that approach infinity as 7 —> oo. We say g 
grows more rapidly than f as x — oo if 
Equation: 


g(x) 


Jim, f(e) =O: 


= oo; or, equivalently, lim f(z) 


On the other hand, if there exists a constant M + 0 such that 
Equation: 


we say f and g grow at the same rate as x —> 00. 


Next we see how to use L’H6pital’s rule to compare the growth rates of power, exponential, and 
logarithmic functions. 


Example: 


Exercise: 


Problem: 
Comparing the Growth Rates of In (x), x”, and e* 


For each of the following pairs of functions, use L’ H6pital’s rule to evaluate lim ( : = ) . 


Solution: 
a. Since lim x? = oo and lim e” = oo, we can use L’H6pital’s rule to evaluate 
L— Co L—>Co 
2 
lim = . We obtain 
L— Oo 
Equation: 


ge _ Wa 
in — linn 
z— co ev z—00 et 


Since lim 2% = oo and lim e” = ov, we can apply L’ Hopital’s rule again. Since 
L—- 00 AU AC.9) 


Equation: 
mie . 2, 
lim — = lim — = 0, 
zZ—-0o et zr 00 et 
we conclude that 
Equation: 
5 
vo oe 
lim — =0 
Z—->0O eX 


Therefore, e? grows more rapidly than x? as x — 00 (See [link] and [link]). 


An exponential function 
grows at a faster rate than a 
power function. 


x 5 10 15 20 
x 25 100 225 400 
et 148 22,026 3,269,017 485,165,195 


Growth rates of a power function and an exponential function. 


b. Since lim Inz = oo and lim x? = oo, we can use L’H6pital’s rule to evaluate 
fo —Ae, 9) L—0O 


Ing 


jim —z - We obtain 
Equation: 
i il il 
fen” see I ee ee 
L200 2 Z>00 Qe L000 22 


Thus, x grows more rapidly than Inz as x — oo (see [link] and [link]). 


g(x) = x? 


f(x) = In(x) 


A power function grows at a faster rate than a 
logarithmic function. 


x 10 100 1000 10,000 
In (2) 2.303 4.605 6.908 9.210 
x? 100 10,000 1,000,000 100,000,000 


Growth rates of a power function and a logarithmic function 


Note: 
Exercise: 


Problem: Compare the growth rates of 21° and 2°. 


Solution: 


The function 2” grows faster than 210°. 


Hint 


Apply L’H6pital’s rule to 219/27 


Using the same ideas as in [link]a. it is not difficult to show that e” grows more rapidly than x? 
for any p > 0. In [link] and [link], we compare e* with zx and x4 as x — oo. 


(a) (b) 


The exponential function e* grows faster than x? for any p > 0. (a) A comparison of e* 
with x®. (b) A comparison of e” with a’, 


x 5 10 15 20 
x 125 1000 3375 8000 

a! 625 10,000 50,625 160,000 

e® 148 22,026 3,269,017 485,165,195 


An exponential function grows at a faster rate than any power function 


Similarly, it is not difficult to show that x? grows more rapidly than Inz for any p > 0. In [link] 
and [link], we compare In z with {/ x and af Bs 


oss 


+ OD 


0 20 40 60 80 100 120 140 160% 


The function y = In (x) grows more 
slowly than z? for any p > 0 as 


LT ©. 
x 10 100 1000 
In (z) 2.303 4.605 6.908 
vz 2.154 4.642 10 
Jz 3.162 10 31.623 


A logarithmic function grows at a slower rate than any root function 


Key Concepts 


¢ L’HO6pital’s rule can be used to evaluate the limit of a quotient when the indeterminate form 


0 5 
aot 00/00 arises. 


¢ L’HO6pital’s rule can also be applied to other indeterminate forms if they can be rewritten in 
or 00/00. 


terms of a limit involving a quotient that has the indeterminate form o 


10,000 
9.210 
21.544 


100 


e The exponential function e” grows faster than any power function x?, p > 0. 


¢ The logarithmic function Inz grows more slowly than any power function z?, p > 0. 


For the following exercises, evaluate the limit. 
Exercise: 


Problem: Evaluate the limit lim &. 
Loo Ft 


Exercise: 


Problem: Evaluate the limit lim &. 
Zoo & 


Solution: 


CO 


Exercise: 


Problem: Evaluate the limit lim “2. 
LZ0O £ 


Exercise: 
Problem: Evaluate the limit lm+—4, a+0. 
za t*—a?? 


Solution: 


1 


2a 


Exercise: 


Problem: Evaluate the limit lm+—4, a+#0. 
ra t—a3? 


Exercise: 
Problem: Evaluate the limit lim=—*, a#0. 
wa 
Solution: 


n-1 


For the following exercises, determine whether you can apply L’ H6pital’s rule directly. Explain 
why or why not. Then, indicate if there is some way you can alter the limit so you can apply 

L’ HOpital’s rule. 

Exercise: 


Problem: lim x7lnz 
207 


Exercise: 
7 1/x 
Problem: lim z 
Hee 10,0) 


Solution: 


Cannot apply directly; use logarithms 
Exercise: 
Problem: lim2?/* 
z—>0 


Exercise: 


Problem: lim —— 
a0 1/x 


Solution: 
3 


Cannot apply directly; rewrite as lima 
H ed 


Exercise: 
Problem: lim — 
Zoo & 


For the following exercises, evaluate the limits with either L’H6pital’s rule or previously learned 
methods. 
Exercise: 


Problem: lim = 


Solution: 


6 


Exercise: 


Problem: lim 


Exercise: 
Problem: lim 


Solution: 


—2 


Exercise: 


Problem: lim 4 


Exercise: 


LTT 


Problem: lim aes 


Solution: 
—1 
Exercise: 
ela, 2-1 
Problem: lim aoe 
Exercise: 
. (1t+ax)"-1 
Problem: lim ics ee 
xr-0 x 
Solution: 
n 
Exercise: 


(1+2)"-1-nz 


Problem: lim 5 
z—0 v 


Exercise: 


Problem: lim 222222 


2-0 x3 
Solution: 
= asl 
2 
Exercise: 
i. fle T= 
Problem: lim ~—*—*—* 
xr-0 x 
Exercise: 
Problem: lim “—2— 
xr-0 x 
Solution: 
i 
2 


Exercise: 


3 tanz 


Problem: lim 


Exercise: 


Problem: lim 


Solution: 


1 


Exercise: 


Problem: lim(z + 1) 


Exercise: 


Problem: lim 


Solution: 


1 


6 


Exercise: 


Problem: lim x2” 
20+ 


Exercise: 


“ . . ail 
Problem: jim. zsin ( = ) 


Solution: 
a 
Exercise: 
Problem: lim =— 
270 6 
Exercise: 


Problem: lim zln (a) 


Solution: 


0 


Exercise: 


Problem 


Exercise: 


Problem: 


: lim (x — e”) 


xL—-0o 


lim x2e~* 
Hee 10,0) 


Solution: 


0 


Exercise: 


Problem: 


Exercise: 


Problem: lim 


Solution: 


=A 


Exercise: 


Problem: 


Exercise: 


Problem: 


zon/4 


lim xe!/* 
He Ae, 0) 


Solution: 


CO 


Exercise: 


Problem: 


Exercise: 


Problem: 


lim x! /os# 
x—0 


lim x1/* 
x2—-0t 


lim (1—tanz)cotz 


Solution: 


0 


Exercise: 


Problem: lim (1 = +)" 
x20 


Exercise: 


Problem: lim (1 ae s 


Solution: 


i 
e 


For the following exercises, use a calculator to graph the function and estimate the value of the 
limit, then use L’ H6pital’s rule to find the limit directly. 
Exercise: 


Problem: [T] lim 2—+ 
z>0 


Exercise: 


Problem: [T] limzsin (=) 
xz—0 © 
Solution: 
0 
Exercise: 
Problem: [T] lim —2— 
rl 


1—cos(7z) 


Exercise: 


. ‘ e@-Y_] 
Problem: [T] lim Rea 


Solution: 


1 


Exercise: 


(w-1)? 
Inz 


Problem: [T] lim 
rl 
Exercise: 


1l+cosxz 
sing 


Problem: [T] lim 
Lon 


Solution: 


0 


Exercise: 


Problem: [T] lim (cscx =) 
z—>0 x 


Exercise: 
Problem: [T] lim tan (z”) 
2 0F 


Solution: 


tan (1) 


Exercise: 


Problem: [T] | m ane 


i : 
39+ sing 
Exercise: 


e*—e * 
x 


Problem: [T] lim 
xz—0 


Solution: 


2 


Glossary 


indeterminate forms 
when evaluating a limit, the forms ?, 00/00, 0 - 00, 00 — 00, 0°, 00°, and 1° are 
considered indeterminate because further analysis is required to determine whether the 
limit exists and, if so, what its value is 


L’HO6pital’s rule 


if f and g are differentiable functions over an interval a, except possibly at a, and 
lim f (x) = 0 = limg (a) or lim f (a) and limg (z) are infinite, then 
f(z) _ oy. f(z) 


lim gz) lim g(x)? 


assuming the limit on the right exists or is 00 or —0o 


Newton’s Method 


e Describe the steps of Newton’s method. 

e Explain what an iterative process means. 

e Recognize when Newton’s method does not work. 
e Apply iterative processes to various situations. 


In many areas of pure and applied mathematics, we are interested in finding 
solutions to an equation of the form f (a) = 0. For most functions, 
however, it is difficult—if not impossible—to calculate their zeroes 
explicitly. In this section, we take a look at a technique that provides a very 
efficient way of approximating the zeroes of functions. This technique 
makes use of tangent line approximations and is behind the method used 
often by calculators and computers to find zeroes. 


Describing Newton’s Method 


Consider the task of finding the solutions of f (x) = 0. If f is the first- 
degree polynomial f (x) = ax + b, then the solution of f (x) = 0 is given 
by the formula x = — 2. If f is the second-degree polynomial 

f (z) = ax? + bx +c, the solutions of f (2) = 0 can be found by using 
the quadratic formula. However, for polynomials of degree 3 or more, 
finding roots of f becomes more complicated. Although formulas exist for 
third- and fourth-degree polynomials, they are quite complicated. Also, if f 
is a polynomial of degree 5 or greater, it is known that no such formulas 
exist. For example, consider the function 

Equation: 


f (x) = 2° + 8x* + 42° — 22 — 7. 


No formula exists that allows us to find the solutions of f (x) = 0. Similar 
difficulties exist for nonpolynomial functions. For example, consider the 
task of finding solutions of tan (2) — x = 0. No simple formula exists for 
the solutions of this equation. In cases such as these, we can use Newton’s 
method to approximate the roots. 


Newton’s method makes use of the following idea to approximate the 
solutions of f (2) = 0. By sketching a graph of f, we can estimate a root of 
f (x) = 0. Let’s call this estimate xp. We then draw the tangent line to f at 
xo. If f’ (ao) # 0, this tangent line intersects the x-axis at some point 
(21,0). Now let x be the next approximation to the actual root. Typically, 
£1 is closer than x9 to an actual root. Next we draw the tangent line to f at 
x1. If f' (x1) 4 0, this tangent line also intersects the x-axis, producing 
another approximation, x2. We continue in this way, deriving a list of 
approximations: Xg, 41, £2,.... Typically, the numbers Zo, 1, £2,... quickly 
approach an actual root x*, as shown in the following figure. 


Tangent line at x_ 


(x,, F(x,)) 
Tangent line at x, 


Y 
* Xo 


The approximations 20, £1, X2,... approach the actual root x*. The 
approximations are derived by looking at tangent lines to the graph of 


Now let’s look at how to calculate the approximations Zo, £1, ®9,.... If ro is 
our first approximation, the approximation 2, is defined by letting (1, 0) 
be the x-intercept of the tangent line to f at x9. The equation of this tangent 
line is given by 

Equation: 


y = f (xo) + f’ (zo) (x — 20). 


Therefore, 2; must satisfy 
Equation: 


f (xo) + f' (ao) (41 — to) = 0. 


Solving this equation for 71, we conclude that 
Equation: 


Similarly, the point (x2, 0) is the x-intercept of the tangent line to f at x1. 
Therefore, 22 satisfies the equation 
Equation: 


f (x1) 
f(a) 


v2 = M1 


In general, for n > 0, x, satisfies 
Equation: 


Next we see how to make use of this technique to approximate the root of 
the polynomial f (x) = x? — 3x +1. 


Example: 
Exercise: 


Problem: 
Finding a Root of a Polynomial 


Use Newton’s method to approximate a root of f (x) = 2? — 3a + 1 
in the interval [1, 2]. Let zo = 2 and find x, x2, 73, x4, and 5. 


Solution: 


From [link], we see that f has one root over the interval (1, 2). 
Therefore x9 = 2 seems like a reasonable first approximation. To find 
the next approximation, we use [link]. Since f (x) = x? — 3x2 +1, 
the derivative is f’ (x) = 32? — 3. Using [link] with n = 1 (anda 
calculator that displays 10 digits), we obtain 

Equation: 


3 
L1 = Xo — == =e 9 ~ 1.666666667. 


To find the next approximation, x2, we use [link] with n = 2 and the 
value of x, stored on the calculator. We find that 
Equation: 


oy, 


ty =a, — 2) ~~ 1548611111. 


Continuing in this way, we obtain the following results: 
Equation: 

x1 ~ 1.666666667 

v2 © 1.548611111 

x3 © 1.532390162 

x4 © 1.532088989 

x5 © 1.532088886 

xe © 1.532088886. 


We note that we obtained the same value for x5 and xg. Therefore, 
any subsequent application of Newton’s method will most likely give 
the same value for zp. 


The function f (x) = 2° — 3x + 1 has one root 
over the interval |1, 2]. 


Note: 
Exercise: 


Problem: 


Letting zo = 0, let’s use Newton’s method to approximate the root of 
f (x) = x? — 3x + 1 over the interval [0, 1] by calculating x1 and x2. 


Solution: 


Di = 033335000, 22 = 034 (222222 
Hint 


Use [Link]. 


Newton’s method can also be used to approximate square roots. Here we 


show how to approximate /2. This method can be modified to 
approximate the square root of any positive number. 


Example: 
Exercise: 


Problem: 
Finding a Square Root 


Use Newton’s method to approximate v2 ({link]). Let 

f (x) = a? — 2, let 2p = 2, and calculate 21, x2, £3, @4, £5. (We note 
that since f (x) = x? — 2 has a zero at V2, the initial value ap = 2 is 
a reasonable choice to approximate V2. ) 


Solution: 


For f (x) = x? — 2, f'(x) = 22. From [link], we know that 
Equation: 


Therefore, 
Equation: 
1 2 
Ly = 2 (20 ay 
il 2 
G2 = 9 @ = zy 


ee 
Le Cee 
ae Len -1—2 
= In-1 Qtn4 
Pere al! 1 
— 9#n-1 =f oh 


+ (2+ #) =15 


1(1.5 +) ~ 1.416666667. 


Continuing in this way, we find that 


Equation: 


fi = LD 

x2 ~ 1.416666667 
x3 © 1.414215686 
t4 © 1.414213562 
t5 © 1.414213562. 


Since we obtained the same value for x4 and 2s, it is unlikely that the 
value x, will change on any subsequent application of Newton’s 


method. We conclude that /2 eS 1 AI 421 3562: 


We can use Newton’s method to find vo . 


Note: 
Exercise: 


Problem: 


Use Newton’s method to approximate 3 by letting f (x) = 22-3 
and xo = 3. Find xj and zo. 


Solution: 
“L1 = PES = 1505 
Hint 


Tn-1 


For f (x) = x? — 3, [link] reduces to x, = ele ae 


When using Newton’s method, each approximation after the initial guess is 


defined in terms of the previous approximation by using the same formula. 


In particular, by defining the function F' (2) = x — i , we Can rewrite 


[link] as v7, = F'(a,_1). This type of process, where each x, is defined in 
terms of x, by repeating the same function, is an example of an iterative 
process. Shortly, we examine other iterative processes. First, let’s look at 
the reasons why Newton’s method could fail to find a root. 


Failures of Newton’s Method 


Typically, Newton’s method is used to find roots fairly quickly. However, 
things can go wrong. Some reasons why Newton’s method might fail 
include the following: 


1. At one of the approximations x,,, the derivative f’ is zero at x, but 
f (an) # 0. As a result, the tangent line of f at x, does not intersect 
the x-axis. Therefore, we cannot continue the iterative process. 

2. The approximations Xo, £1, £2,... May approach a different root. If the 
function f has more than one root, it is possible that our 
approximations do not approach the one for which we are looking, but 
approach a different root (see [link]). This event most often occurs 
when we do not choose the approximation Xg close enough to the 
desired root. 

3. The approximations may fail to approach a root entirely. In [link], we 
provide an example of a function and an initial guess x9 such that the 
successive approximations never approach a root because the 


successive approximations continue to alternate back and forth 
between two values. 


Xo root sought root found 


If the initial guess x9 is too far from the root sought, it may lead to 
approximations that approach a different root. 


Example: 
Exercise: 


Problem: 
When Newton’s Method Fails 


Consider the function f (x) = x? — 2x + 2. Let x9 = 0. Show that 
the sequence 21, %o,... fails to approach a root of f. 


Solution: 


For f (x) = x? — 2x + 2, the derivative is f’ (x) = 3x7 — 2. 
Therefore, 


Equation: 
nam £0) 9 #0) _ 2 _, 
f' (xo) f' (0) —2 0 
In the next step, 
Equation: 
ee fm) =, FQ) =f a 
fi(x1) yl) 1 


Consequently, the numbers Zo, 21, £2,. . . continue to bounce back and 
forth between 0 and 1 and never get closer to the root of f which is 
over the interval |—2, —1] (see [link]). Fortunately, if we choose an 
initial approximation Zo closer to the actual root, we can avoid this 
situation. 


The approximations continue to alternate 
between 0 and 1 and never approach the root of 


Note: 
Exercise: 


Problem: 


For f (x) = 2° — 2x + 2, let 29 = —1.5 and find x and zp. 


Solution: 
x1 © —1.842105263, x2 + —1.772826920 
Hint 


Use [link]. 


From [link], we see that Newton’s method does not always work. However, 
when it does work, the sequence of approximations approaches the root 
very quickly. Discussions of how quickly the sequence of approximations 
approach a root found using Newton’s method are included in texts on 
numerical analysis. 


Other Iterative Processes 


As mentioned earlier, Newton’s method is a type of iterative process. We 
now look at an example of a different type of iterative process. 


Consider a function F' and an initial number xg. Define the subsequent 
numbers x, by the formula x, = F' (x,_1). This process is an iterative 


process that creates a list of numbers Zo, 21, X2,...,£n,.--. This list of 
numbers may approach a finite number «x* as n gets larger, or it may not. In 
[link], we see an example of a function F' and an initial guess xo such that 
the resulting list of numbers approaches a finite value. 


Example: 
Exercise: 


Problem: 
Finding a Limit for an Iterative Process 


Let F(z) = +a + 4 and let xp = 0. Forall n > 1, let 

Ln = F (ap_1). Find the values x1, x2, £3, £4, £5. Make a conjecture 
about what happens to this list of numbers 21, %2, 73. .., Zn,..- aS 

n — oo. If the list of numbers x1, £2, 3,... approaches a finite 
number x”, then x* satisfies 2*= F' (x*), and x” is called a fixed 
point of F’. 


Solution: 
If zo = O, then 
Equation: 
a;= 5(0)+4=4 
w= +(4)+4=6 
e3= >(6)+4=7 
t4= $(7)+4=7.5 
gs = +(7.5) +4 = 7.75 
xg = +(7.75) + 4 = 7.875 
wy = +(7.875) + 4 = 7.9375 
ag = +(7.9375) + 4 = 7.96875 
ag = +(7.96875) + 4 = 7.984375. 


From this list, we conjecture that the values x, approach 8. 


[link] provides a graphical argument that the values approach 8 as 

n — oo. Starting at the point (x9, 29), we draw a vertical line to the 
point (29, F' (ao)). The next number in our list is 7] = F' (ao). We 
use x1 to calculate x». Therefore, we draw a horizontal line 
connecting (29, x1) to the point (2, 21) on the line y = 2, and then 
draw a vertical line connecting (x1, 2) to the point (a1, F'(1)). The 
output F’ (21) becomes 22. Continuing in this way, we could create an 
infinite number of line segments. These line segments are trapped 
between the lines F(x) = > +4 andy = z. The line segments get 
closer to the intersection point of these two lines, which occurs when 
a = F (2). Solving the equation x = + + 4, we conclude they 
intersect at = 8. Therefore, our graphical evidence agrees with our 
numerical evidence that the list of numbers 29, £1, £2,.. . approaches 
x*= 8 asn — oo. 


h 
F(x") 


X_ = F(X.) 


Xo = F(x,) 


X, = F(X) 


This iterative process approaches the value 


Note: 
Exercise: 


Problem: 


Consider the function F (x) = 42 + 6. Let xo = 0 and let 


Ln = F (an_1) forn > 2. Find x4, x2, £3, £4, £5. Make a conjecture 
about what happens to the list of numbers 21, %2, 13,.. .%n,... aS 
n — oo. 


Solution: 
= = _ 26 _ 80 0 
ee 
Hint 


Consider the point where the lines y = x and y = F(z) intersect. 


Note: 

Iterative Processes and Chaos 

Iterative processes can yield some very interesting behavior. In this section, 
we have seen several examples of iterative processes that converge to a 
fixed point. We also saw in [link] that the iterative process bounced back 
and forth between two values. We call this kind of behavior a 2-cycle. 
Iterative processes can converge to cycles with various periodicities, such 
as 2 — cycles, 4 — cycles (where the iterative process repeats a sequence 
of four values), 8-cycles, and so on. 

Some iterative processes yield what mathematicians call chaos. In this 
case, the iterative process jumps from value to value in a seemingly 
random fashion and never converges or settles into a cycle. Although a 


complete exploration of chaos is beyond the scope of this text, in this 
project we look at one of the key properties of a chaotic iterative process: 
sensitive dependence on initial conditions. This property refers to the 
concept that small changes in initial conditions can generate drastically 
different behavior in the iterative process. 
Probably the best-known example of chaos is the Mandelbrot set (see 

), named after Benoit Mandelbrot (1924—2010), who investigated its 
properties and helped popularize the field of chaos theory. The Mandelbrot 
set is usually generated by computer and shows fascinating details on 
enlargement, including self-replication of the set. Several colorized 
versions of the set have been shown in museums and can be found online 
and in popular books on the subject. 


The Mandelbrot set is a well-known example of a set of points 
generated by the iterative chaotic behavior of a relatively simple 
function. 


In this project we use the logistic map 
Equation: 


f(x) =rx(1—~2), wherez € [0,1] andr > 0 


as the function in our iterative process. The logistic map is a deceptively 
simple function; but, depending on the value of 7, the resulting iterative 
process displays some very interesting behavior. It can lead to fixed points, 
cycles, and even chaos. 

To visualize the long-term behavior of the iterative process associated with 
the logistic map, we will use a tool called a cobweb diagram. As we did 
with the iterative process we examined earlier in this section, we first draw 
a vertical line from the point (29, 0) to the point (xo, f (xo)) = (20, £1). 
We then draw a horizontal line from that point to the point (a1, 2), then 
draw a vertical line to (x1, f (1)) = (#1, 22), and continue the process 
until the long-term behavior of the system becomes apparent. [link] shows 
the long-term behavior of the logistic map when r = 3.55 and zg = 0.2. 
(The first 100 iterations are not plotted.) The long-term behavior of this 
iterative process is an 8-cycle. 


f(x) = 3.55x(1 — x) 


A cobweb diagram for f (7) = 3.55a (1 — z) 
is presented here. The sequence of values 
results in an 8-cycle. 


1. Let r = 0.5 and choose zp = 0.2. Either by hand or by using a 
computer, calculate the first 10 values in the sequence. Does the 
sequence appear to converge? If so, to what value? Does it result in a 
cycle? If so, what kind of cycle (for example, 

2 — cycle, 4 — cycle. )? 

2. What happens when r = 2? 

3. For r = 3.2 and r = 3.5, calculate the first 100 sequence values. 
Generate a cobweb diagram for each iterative process. (Several free 
applets are available online that generate cobweb diagrams for the 
logistic map.) What is the long-term behavior in each of these cases? 

4. Now let r = 4. Calculate the first 100 sequence values and generate a 
cobweb diagram. What is the long-term behavior in this case? 


5. Repeat the process for r = 4, but let 29 = 0.201. How does this 
behavior compare with the behavior for 7p = 0.2? 


Key Concepts 


e Newton’s method approximates roots of f (x) = 0 by starting with an 
initial approximation xo, then uses tangent lines to the graph of f to 
create a sequence of approximations £1, £9, £3,. . 

e Typically, Newton’s method is an efficient method for finding a 
particular root. In certain cases, Newton’s method fails to work 
because the list of numbers Xg, 1, %,... does not approach a finite 
value or it approaches a value other than the root sought. 

e Any process in which a list of numbers Zo, £1, £9,... is generated by 
defining an initial number xp and defining the subsequent numbers by 
the equation x,, = F'(x,_;) for some function F is an iterative 


process. Newton’s method is an example of an iterative process, where 


the function F (x) = x — a for a given function f. 


For the following exercises, write Newton’s formula as 2,41 = F' (xp) for 
solving f (x) = 0. 
Exercise: 


Problem: f (x) = 27 +1 
Exercise: 

Problem: f(z) = 2°+2zr+1 

Solution: 


n+2e,+1 
F (@n) = @n— “373 


Exercise: 


Problem: f(x) = sinz 
Exercise: 

Problem: f(x) = e* 

Solution: 


Wk Cord es oe calle 


etn 


Exercise: 
Problem: f(x) = x° + 3ze” 


For the following exercises, solve f (x) = 0 using the iteration 

Inti = Ln — Cf (Lp), which differs slightly from Newton’s method. Find a 
c that works and a c that fails to converge, with the exception of c = 0. 
Exercise: 


Problem: f (x) = x? — 4, with zy = 0 


Solution: 


|c| > 0.5 fails, 


c| < 0.5 works 


Exercise: 


Problem: f (x) = x? — 42x + 3, with xo = 2 


Exercise: 


Problem: What is the value of “c” for Newton’s method? 


Solution: 


For the following exercises, start at 
a. Lp = 0.6 and 
b. to = De 


Compute x, and 22 using the specified iterative method. 
Exercise: 


Problem: 2,4) = 2,2 — + 


Exercise: 


Problem: x,,.; = 2x, (1 — 2p) 


Solution: 
_ 42 _. B12. = a 
a. £1 = oF, X2 = He; b. 21 = —4, 22 = —40 
Exercise: 


Problem: 2,44 = \/%n 


Exercise: 


Problem: z,.; = z= 


Solution: 
a. £1, = 1.291, x. = 0.8801; b. x; = 0.7071, ez. = 1.189 


Exercise: 


Problem: x,,.; = 327 (1 — 2p) 


Exercise: 


Problem: 2.1 = 2n7 + Xn — 2 


Solution: 
206 _ 1224, = = 
a. %] = —3p,%2 = —-e 5b. 41 = A.¢5=18 
Exercise: 
Problem: z,,.; = SLp —] 


Exercise: 


Problem: z,,.; = |z,.| 


Solution: 


6 6, = = 
a. f= 79,02 = 9930. 41 = 2,42 = 2 


For the following exercises, solve to four decimal places using Newton’s 
method and a computer or calculator. Choose any initial guess XQ that is not 
the exact root. 

Exercise: 


Problem: x” — 10 = 0 


Exercise: 


Problem: x* — 100 = 0 


Solution: 


3.1623 or — 3.1623 


Exercise: 


Problem: x” — x = 0 


Exercise: 


Sicscg =.) 


Problem: x 
Solution: 
0;—Lorl 


Exercise: 


Problem: z + 5cos (xz) = 0 


Exercise: 


Problem: x + tan (x) = 0, choose xp € (— 


Solution: 


0 


Exercise: 


Problem: —— = 2 


Exercise: 


Problem: 1 + 2 + 272+ 2°+ 2+ =2 


Solution: 


0.5188 or — 1.2906 


Exercise: 


Problem: x° + (a + 1)° = 10° 


Exercise: 


NE) 


Problem: x = sin’ () 
Solution: 


0 


For the following exercises, use Newton’s method to find the fixed points of 
the function where f (2) = 2; round to three decimals. 
Exercise: 


Problem: sin z 


Exercise: 
Problem: tan (x) on x = ee Sr) 
Solution: 
4.493 

Exercise: 


Problem: ec” — 2 


Exercise: 


Problem: In (x) + 2 


Solution: 


0.159, 3.146 


Newton’s method can be used to find maxima and minima of functions in 
addition to the roots. In this case apply Newton’s method to the derivative 
function f’ () to find its roots, instead of the original function. For the 
following exercises, consider the formulation of the method. 


Exercise: 


Problem: 


To find candidates for maxima and minima, we need to find the critical 
points f’ (2) = 0. Show that to solve for the critical points of a 


function f (2), Newton’s method is given by @n41 = @n — f 1 
Exercise: 
Problem: 


What additional restrictions are necessary on the function f? 
Solution: 


We need f to be twice continuously differentiable. 


For the following exercises, use Newton’s method to find the location of the 
local minima and/or maxima of the following functions; round to three 
decimals. 

Exercise: 


Problem: Minimum of f (x) = 27+ 2x +4 


Exercise: 


Problem: Minimum of f (x) = 32° + 2x? — 16 
Solution: 
f=) 


Exercise: 


Problem: Minimum of f (x) = x“e 


Exercise: 


Problem: Maximum of f (x) = 2 + + 


Solution: 


C= =1 


Exercise: 


Problem: Maximum of f (x) = x? + 10x? + 15x — 2 


Exercise: 


Problem: Maximum of f (x) = = 


Solution: 


xz — 5.619 
Exercise: 


Problem: 


2 


Minimum of f (x) = x*sina, closest non-zero minimum to z = 0 


Exercise: 


Problem: Minimum of f (x) = x++ 2° + 3x7 +122 + 6 
Solution: 


¢= 1.326 


For the following exercises, use the specified method to solve the equation. 
If it does not work, explain why it does not work. 
Exercise: 


Problem: Newton’s method, x? + 2 = 0 


Exercise: 


Problem: Newton’s method, 0 = e” 


Solution: 


There is no solution to the equation. 


Exercise: 


Problem: Newton’s method, 0 = 1 + x? Starting at rp = O 


Exercise: 


Problem: Solving z,.1 = —z,,° starting at x9 = —1 
Solution: 


It enters a cycle. 


For the following exercises, use the secant method, an alternative iterative 
method to Newton’s method. The formula is given by 


Equation: 
Ln—-1 — Ln-2 
C= i1-f(a )— 
te ‘ ‘ f (@n—-1) = f (@n_-2) 
Exercise: 
Problem: 


Find a root to 0 = x” 


— x — 3 accurate to three decimal places. 
Exercise: 


Problem: 


Find a root to 0 = sing + 3z accurate to four decimal places. 


Solution: 


0 


Exercise: 


Problem: Find a root to 0 = e* — 2 accurate to four decimal places. 
Exercise: 


Problem: 


Find a root to In (x + 2) = 5 accurate to four decimal places. 


Solution: 


—0.3513 
Exercise: 
Problem: 


Why would you use the secant method over Newton’s method? What 
are the necessary restrictions on f? 


For the following exercises, use both Newton’s method and the secant 
method to calculate a root for the following equations. Use a calculator or 
computer to calculate how many iterations of each are needed to reach 
within three decimal places of the exact answer. For the secant method, use 
the first guess from Newton’s method. 

Exercise: 


Problem: f(z) = 27+ 2r¢4+1,2%)=1 


Solution: 


Newton: 11 iterations, secant: 16 iterations 


Exercise: 


Problem: f (x) = x’, 7) = 1 


Exercise: 
Problem: f (x) = sinz, zy) = 1 
Solution: 
Newton: three iterations, secant: six iterations 


Exercise: 


Problem: f (x) = e” — 1, x) = 2 


Exercise: 
Problem: f (x) = x? + 2x2 + 4,29 = 0 


Solution: 


Newton: five iterations, secant: eight iterations 


In the following exercises, consider Kepler’s equation regarding planetary 
orbits, M = E — esin (E), where M is the mean anomaly, EF is eccentric 
anomaly, and € measures eccentricity. 

Exercise: 


Problem: 


Use Newton’s method to solve for the eccentric anomaly & when the 
mean anomaly M = * and the eccentricity of the orbit ¢ = 0.25; 


round to three decimals. 


Exercise: 


Problem: 


Use Newton’s method to solve for the eccentric anomaly & when the 
mean anomaly M = n. and the eccentricity of the orbit ¢ = 0.8; 
round to three decimals. 


Solution: 


E=4.071 


The following two exercises consider a bank investment. The initial 
investment is $10,000. After 25 years, the investment has tripled to 
$30,000. 
Exercise: 


Problem: 
Use Newton’s method to determine the interest rate if the interest was 
compounded annually. 
Exercise: 
Problem: 


Use Newton’s method to determine the interest rate if the interest was 
compounded continuously. 


Solution: 


4, 394% 
Exercise: 
Problem: 
The cost for printing a book can be given by the equation 


C(x) = 1000 + 12 + (+)a?/3. Use Newton’s method to find the 
break-even point if the printer sells each book for $20. 


Glossary 


iterative process 
process in which a list of numbers Zo, 21, £2, £3... is generated by 
starting with a number 2 and defining 2, = F'(x,_1) forn > 1 


Newton’s method 
method for approximating roots of f (a) = 0; using an initial guess 


Xo; each subsequent approximation is defined by the equation 
Tee) 
fl(tn-1) 


Ln = In-1 — 
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Iceboating 
is a popular 
winter sport 

in parts of 
the northern 

United 
States and 

Europe. 

(credit: 
modificatio 

n of work 

by Carter 

Brown, 
Flickr) 


Iceboats are a common sight on the lakes of Wisconsin and Minnesota on 
winter weekends. Iceboats are similar to sailboats, but they are fitted with 
runners, or “skates,” and are designed to run over the ice, rather than on 
water. Iceboats can move very quickly, and many ice boating enthusiasts are 
drawn to the sport because of the speed. Top iceboat racers can attain 
speeds up to five times the wind speed. If we know how fast an iceboat is 
moving, we can use integration to determine how far it travels. We revisit 


this question later in the chapter (see [link]). 

Determining distance from velocity is just one of many applications of 
integration. In fact, integrals are used in a wide variety of mechanical and 
physical applications. In this chapter, we first introduce the theory behind 
integration and use integrals to calculate areas. From there, we develop the 
Fundamental Theorem of Calculus, which relates differentiation and 


integration. We then study some basic integration techniques and briefly 
examine some applications. 


Antiderivatives 


e Find the general antiderivative of a given function. 

e Explain the terms and notation used for an indefinite integral. 
¢ State the power rule for integrals. 

e Use antidifferentiation to solve simple initial-value problems. 


At this point, we have seen how to calculate derivatives of many functions and have been introduced 
to a variety of their applications. We now ask a question that turns this process around: Given a 
function f, how do we find a function with the derivative f and why would we be interested in such a 
function? 


We answer the first part of this question by defining antiderivatives. The antiderivative of a function f 
is a function with a derivative f. Why are we interested in antiderivatives? The need for 
antiderivatives arises in many situations, and we look at various examples throughout the remainder of 
the text. Here we examine one specific example that involves rectilinear motion. In our examination in 
Derivatives of rectilinear motion, we showed that given a position function s (¢) of an object, then its 
velocity function v (¢) is the derivative of s (t)—that is, v (t) = s’ (t). Furthermore, the acceleration 
a (t) is the derivative of the velocity v (t)—that is, a (t) = v’ (t) = s(t). Now suppose we are 
given an acceleration function a, but not the velocity function v or the position function s. Since 

a(t) =v’ (¢), determining the velocity function requires us to find an antiderivative of the 
acceleration function. Then, since v (t) = s’ (t), determining the position function requires us to find 
an antiderivative of the velocity function. Rectilinear motion is just one case in which the need for 
antiderivatives arises. We will see many more examples throughout the remainder of the text. For now, 
let’s look at the terminology and notation for antiderivatives, and determine the antiderivatives for 
several types of functions. We examine various techniques for finding antiderivatives of more 
complicated functions later in the text (Introduction to Techniques of Integration). 


The Reverse of Differentiation 


At this point, we know how to find derivatives of various functions. We now ask the opposite 
question. Given a function f, how can we find a function with derivative f? If we can find a function 
F derivative f, we call F an antiderivative of f. 


Note: 

Definition 

A function F is an antiderivative of the function f if 
Equation: 


F' (2) = f(a) 


for all x in the domain of f. 


Consider the function f (x) = 2”. Knowing the power rule of differentiation, we conclude that 
F (x) = 2? is an antiderivative of f since F’ (x) = 2z. Are there any other antiderivatives of f? Yes; 
since the derivative of any constant C’ is zero, x” + C is also an antiderivative of 22. Therefore, 


xz? +5 and x? — /2 are also antiderivatives. Are there any others that are not of the form x? + C for 
some constant C’? The answer is no. From Corollary 2 of the Mean Value Theorem, we know that if F 
and G are differentiable functions such that F’ (x) = G’ (x), then F (x) — G(x) = C for some 


constant C’. This fact leads to the following important theorem. 


Note: 
General Form of an Antiderivative 
Let F be an antiderivative of f over an interval J. Then, 


i. for each constant C,, the function F' (x) + C is also an antiderivative of f over J; 
ii. if G is an antiderivative of f over I, there is a constant C' for which G (x) = F (x) + C over I. 


In other words, the most general form of the antiderivative of f over I is F (x) + C. 


We use this fact and our knowledge of derivatives to find all the antiderivatives for several functions. 


Example: 
Exercise: 


Problem: 
Finding Antiderivatives 


For each of the following functions, find all antiderivatives. 


ape see 
b. f(z)= 
Ceres? 
Csi 
Solution: 
a. Because 
Equation: 
d 
=, (@") =a 
x 


then F' (x) = 2? is an antiderivative of 3x7. Therefore, every antiderivative of 3x? is of the 
form z° + C for some constant C’, and every function of the form x° + C is an 
antiderivative of 3x. 

belketel te \— ina ebora O(a lee and 
Equation: 


42 x 
For z < 0, f (x) = In (—z) and 
Equation: 
d tt 1 
nt i a 
ae ne ant 
Therefore, 
Equation: 


d 1 
le) = = 
qe (lel) = = 


Thus, F'(2) = In |2| is an antiderivative of +. Therefore, every antiderivative of — is of 
the form In || + C for some constant C' and every function of the form In |x| + C is an 
antiderivative of -. 


c. We have 
Equation: 


7a sin) = cos w: 


so F' (x) = sinz is an antiderivative of cosx. Therefore, every antiderivative of cosz is of 
the form sina + C’ for some constant C’ and every function of the form sinz + C is an 
antiderivative of cosz. 

d. Since 
Equation: 


a 
dx 


(e*) = C4 


then F' (a) = e” is an antiderivative of e”. Therefore, every antiderivative of e” is of the 
form e* + C’ for some constant C' and every function of the form e* + C’ is an 
antiderivative of e”. 


Note: 
Exercise: 


Problem: Find all antiderivatives of f (x) = sina. 


Solution: 


—cosx+C 
Hint 


What function has a derivative of sinz? 


Indefinite Integrals 


We now look at the formal notation used to represent antiderivatives and examine some of their 
properties. These properties allow us to find antiderivatives of more complicated functions. Given a 


function f, we use the notation f’ (x) or af to denote the derivative of f. Here we introduce notation 
for antiderivatives. If F' is an antiderivative of f, we say that F' (x) + C is the most general 
antiderivative of f and write 

Equation: 


[tax =F(x)+C. 


The symbol / is called an integral sign, and / f (x)dz is called the indefinite integral of f. 


Note: 
Definition 
Given a function f, the indefinite integral of f, denoted 


Equation: 
[ foaz, 


is the most general antiderivative of f. If F' is an antiderivative of f, then 
Equation: 


[tex =F(x2)+C. 


The expression f (a) is called the integrand and the variable x is the variable of integration. 


Given the terminology introduced in this definition, the act of finding the antiderivatives of a function 
f is usually referred to as integrating f. 


For a function f and an antiderivative F’, the functions F' (x) + C,, where C is any real number, is 
often referred to as the family of antiderivatives of f. For example, since x? is an antiderivative of 2x 


and any antiderivative of 2z is of the form x? + C, we write 
Equation: 


[rede =27+C. 


The collection of all functions of the form x” + C, where C is any real number, is known as the 
family of antiderivatives of 2x. [link] shows a graph of this family of antiderivatives. 


The family of antiderivatives of 2 consists of all functions of the form 
az” + C, where C is any real number. 


For some functions, evaluating indefinite integrals follows directly from properties of derivatives. For 
example, forn 4 —1, 
Equation: 


which comes directly from 
Equation: 


d grt a? h 
ae ol =(n+1) =e" 


This fact is known as the power rule for integrals. 


Note: 

Power Rule for Integrals 
Forn 4 —1, 

Equation: 


Evaluating indefinite integrals for some other functions is also a straightforward calculation. The 
following table lists the indefinite integrals for several common functions. A more complete list 
appears in Appendix B. 


Differentiation Formula Indefinite Integral 

4 (k) =0 [irae = f kode = ke +6 
£(2") =n" [eran = #7 +C torn #1 
#4 (In |z|) = + [gaz =tnle| +e 

4 (e") =e [eac=er +0 

4 (sinz) = cosz [ cosas =sinz+C 


 (cosz) = —sinz [sincde = -—coszr+C 


Differentiation Formula Indefinite Integral 


 (tanz) = sec*x [secte dx = tanz+C 
4 (cscx) = —cscacotz [ escxcotede =-cscxr+C 
 (secx) = secrtanz [scontanzds =secr+C 
(cot) = —csc?z [osctede =-cotz+C 
1 
+ —1 1 Coie! 

= (sin) — ———- = sin “4+C 
de (Gin) = / VI-# 
(tan 2) = ss /m =tan ‘2+C 

x +2 1 + g? 
 (sec~ |x|) = —4 ay = sec |z|+C 

v zVaz2—1 av x2 75 | 


Integration Formulas 


From the definition of indefinite integral of f, we know 
Equation: 


[t@da=F@+e 


if and only if F is an antiderivative of f. Therefore, when claiming that 
Equation: 


[t@a=F@+c 


it is important to check whether this statement is correct by verifying that F’ (x) = 


Example: 
Exercise: 


Problem: 
Verifying an Indefinite Integral 


Each of the following statements is of the form / f (z)dx = F(x) + C. Verify that each 
statement is correct by showing that F’ (x) = f (x). 
a f (e+ ede = os +e74+C 


b. [ vetae Sine =e C 


Solution: 


a. Since 
Equation: 


the statement 


Equation: 
x2 
[(e+eae = oa +e°+C 
is correct. 
Sito Ge 6 2 
Note that we are verifying an indefinite integral for a sum. Furthermore, “ and e® are 


antiderivatives of x and e”, respectively, and the sum of the antiderivatives is an 
antiderivative of the sum. We discuss this fact again later in this section. 

b. Using the product rule, we see that 
Equation: 


d 
an te —e*+C) =e" + ze* — e” = ze”. 
L 


Therefore, the statement 
Equation: 


| vetae = ge" =e EC 


is correct. 

Note that we are verifying an indefinite integral for a product. The antiderivative re” — e* 
is not a product of the antiderivatives. Furthermore, the product of antiderivatives, x2e* /2 
is not an antiderivative of xe” since 

Equation: 


d 7 rast 7 its 
(= ) =2e+ # we". 


In general, the product of antiderivatives is not an antiderivative of a product. 


Note: 
Exercise: 


Problem: Verify that / xcosxdz = zsinz + cosz+C. 


Solution: 


“ (xsinz +cosx + C) = sing + xcosz — sinz = xcosz 


Hint 


Calculate 4 (a sing + cosz + C). 


In [link], we listed the indefinite integrals for many elementary functions. Let’s now turn our attention 
to evaluating indefinite integrals for more complicated functions. For example, consider finding an 
antiderivative of asum f + g. In [link]a. we showed that an antiderivative of the sum a + e” is given 


by the sum (=) + e*— that is, an antiderivative of a sum is given by a sum of antiderivatives. This 


result was not specific to this example. In general, if F' and G are antiderivatives of any functions f 
and g, respectively, then 
Equation: 


£(F (2) +G (a) =F’ (a) +" (2) = f() +9(2). 


Therefore, F (x) + G (a) is an antiderivative of f (x) + g(x) and we have 
Equation: 


[ur@ + g(x))dz = F(z) +G(z)+C. 


Similarly, 
Equation: 


In addition, consider the task of finding an antiderivative of kf (a), where k is any real number. Since 
Equation: 


d d : 
aa ef (x)) = ka F (2) =kf' (x) 


for any real number k, we conclude that 
Equation: 


[+ ie ta Gye: 


These properties are summarized next. 


Note: 

Properties of Indefinite Integrals 

Let F and G be antiderivatives of f and g, respectively, and let & be any real number. 
Sums and Differences 

Equation: 


| (¢@+9(@)de STOWE LE 


Constant Multiples 
Equation: 


[iF @ae =kF(r)+C 


From this theorem, we can evaluate any integral involving a sum, difference, or constant multiple of 
functions with antiderivatives that are known. Evaluating integrals involving products, quotients, or 
compositions is more complicated (see [link]b. for an example involving an antiderivative of a 
product.) We look at and address integrals involving these more complicated functions in Introduction 
to Integration. In the next example, we examine how to use this theorem to calculate the indefinite 
integrals of several functions. 


Example: 
Exercise: 


Problem: 
Evaluating Indefinite Integrals 


Evaluate each of the following indefinite integrals: 


a [ie — 7x? + 3a + 4)dax 


2 43/z 
» | 2 th? an 
x 
4 
2 dx 
14+ 2? 


d. | tanzcosxdz 


Solution: 


a. Using [link], we can integrate each of the four terms in the integrand separately. We obtain 
Equation: 


[= = 7x + 3a + 4)dzx — [oerae— [rode + facde+ f aac. 


From the second part of [link], each coefficient can be written in front of the integral sign, 
which gives 
Equation: 


[rerae— [tarde + [3ede+ [4de=s forde—7 fardr+3 fede +4 [rae 


Using the power rule for integrals, we conclude that 
Equation: 


5 
[ (628 — 10? + 30+ 4)dx = rel ro + oo LAr -— CC. 


b. Rewrite the integrand as 
Equation: 
2 AY 2 43/a 
Ap a </ oo a </ i 0. 
x AD x 


Then, to evaluate the integral, integrate each of these terms separately. Using the power 


rule, we have 
[eas aE 4 [ode 


Equation: 
Pain 1 =2/3)-+1 
gi +4 ear a (-?/ =p Gs 


zg? 4+ 1221/3 4 C. 


ES 
8 
ae 
8 
Se 
w 
ae, 
Q 
8 
I| 


1) eS) [ 


c. Using [link], write the integral as 


Equation: 
i 
4 ee. 
1+<2? 


Then, use the fact that tan~! (z) is an antiderivative of ea to conclude that 


Equation: 


4 
eri = 4tan!(z)+C. 
Vea 


d. Rewrite the integrand as 


Equation: 
sin x : 
tanxcosz = cosx = sinz. 
cOsx 
Therefore, 
Equation: 
[ tanzeose = [sine = -—cosz+C. 
Note: 
Exercise: 


Problem: Evaluate / (42° Se eee ee 7) dz. 


Solution: 


x 2a? 4 ya? Tz +C 


Hint 


Integrate each term in the integrand separately, making use of the power rule. 


Initial-Value Problems 


We look at techniques for integrating a large variety of functions involving products, quotients, and 
compositions later in the text. Here we turn to one common use for antiderivatives that arises often in 
many applications: solving differential equations. 


A differential equation is an equation that relates an unknown function and one or more of its 
derivatives. The equation 
Equation: 


dy _ 
ae 7 F@) 


is a simple example of a differential equation. Solving this equation means finding a function y with a 
derivative f. Therefore, the solutions of [link] are the antiderivatives of f. If Fis one antiderivative of 
f, every function of the form y = F' (x) + C isa solution of that differential equation. For example, 
the solutions of 

Equation: 


dy _ 


6x? 
dx z 


are given by 
Equation: 


y= [ovtas = 22° +C. 
Sometimes we are interested in determining whether a particular solution curve passes through a 


certain point (xo, yo)—that is, y (%o) = yo. The problem of finding a function y that satisfies a 
differential equation 


Equation: 
dy 
—=fi(« 
H = F(z) 
with the additional condition 
Equation: 
y (0) = Yo 


is an example of an initial-value problem. The condition y (29) = yo is known as an initial 
condition. For example, looking for a function y that satisfies the differential equation 


Equation: 
dy 9 
7 —6 
dz . 


and the initial condition 
Equation: 


is an example of an initial-value problem. Since the solutions of the differential equation are 

y = 2x° + C, to find a function y that also satisfies the initial condition, we need to find C' such that 
y (1) = 2(1)* + C = 5. From this equation, we see that C’ = 3, and we conclude that y = 2a? + 3 is 
the solution of this initial-value problem as shown in the following graph. 


Some of the solution curves of the differential equation ay = 6x? are 


displayed. The function y = 2x? + 3 satisfies the differential equation and 
the initial condition y(1) = 5. 


Example: 
Exercise: 


Problem: 
Solving an Initial-Value Problem 


Solve the initial-value problem 
Equation: 


a sinz, y(0) = 5. 
Q 


Solution: 


First we need to solve the differential equation. If iy. = sinz, then 
Equation: 


i= [sin (@)ae = —cosz+ C. 


Next we need to look for a solution y that satisfies the initial condition. The initial condition 
y (0) = 5 means we need a constant C' such that —cosz + C' = 5. Therefore, 


Equation: 


C =5-+cos(0) =6. 


The solution of the initial-value problem is y = —cosz + 6. 


Note: 
Exercise: 


Problem: Solve the initial value problem oe aay yi 


Solution: 
See 
Hint 


Find all antiderivatives of f (x) = 3x~. 


Initial-value problems arise in many applications. Next we consider a problem in which a driver 
applies the brakes in a car. We are interested in how long it takes for the car to stop. Recall that the 
velocity function v (t) is the derivative of a position function s (t), and the acceleration a (t) is the 
derivative of the velocity function. In earlier examples in the text, we could calculate the velocity from 
the position and then compute the acceleration from the velocity. In the next example we work the 
other way around. Given an acceleration function, we calculate the velocity function. We then use the 
velocity function to determine the position function. 


Example: 
Exercise: 


Problem: 
Decelerating Car 


A car is traveling at the rate of 88 ft/sec (60 mph) when the brakes are applied. The car begins 
decelerating at a constant rate of 15 ft/sec?. 


a. How many seconds elapse before the car stops? 
b. How far does the car travel during that time? 


Solution: 


a. First we introduce variables for this problem. Let t be the time (in seconds) after the brakes 
are first applied. Let a (t) be the acceleration of the car (in feet per seconds squared) at time 
t. Let v (t) be the velocity of the car (in feet per second) at time t. Let s (t) be the car’s 
position (in feet) beyond the point where the brakes are applied at time ¢. 
The car is traveling at a rate of 88 ft/sec. Therefore, the initial velocity is v (0) = 88 
ft/sec. Since the car is decelerating, the acceleration is 
Equation: 


a(t) = —15 ft/s’. 


The acceleration is the derivative of the velocity, 
Equation: 


yoo Werte Eas 


Therefore, we have an initial-value problem to solve: 
Equation: 


vu’ (t) = —15, v (0) = 88. 


Integrating, we find that 
Equation: 


v(t) = —15t+ C. 


Since v (0) = 88, C = 88. Thus, the velocity function is 
Equation: 


v(t) = —15t + 88. 


To find how long it takes for the car to stop, we need to find the time ¢ such that the 
velocity is zero. Solving —15¢ + 88 = 0, we obtain t = & sec. 
b. To find how far the car travels during this time, we need to find the position of the car after 
$8. sec. We know the velocity v (¢) is the derivative of the position s (t). Consider the 
initial position to be s (0) = 0. Therefore, we need to solve the initial-value problem 
Equation: 


s’ (t) = —15t + 88,5 (0) =0. 


Integrating, we have 
Equation: 


Since s (0) = 0, the constant is C = 0. Therefore, the position function is 
Equation: 


15 
a(t) = ee + 88t. 


After t = a sec, the position is s (3) & 258.133 ft. 


Note: 
Exercise: 


Problem: 


Suppose the car is traveling at the rate of 44 ft/sec. How long does it take for the car to stop? 
How far will the car travel? 


Solution: 


2.93 sec, 64.5 ft 
Hint 


v(t) = —15t + 44. 


Key Concepts 


¢ If Fis an antiderivative of f, then every antiderivative of f is of the form F’ (x) + C for some 


constant C’. 
e Solving the initial-value problem 
Equation: 
d 
Ge 71 (@)¥ (#0) = yo 


requires us first to find the set of antiderivatives of f and then to look for the particular 


antiderivative that also satisfies the initial condition. 


For the following exercises, show that F’ (a) are antiderivatives of f (x). 
Exercise: 


Problem: F' (x) = 52° + 227+ 32 +1, f (x) = 15a? +42 +3 
Solution: 


F' (x) = 152? + 4¢4+3 


Exercise: 


Problem: F(x) = 2? +42 +1, f(x) =22+4 


Exercise: 
Problem: F' (x) = xe", f (x) = e® (x? + 2z) 
Solution: 


F' (x) = 2xe* + xe* 


Exercise: 


Problem: F (x) = cosz, f (x) = —sinz 


Exercise: 
Problem: F(z) = e”, f (x) =e” 
Solution: 
Fl (=F 


For the following exercises, find the antiderivative of the function. 
Exercise: 


Problem: f(z) = = +2 
Exercise: 

Problem: f (x) = e? — 3x? + sinz 

Solution: 


F(a) = e* — 2° —cos(r) +C 


Exercise: 


Problem: f (x) = e* + 3x — x? 
Exercise: 

Problem: f (z) = x — 1 + 4sin (2z) 

Solution: 

F(x) = = —a—2cos(2x)+C 


2 


For the following exercises, find the antiderivative F' (x) of each function f (x). 
Exercise: 


Problem: f (x) = 524 + 42° 


Exercise: 


Problem: f (x) = x + 122? 

Solution: 

F(x) = $2? +423 +C 
Exercise: 

Problem: f(z) = —— 


Exercise: 


I 
— 
5 
wa” 
w 


Problem: f (x) 
Solution: 
F(x) = 2(/z)°+C 
Exercise: 
Problem: f (x) = x'/? + (2x)'/° 
Exercise: 


ell3 
72/3 


Problem: f (x) = 


Solution: 


F(a) = 30°? +C 


Exercise: 


Problem: f (x) = 2sin (xz) + sin (22) 
Exercise: 

Problem: f (x) = sec? (x) + 1 

Solution: 

F(z)=2+tan(z)+C 


Exercise: 


Problem: f (x) = sinzcosz 
Exercise: 

Problem: f (x) = sin? (x)cos (x) 

Solution: 

F (a) = 1+sin3 (xz) +C 


3 
Exercise: 


Problem: f (x) = 0 


Exercise: 


Problem: f (x) = csc? (a) 


Solution: 
F(x) =—Fcot(z)-2++C 
Exercise: 


Problem: f (x) = cscxcotz + 3x 


Exercise: 


Problem: f (x) = 4cscxcotz — secxtanz 


Solution: 


F (xz) = —secx — 4cescz + C 


Exercise: 


Problem: f (x) = 8secz (secz — 4tanz) 


Exercise: 
Problem: f (x) = +e~** + sina 


Solution: 


For the following exercises, evaluate the integral. 
Exercise: 


Problem: / (—1)dz 


Exercise: 


Problem: i sin z dx 


Solution: 


—cosz+C 


Exercise: 


Problem: / (4x + /x) dx 


Exercise: 


2 
2 
Problem: / cae 
we 


Solution: 
32 — - +C 


Exercise: 


Problem: [ (secatanz + 4x)dx 


Exercise: 
Problem: : (4Ve+ Ya)de 


Solution: 


8 3/2 = a°/4 LC 


Exercise: 


Problem: / Ca — 28) de 


Exercise: 
147° + 22 +1 
Problem: / ee dx 
ee 
Solution: 


14z-2-2,4+¢ 


Exercise: 
Problem: fee + e*)da 


For the following exercises, solve the initial value problem. 
Exercise: 


Problem: f! (x) = x~°, f (1) =1 
Solution: 


F(t) =—-g9 +3 


Exercise: 


Problem: f! (xz) = /z+ x”, f (0) =2 


Exercise: 


bo 


Problem: f! (x) = cosx + sec? (x), f (4) =2+ 
Solution: 
f(z) =sing + tanz+1 


Exercise: 


Problem: f’ (xz) = x? — 8x7 + 16x +1, f (0) =0 


Exercise: 


Problem: f! (xz) = 4 — © f(t) =0 


Solution: 


For the following exercises, find two possible functions f given the second- or third-order derivatives. 
Exercise: 


Problem: f// (x) = x? + 2 
Exercise: 

Problem: f// (x) =e * 

Solution: 


—x£ 


Answers may vary; one possible answer is f (x) = e 


Exercise: 


Problem: f// (x) =1+ 2 


Exercise: 


Problem: f/// (x) = cosz 


Solution: 


Answers may vary; one possible answer is f (x) = —sinz 


Exercise: 


Problem: f/// (x) = 8e~ 7" — sinx 
Exercise: 


Problem: 


A car is being driven at a rate of 40 mph when the brakes are applied. The car decelerates at a 
constant rate of 10 ft/sec”. How long before the car stops? 


Solution: 
5.867 sec 


Exercise: 


Problem: In the preceding problem, calculate how far the car travels in the time it takes to stop. 


Exercise: 


Problem: 


You are merging onto the freeway, accelerating at a constant rate of 12 ft/sec?. How long does it 
take you to reach merging speed at 60 mph? 


Solution: 


7.333 sec 


Exercise: 


Problem: Based on the previous problem, how far does the car travel to reach merging speed? 
Exercise: 


Problem: 


A car company wants to ensure its newest model can stop in 8 sec when traveling at 75 mph. If 
we assume constant deceleration, find the value of deceleration that accomplishes this. 


Solution: 


13.75 ft/sec? 
Exercise: 


Problem: 


A car company wants to ensure its newest model can stop in less than 450 ft when traveling at 60 
mph. If we assume constant deceleration, find the value of deceleration that accomplishes this. 


For the following exercises, find the antiderivative of the function, assuming F'(0) = 0. 
Exercise: 


Problem: [T] f (x) = ee +2 
Solution: 
Re za + 2x 


Exercise: 


Problem: [T] f(z) = 4% — /z 
Exercise: 

Problem: [T] f (x) = sinz + 2z 

Solution: 


F(x) =2?—cosx+1 


Exercise: 


Problem: [T] f («) = e” 


Exercise: 


Problem: [T] f (x) = if 


(x+1)° 
Solution: 
te 1 
Ma) = Gay tt 
Exercise: 


Problem: [T] f(z) = e 7” + 3x? 


For the following exercises, determine whether the statement is true or false. Either prove it is true or 
find a counterexample if it is false. 
Exercise: 


Problem: If f (z) is the antiderivative of v (x), then 2f (a) is the antiderivative of 2u (z). 


Solution: 
True 


Exercise: 


Problem: If f (z) is the antiderivative of v(x), then f (2z) is the antiderivative of v (22). 


Exercise: 


Problem: If f (z) is the antiderivative of v(x), then f (x) + 1 is the antiderivative of v (x) + 1. 


Solution: 
False 


Exercise: 


Problem: If f (x) is the antiderivative of v (a), then (f (x))” is the antiderivative of (v («))”. 


Chapter Review Exercises 


True or False? Justify your answer with a proof or a counterexample. Assume that f (x) is continuous 
and differentiable unless stated otherwise. 
Exercise: 


—6 and f (1) = 2, then there exists at least one point x € [—1, 1] such that 


True, by Mean Value Theorem 


Exercise: 


Problem: If f’(c) = 0, there is a maximum or minimum at z = c. 
Exercise: 
Problem: 


There is a function such that f (x) < 0, f’ (x) > 0, and f(x) < 0. (A graphical “proof” is 
acceptable for this answer.) 


Solution: 


True 
Exercise: 
Problem: 
There is a function such that there is both an inflection point and a critical point for some value 
t=: 


Exercise: 


Problem: Given the graph of f’, determine where f is increasing or decreasing. 


Solution: 


Increasing: (—2, 0) U (4, 00), decreasing: (—oo, —2) U (0, 4) 


Exercise: 


Problem: The graph of f is given below. Draw f’. 


y 


Exercise: 


Problem: Find the linear approximation L (x) to y = a? + tan (ma) near x = +. 


Solution: 
Lig) = Ces + (1+ 4m) (x — $) 
Exercise: 


Problem: Find the differential of y = x? — 5x2 — 6 and evaluate for z = 2 with dr = 0.1. 


Find the critical points and the local and absolute extrema of the following functions on the given 
interval. 
Exercise: 


Problem: f (x) = x + sin? (x) over (0, 7] 
Solution: 


Critical point: 7 = an absolute minimum: z = 0, absolute maximum: xz = 7 


Exercise: 


Problem: f (x) = 3x* — 4x° — 12x? + 6 over [—3, 3] 


Determine over which intervals the following functions are increasing, decreasing, concave up, and 
concave down. 
Exercise: 


Problem: z (t) = 3¢* — 8¢? — 18¢? 


Solution: 


Increasing: (—1, 0) U (3, 00), decreasing: (—oo, —1) U (0, 3), concave up: 
+v 13) ; 00), concave down: 


Exercise: 


Problem: y = x + sin (72) 
Exercise: 

Problem: g(x) = 2 — x 

Solution: 

Increasing: (4, oo), decreasing: (0, +), concave up: (0, co), concave down: nowhere 
Exercise: 


Problem: f (0) = sin (30) 


Evaluate the following limits. 
Exercise: 


: lim 3avV/r2+1 


Problem a a 


Solution: 


3 


Exercise: 


Problem: lim cos (+) 
Hite de, 0) 


Exercise: 


ii -1 
Problem: lim ata): 


Solution: 
a 
vie 
Exercise: 


Problem: lim (3z)‘/” 


xL—-0o 


Use Newton’s method to find the first two iterations, given the starting point. 
Exercise: 


Problem: y = z° + 1,29 = 0.5 


Solution: 
Ly = —1, w2 = —1 
Exercise: 
Problem: —— = +, 2x9 = 0 
* etl — 279%0 — 


Find the antiderivatives F' (x) of the following functions. 
Exercise: 


Problem: g(x) = x — > 
Solution: 


F(2)=*"41li¢ 


x 


Exercise: 
Problem: f (x) = 2x + 6cosz, F (mr) =1?+2 


Graph the following functions by hand. Make sure to label the inflection points, critical points, zeros, 
and asymptotes. 
Exercise: 


Problem: y = 


Solution: 


Inflection points: none; critical points: = -+ zeros: none; vertical asymptotes: z = —1, 
x = 0; horizontal asymptote: y = 0 


Exercise: 


Problem: y = x — V4 — x? 
Exercise: 


Problem: 


A car is being compacted into a rectangular solid. The volume is decreasing at a rate of 2 m/sec. 
The length and width of the compactor are square, but the height is not the same length as the 
length and width. If the length and width walls move toward each other at a rate of 0.25 m/sec, 
find the rate at which the height is changing when the length and width are 2 m and the height is 
1.5 m. 


Solution: 


The height is decreasing at a rate of 0.125 m/sec 
Exercise: 


Problem: 


A rocket is launched into space; its kinetic energy is given by K (t) = (5)m (t)v(t)’, where K 
is the kinetic energy in joules, m is the mass of the rocket in kilograms, and v is the velocity of 
the rocket in meters/second. Assume the velocity is increasing at a rate of 15 m/sec’ and the mass 
is decreasing at a rate of 10 kg/sec because the fuel is being burned. At what rate is the rocket’s 
kinetic energy changing when the mass is 2000 kg and the velocity is 5000 m/sec? Give your 
answer in mega-Joules (MJ), which is equivalent to 10° J. 


Exercise: 
Problem: 
The famous Regiomontanus’ problem for angle maximization was proposed during the 15 th 
century. A painting hangs on a wall with the bottom of the painting a distance a feet above eye 


level, and the top b feet above eye level. What distance x (in feet) from the wall should the 
viewer stand to maximize the angle subtended by the painting, 0? 


ainda 


Eye level 


Z—|I ! 


Solution: 


a = Vab feet 
Exercise: 
Problem: 
An airline sells tickets from Tokyo to Detroit for $1200. There are 500 seats available and a 
typical flight books 350 seats. For every $10 decrease in price, the airline observes an additional 


five seats sold. What should the fare be to maximize profit? How many passengers would be 
onboard? 


Glossary 


antiderivative 
a function F’ such that F’’ (x) = f (x) for all x in the domain of f is an antiderivative of f 


indefinite integral 
the most general antiderivative of f (x) is the indefinite integral of f; we use the notation 


/ f (x)dz to denote the indefinite integral of f 


initial value problem 
a problem that requires finding a function y that satisfies the differential equation fu. =z) 
together with the initial condition y (xo) = yo 


Approximating Areas 


e Use sigma (summation) notation to calculate sums and powers of integers. 
e Use the sum of rectangular areas to approximate the area under a curve. 
e Use Riemann sums to approximate area. 


Archimedes was fascinated with calculating the areas of various shapes—in other words, the amount of 
space enclosed by the shape. He used a process that has come to be known as the method of exhaustion, 
which used smaller and smaller shapes, the areas of which could be calculated exactly, to fill an irregular 
region and thereby obtain closer and closer approximations to the total area. In this process, an area bounded 
by curves is filled with rectangles, triangles, and shapes with exact area formulas. These areas are then 
summed to approximate the area of the curved region. 


In this section, we develop techniques to approximate the area between a curve, defined by a function f (x), 
and the x-axis on a closed interval |a, b]. Like Archimedes, we first approximate the area under the curve 
using shapes of known area (namely, rectangles). By using smaller and smaller rectangles, we get closer and 
closer approximations to the area. Taking a limit allows us to calculate the exact area under the curve. 


Let’s start by introducing some notation to make the calculations easier. We then consider the case when 
f (x) is continuous and nonnegative. Later in the chapter, we relax some of these restrictions and develop 
techniques that apply in more general cases. 


Sigma (Summation) Notation 


As mentioned, we will use shapes of known area to approximate the area of an irregular region bounded by 
curves. This process often requires adding up long strings of numbers. To make it easier to write down these 
lengthy sums, we look at some new notation here, called sigma notation (also known as summation 
notation). The Greek capital letter »’, sigma, is used to express long sums of values in a compact form. For 
example, if we want to add all the integers from 1 to 20 without sigma notation, we have to write 

Equation: 


1424+34+44+54+6+74+8494104114+124134+144+15+164+17+4+18+19+4 20. 
We could probably skip writing a couple of terms and write 
Equation: 
14+2+3+4+---+19-+ 20, 


which is better, but still cumbersome. With sigma notation, we write this sum as 
Equation: 


which is much more compact. 


Typically, sigma notation is presented in the form 
Equation: 


where a; describes the terms to be added, and the i is called the index. Each term is evaluated, then we sum 
all the values, beginning with the value when z = 1 and ending with the value when z = n. For example, an 


7 
expression like SS S; is interpreted as Sy + $3 + $4 +85 + 8 + 87. Note that the index is used only to 
i=2 
keep track of the terms to be added; it does not factor into the calculation of the sum itself. The index is 


therefore called a dummy variable. We can use any letter we like for the index. Typically, mathematicians use 
i, j, k, m, and n for indices. 


Let’s try a couple of examples of using sigma notation. 


Example: 
Exercise: 


Problem: 
Using Sigma Notation 


a. Write in sigma notation and evaluate the sum of terms 3' for i = 1, 2,3, 4,5. 
b. Write the sum in sigma notation: 


Equation: 
Ih aR 4B > ap : ar : 
Gere 
Solution: 
a. Write 
Equation: 


B= Bae 8 ge ee 


oe 
ll on 
i 


= 363. 
b. The denominator of each term is a perfect square. Using sigma notation, this sum can be written 


ae 
as a 


i=1 


Note: 
Exercise: 


Problem: Write in sigma notation and evaluate the sum of terms 2! for 4 = 3,4; 5,6. 


Solution: 


6 
2: SS IGE Gs TG} 1545) 
C=) 

Hint 


Use the solving steps in [link] as a guide. 


The properties associated with the summation process are given in the following rule. 


Note: 
Rule: Properties of Sigma Notation 
Let a1, @2,..-, @n and 61, bo,.. ., bn represent two sequences of terms and let c be a constant. The following 


properties hold for all positive integers n and for integers m, with 1 <m <n. 


il, 
Equation: 
n 
C= ie 
w=1 
De 
Equation: 
n n 
Sven = ea, 
i=1 i=1 
ok 
Equation: 

n n n 
ye + b;) = Noe of ye 
i=1 i=1 i=1 

4. 
Equation: 

n n n 
DEG i a Es 
i=1 i=1 i=1 

D. 
Equation: 


Proof 


We prove properties 2. and 3. here, and leave proof of the other properties to the Exercises. 


2. We have 
Equation: 
n 
S> cai = ca, + cao + ca3+°::+Ccay 
i=1 
=c(ai+a2+a3+-+++an) 
n 
=C ss aj. 
i=1 
3. We have 
Equation: 


n 


So (ai +i) = (ai + b1) + (a2 + b2) + (a3 +3) + +++ + (Qn + bn) 


i=1 
= (a; + ag +43 +++++ Gn) + (br + bp + 3 + +++ + dn) 


i=1 i=1 


A few more formulas for frequently found functions simplify the summation process further. These are 
shown in the next rule, for sums and powers of integers, and we use them in the next set of examples. 


Note: 
Rule: Sums and Powers of Integers 


1. The sum of n integers is given by 
Equation: 


n 


il 
Se 
J 


2. The sum of consecutive integers squared is given by 
Equation: 


n 


SOP =P +P 4-.-+n? = 
7! 6 


3. The sum of consecutive integers cubed is given by 
Equation: 


Example: 
Exercise: 


Problem: 
Evaluation Using Sigma Notation 


Write using sigma notation and evaluate: 
a. The sum of the terms (4 — 2\7 Ol? —lee) een? ()() 
b. The sum of the terms ts = i?) or), = ly d4), (Gi. 
Solution: 


a. Multiplying out (7 — ae we can break the expression into three terms. 


Equation: 
200 200 
SG@-3) =S°>@-6:+9) 
j=1 i=1 
200 200 200 
-y#-S ats 
4=1 t=) 1 
200 200 200 
-Yee-eyri+ doo 
j=1 i=1 i=1 
an ae 6 ae +9 (200) 
= 2,686,700 — 120,600 + 1800 
= 2,567,900 
b. Use sigma notation property iv. and the rules for the sum of squared terms and the sum of cubed 
terms. 
Equation: 


Sa) <he_he 


i=1 w=1 i=1 


67(6+1)” __ 6(6+1)(2(6)+1) 
q 6 


1764 546 
4 6 


= 350 


Note: 
Exercise: 


Problem: Find the sum of the values of 4 + 32 fori = 1, 2,..., 100. 


Solution: 
iS 51510) 
Hint 


Use the properties of sigma notation to solve the problem. 


Example: 
Exercise: 


Problem: 
Finding the Sum of the Function Values 


Find the sum of the values of f (x) = x? 


OAS WLS MATS IA, Byes on UO), 
Solution: 


Using the formula, we have 


Equation: 
SS 3 (10)?(10+41)? 
= 4 
i=0 
_ 100(121) 
= 
= 3025. 
Note: 
Exercise: 
20 
Problem: Evaluate the sum indicated by the notation oe (2k +1). 
k=1 
Solution: 
440 
Hint 


Use the rule on sum and powers of integers. 


Approximating Area 


Now that we have the necessary notation, we return to the problem at hand: approximating the area under a 
curve. Let f (x) be a continuous, nonnegative function defined on the closed interval [a, b]. We want to 
approximate the area A bounded by f (2) above, the x-axis below, the line z = a on the left, and the line 

x = bon the right ([link]). 


An area (shaded region) bounded by the curve 
f (x) at top, the x-axis at bottom, the line z = a to 
the left, and the line x = bat right. 


How do we approximate the area under this curve? The approach is a geometric one. By dividing a region 
into many small shapes that have known area formulas, we can sum these areas and obtain a reasonable 
estimate of the true area. We begin by dividing the interval [a, b] into n subintervals of equal width, pe . We 
do this by selecting equally spaced points x9, 21, £2,..., Z, with zp = a, £, = 6, and 

Equation: 


fori = 1,2,3,...,n. 


We denote the width of each subinterval with the notation Ax, so Az = —— and 
Equation: 


fori = 1,2,3,...,n. This notion of dividing an interval [a, b] into subintervals by selecting points from 
within the interval is used quite often in approximating the area under a curve, so let’s define some relevant 
terminology. 


Note: 

Definition 

A set of points P = {x;} for? = 0,1,2,...,n witha = xp < 41 < 2 <-+++ < Lp = b, which divides the 
interval |a, b] into subintervals of the form [xo, £1], [%1, £2],..-, [@n—1, Ln] is called a partition of |a, b]. If 


the subintervals all have the same width, the set of points forms a regular partition of the interval {a, }]. 


We can use this regular partition as the basis of a method for estimating the area under the curve. We next 
examine two methods: the left-endpoint approximation and the right-endpoint approximation. 


Note: 

Rule: Left-Endpoint Approximation 

On each subinterval |#;-1, 2;| (for 2 = 1, 2, 3,...,), construct a rectangle with width Ax and height equal 
to f (x;_-1), which is the function value at the left endpoint of the subinterval. Then the area of this rectangle 
is f (z;_1) Aa. Adding the areas of all these rectangles, we get an approximate value for A ([link]). We use 
the notation L,, to denote that this is a left-endpoint approximation of A using n subintervals. 

Equation: 


AxL, =f (xo)Act f(xi)Axv+---+ f (tp_1)Ax 


i) 
y 
Left 
endpoints 
a=Xp Xp—-1 D=Xy x 


In the left-endpoint approximation of area under a 
curve, the height of each rectangle is determined by the 
function value at the left of each subinterval. 


The second method for approximating area under a curve is the right-endpoint approximation. It is almost 
the same as the left-endpoint approximation, but now the heights of the rectangles are determined by the 
function values at the right of each subinterval. 


Note: 

Rule: Right-Endpoint Approximation 

Construct a rectangle on each subinterval [x;_1, x;], only this time the height of the rectangle is determined 
by the function value f (x;) at the right endpoint of the subinterval. Then, the area of each rectangle is 

f (x;)Az and the approximation for A is given by 

Equation: 


AR, =f (a1)Acc f(a.)Avt+---+ f(r,)Ax 


n 


i=1 


The notation R,, indicates this is a right-endpoint approximation for A ((link]). 


Right 
endpoints 


a=Xp Xp—-1 D=X, x 


In the right-endpoint approximation of area under a 
curve, the height of each rectangle is determined by the 
function value at the right of each subinterval. Note 
that the right-endpoint approximation differs from the 
left-endpoint approximation in [link]. 


The graphs in [link] represent the curve f (x) = = In graph (a) we divide the region represented by the 
interval [0, 3] into six subintervals, each of width 0.5. Thus, Az = 0.5. We then form six rectangles by 
drawing vertical lines perpendicular to x;_,, the left endpoint of each subinterval. We determine the height 
of each rectangle by calculating f (x;_1) for i = 1,2, 3,4, 5,6. The intervals are 

(0, 0.5], (0.5, 1], [1, 1.5], [1.5, 2], [2, 2.5], (2.5, 3]. We find the area of each rectangle by multiplying the 
height by the width. Then, the sum of the rectangular areas approximates the area between f (x) and the x- 


axis. When the left endpoints are used to calculate height, we have a left-endpoint approximation. Thus, 
Equation: 


6 
AxLs =~ f(eia)Ae = f(eo)Ac+ f(ai)Ae + f (e2)Art f(es)Ae + f (as)Art f(as)Ac 
i=1 


= f (0)0.5 + f (0.5)0.5 + f (1)0.5 + f (1.5)0.5 + f (2)0.5 + f (2.5)0.5 
= (0)0.5 + (0.125)0.5 + (0.5)0.5 + (1.125)0.5 + (2)0.5 + (3.125)0.5 
= 0 + 0.0625 + 0.25 + 0.5625 + 1 + 1.5625 


= 3.4375. 


x¥ 


Xo Xy X2 X33 Xq XH XG Xo Xy Xo Xz3 Xq XH MG 
(a) (b) 


Methods of approximating the area under a curve by using (a) the left endpoints 
and (b) the right endpoints. 


In [link](b), we draw vertical lines perpendicular to x; such that x; is the right endpoint of each subinterval, 
and calculate f (x;) for? = 1, 2,3,4,5,6. We multiply each f (z;) by Ax to find the rectangular areas, and 
then add them. This is a right-endpoint approximation of the area under f (x). Thus, 

Equation: 


6 
AzRg = ae f (xi)Ax = f(xi)Ax+t f (x2)Ax + f (x3)Ax + f(x4)Az + f (z5)Azx + f (x6)Ax 
i=l 


= f (0.5)0.5 + f (1)0.5 + f (1.5)0.5 + f (2)0.5 + f (2.5)0.5 + f (3)0.5 
= (0.125)0.5 + (0.5)0.5 + (1.125)0.5 + (2)0.5 + (3.125)0.5 + (4.5)0.5 
= 0.0625 + 0.25 + 0.5625 + 1+ 1.5625 + 2.25 

= 5.6875. 


Example: 
Exercise: 


Problem: 
Approximating the Area Under a Curve 


Use both left-endpoint and right-endpoint approximations to approximate the area under the curve of 
f (x) = x? on the interval [0, 2]; use n = 4. 


Solution: 


First, divide the interval [0, 2] into n equal subintervals. Using n = 4, Ax eo 0.5. This is the 
width of each rectangle. The intervals {0, 0.5], [0.5, 1], [1, 1.5], [1.5, 2] are shown in [link]. Using a 
left-endpoint approximation, the heights are f (0) = 0, f (0.5) = 0.25, f (1) = 1, f (1.5) = 2.25. 


Then, 


Equation: 
[Ig =f (ao)Ax + f (21)Az + f (x2)Ax + f (x3)Az 
= 0 (0.5) + 0.25 (0.5) + 1(0.5) + 2.25 (0.5) 
= 1.75, 
Ya 
fx) = x3 
44 
2 4 
AX AX 
ply pd = 
0.5 1 15 2 * 


The graph shows the left-endpoint approximation of 
the area under f (x) = x? from 0 to 2. 


The right-endpoint approximation is shown in [link]. The intervals are the same, Ax = 0.5, but now 
use the right endpoint to calculate the height of the rectangles. We have 
Equation: 


Ry, =f (a,)Ac+ f (a.)Aa + f (x3)Az + f (a4) Az 
= 0.25 (0.5) + 1(0.5) + 2.25 (0.5) + 4 (0.5) 
= 3.70: 


The graph shows the right-endpoint approximation of 
the area under f (x) = 2? from 0 to 2. 


The left-endpoint approximation is 1.75; the right-endpoint approximation is 3.75. 


Note: 
Exercise: 


Problem: 


Sketch left-endpoint and right-endpoint approximations for f (x) = = on [1,2]; usen = 4. 
Approximate the area using both methods. 


Solution: 


The left-endpoint approximation is 0.7595. The right-endpoint approximation is 0.6345. See the below 
[link]. 


Left-Endpoint Approximation Right-Endpoint Approximation 
ya 


1 1.2515 1.75 2 x 1 1.2515 1.75 2 x 


(a) (b) 
Hint 


Follow the solving strategy in [link] step-by-step. 


Looking at [link] and the graphs in [link], we can see that when we use a small number of intervals, neither 
the left-endpoint approximation nor the right-endpoint approximation is a particularly accurate estimate of 
the area under the curve. However, it seems logical that if we increase the number of points in our partition, 
our estimate of A will improve. We will have more rectangles, but each rectangle will be thinner, so we will 
be able to fit the rectangles to the curve more precisely. 


We can demonstrate the improved approximation obtained through smaller intervals with an example. Let’s 
explore the idea of increasing n, first in a left-endpoint approximation with four rectangles, then eight 
rectangles, and finally 32 rectangles. Then, let’s do the same thing in a right-endpoint approximation, using 
the same sets of intervals, of the same curved region. [link] shows the area of the region under the curve 


f (z) = (« — 1)° + 4 on the interval (0, 2] using a left-endpoint approximation where n = 4. The width of 
each rectangle is 
Equation: 


The area is approximated by the summed areas of the rectangles, or 
Equation: 


La = f (0) (0.5) + f (0.5) (0.5) + f (1) (0.5) + f (1.5)0.5 
= 7.5. 


With a left-endpoint approximation and dividing the 

region from a to b into four equal intervals, the area 

under the curve is approximately equal to the sum of 
the areas of the rectangles. 


[link] shows the same curve divided into eight subintervals. Comparing the graph with four rectangles in 
[link] with this graph with eight rectangles, we can see there appears to be less white space under the curve 
when n = 8. This white space is area under the curve we are unable to include using our approximation. The 
area of the rectangles is 

Equation: 


Ls =f (0)(0.25) + f (0.25) (0.25) + f (0.5) (0.25) + f (0.75) (0.25) 
+f (1) (0.25) + f (1.25) (0.25) + f (1.5) (0.25) + f (1.75) (0.25) 


b = xg 


x4 


Xo X3 Xq X5 XG XZ 


The region under the curve is divided into n = 8 
rectangular areas of equal width for a left-endpoint 
approximation. 


The graph in [link] shows the same function with 32 rectangles inscribed under the curve. There appears to 
be little white space left. The area occupied by the rectangles is 
Equation: 


L32 = f (0) (0.0625) + f (0.0625) (0.0625) + f (0.125) (0.0625) + --- + f (1.9375) (0.0625) 
= 7.9375. 


Here, 32 rectangles are inscribed under the curve for a 
left-endpoint approximation. 


We can carry out a similar process for the right-endpoint approximation method. A right-endpoint 
approximation of the same curve, using four rectangles ([{link]), yields an area 
Equation: 


R, =f (0.5) (0.5) + f (1) (0.5) + f (1.5) (0.5) + f (2) (0.5) 
= 8.5. 


Now we divide the area under the curve into four equal 
subintervals for a right-endpoint approximation. 


Dividing the region over the interval [0, 2] into eight rectangles results in Az = 2=° = 0.25. The graph is 


8 
shown in [link]. The area is 
Equation: 


Rg = f (0.25) (0.25) + f (0.5) (0.25) + f (0.75) (0.25) + f (1) (0.25) 
1.5) (0.25) + f (1.75) (0.25) + f (2) (0.25) 


+f (1.25) (0.25) + f ( 


X1 Xo Xz Xq Xs Xe X7 D=XgxX 


Here we use right-endpoint approximation for a region 
divided into eight equal subintervals. 


Last, the right-endpoint approximation with n = 32 is close to the actual area ([link]). The area is 
approximately 
Equation: 


Rs. = f (0.0625) (0.0625) + f (0.125) (0.0625) + f (0.1875) (0.0625) + --- + f (2) (0.0625) 
= 8.0625. 


The region is divided into 32 equal subintervals for a 
right-endpoint approximation. 


Based on these figures and calculations, it appears we are on the right track; the rectangles appear to 
approximate the area under the curve better as n gets larger. Furthermore, as n increases, both the left- 
endpoint and right-endpoint approximations appear to approach an area of 8 square units. [link] shows a 
numerical comparison of the left- and right-endpoint methods. The idea that the approximations of the area 
under the curve get better and better as n gets larger and larger is very important, and we now explore this 
idea in more detail. 


Values of n Approximate Area L,, Approximate Area R,, 
n=A4 7.5 8.5 

n=8 7.75 8.25 

n = 32 7.94 8.06 


Converging Values of Left- and Right-Endpoint Approximations as n Increases 


Forming Riemann Sums 


So far we have been using rectangles to approximate the area under a curve. The heights of these rectangles 

have been determined by evaluating the function at either the right or left endpoints of the subinterval 

[x;_1, Z;]. In reality, there is no reason to restrict evaluation of the function to one of these two points only. 
* 

We could evaluate the function at any point x; in the subinterval [z;_1, x;], and use f (x;) as the height of 

our rectangle. This gives us an estimate for the area of the form 


Equation: 


A sum of this form is called a Riemann sum, named for the 19th-century mathematician Bernhard Riemann, 
who developed the idea. 


Note: 

Definition 

Let f (a) be defined on a closed interval |a, b] and let P be a regular partition of [a, b]. Let Ax be the width 
of each subinterval [x;_1, 24] and for each i, let x, be any point in [x;_1, z;]. A Riemann sum is defined 
for f (x) as 

Equation: 


Recall that with the left- and right-endpoint approximations, the estimates seem to get better and better as n 
get larger and larger. The same thing happens with Riemann sums. Riemann sums give better approximations 
for larger values of n. We are now ready to define the area under a curve in terms of Riemann sums. 


Note: 
Definition 
n 

Let f (x) be a continuous, nonnegative function on an interval [a, bj, and let sD f (2; ) Az be a Riemann 

i=1 
sum for f (a). Then, the area under the curve y = f (x) on {a, 6] is given by 
Equation: 

a * 
A= Ba (2;) Ac. 
— 

Note: 


See a graphical demonstration of the construction of a Riemann sum. 


Some subtleties here are worth discussing. First, note that taking the limit of a sum is a little different from 
taking the limit of a function f (x) as x goes to infinity. Limits of sums are discussed in detail in the chapter 
on Sequences and Series; however, for now we can assume that the computational techniques we used to 
compute limits of functions can also be used to calculate limits of sums. 


Second, we must consider what to do if the expression converges to different limits for different choices of 
{z, ts Fortunately, this does not happen. Although the proof is beyond the scope of this text, it can be shown 
i 


that if f (a) is continuous on the closed interval [a, 6], then lim 2 f (« )Ac exists and is unique (in 
i=1 
other words, it does not depend on the choice of {x, }). 


We look at some examples shortly. But, before we do, let’s take a moment and talk about some specific 


* * 
choices for {z; i. Although any choice for {z, } gives us an estimate of the area under the curve, we don’t 
necessarily know whether that estimate is too high (overestimate) or too low (underestimate). If it is 


* 
important to know whether our estimate is high or low, we can select our value for ta } to guarantee one 
result or the other. 


* 
If we want an overestimate, for example, we can choose {x; } such that for 
* * 
i=1,2,3,....n,f (z;) > f (x) for all x € [x;_1, x;]. In other words, we choose ‘a: so that for 


* * 
t= 1,2, 3,222, f (x; ) is the maximum function value on the interval [x;_1, z;]. If we select {x,} in this 


n * 

way, then the Riemann sum > f (x; ) Az is called an upper sum. Similarly, if we want an underestimate, 

i=1 
we can choose {x,} so that for? = 1,2,3,...,n, f («;) is the minimum function value on the interval 
[z;-1, Z;]. In this case, the associated Riemann sum is called a lower sum. Note that if f (x) is either 
increasing or decreasing throughout the interval |a, b], then the maximum and minimum values of the 
function occur at the endpoints of the subintervals, so the upper and lower sums are just the same as the left- 
and right-endpoint approximations. 


Example: 
Exercise: 


Problem: 
Finding Lower and Upper Sums 


Find a lower sum for f (x) = 10 — x? on {1, 2]; let n = 4 subintervals. 
Solution: 


With n = 4 over the interval [1,2], Aw = +. We can list the intervals as 
[1, 1.25], [1.25, 1.5], [1.5, 1.75], [1.75, 2]. Because the function is decreasing over the interval {1, 2], 
[link] shows that a lower sum is obtained by using the right endpoints. 


f(x) = 10 — x? 


1 2 
=Xq X11 X2 Xz Xq 


The graph of f (x) = 10 — 2? is set up for a right- 

endpoint approximation of the area bounded by the 

curve and the x-axis on [1, 2], and it shows a lower 
sum. 


The Riemann sum is 
Equation: 


4 
S © (10 — 2”) (0.25) = 0.25 [10 B25), et (le): 0 (5) (2)”] 
k=] 

= 0.25 [8.4375 + 7.75 + 6.9375 + 6] 
= 7.28. 


The area of 7.28 is a lower sum and an underestimate. 


Note: 
Exercise: 


Problem: 
a. Find an upper sum for f (x) = 10 — x? on (1, 2]; let n = 4. 
b. Sketch the approximation. 
Solution: 
a. Upper sum = 8.0313. 
b. 


Hint 


f (z) is decreasing on [1, 2], so the maximum function values occur at the left endpoints of the subintervals. 


Example: 
Exercise: 


Problem: 
Finding Lower and Upper Sums for f (x) = sinz 


Find a lower sum for f (x) = sin over the interval [a, 6] = [0, 4]; let n = 6. 


Solution: 


Let’s first look at the graph in [link] to get a better idea of the area of interest. 
y 


m/2 oe 
@ ~ ies 


The graph of y = sinz is divided into six regions: Az = 


The intervals are (0, =|, [4 Z|, [z, +l, [4 =|, [z, oz |, and [35, 4]. Note that f (x) = sinz is 


increasing on the interval (0, | , so a left-endpoint approximation gives us the lower sum. A left- 


? 
ay 
2 

5 
: eee ee ; . 7 
endpoint approximation is the Riemann sum SS sin Zz; ( =) . We have 
i=0 


Equation: 


A x sin(0) (ge) +sin (4) (4) + sin () (4) + sin (4) (2) +5in (4) (He) +5in (HB) (H) 
= 0.863. 


Note: 
Exercise: 


Problem: Using the function f (2) = sinz over the interval (0, £| , find an upper sum; let n = 6. 


Solution: 


AN eS 11 11D 
Hint 


Follow the steps from [link]. 


Key Concepts 


n 

The use of sigma (summation) notation of the form > a; is useful for expressing long sums of values 

i=1 
in compact form. 
e For a continuous function defined over an interval |a, b], the process of dividing the interval into n equal 
parts, extending a rectangle to the graph of the function, calculating the areas of the series of rectangles, 
and then summing the areas yields an approximation of the area of that region. 
The width of each rectangle is Ax = boa 


nm * 
e Riemann sums are expressions of the form > f (x; ) Aq, and can be used to estimate the area under 


the curve y = f (x). Left- and right-endpoint approximations are special kinds of Riemann sums where 
the values of {x; } are chosen to be the left or right endpoints of the subintervals, respectively. 


* 
e Riemann sums allow for much flexibility in choosing the set of points {x; } at which the function is 
evaluated, often with an eye to obtaining a lower sum or an upper sum. 


Key Equations 


¢ Properties of Sigma Notation 
n 


) c=>nc 
a=1 


Yow =a 
a (a; + b;) =Yiat+ da 


yesh ee ye 


i=1 i=1 i=1 
n m n 

Yas Yat Da 

i=l i=l i=m+1 

¢ Sums and Powers of Integers 

n 

Vie 

i=1 
n 

ye = 12492 ageaet w= n(n+1)(2n+1) 

6 
i=l 


n 


2 
eae ee ee ee oe sas 
i=0 

e Left-Endpoint Approximation 


Aw In = f(ao)Ax + f (a1)Av +---+ f (tn-1)Ar = s F (Gis 
i=l 


Right-Endpoint Approximation 
Aw R, = f (ai1)Azr + f (x2)Ar+---4+ f (tn)Az = SS F (@,) Az 
i=1 


Exercise: 


Problem: State whether the given sums are equal or unequal. 


10 10 
a. y 4 and y k 
j=1 k=1 


10 15 

b Sv iand > (i -5) 
a. 1=6 4 

c So é(i— 1 and So (f+ 1)9 
oe i 

d. $i (é—1) and S> (k? —k) 
i=1 k=1 

Solution: 


a. They are equal; both represent the sum of the first 10 whole numbers. b. They are equal; both 
represent the sum of the first 10 whole numbers. c. They are equal by substituting 7 = 7 — 1. d. They 
are equal; the first sum factors the terms of the second. 


In the following exercises, use the rules for sums of powers of integers to compute the sums. 
Exercise: 


10 
Problem: aa 
i=5 


Exercise: 


10 
Problem: i? 


i=5 
Solution: 
385 — 30 = 355 

100 100 


Suppose that ys a; = 15 and ye b; = —12. In the following exercises, compute the sums. 
i=1 i=1 


as i 


Exercise: 
100 
Problem: > (a; + B;) 
i=1 
Exercise: 
100 


Problem: os (a; — b;) 
i=1 


Solution: 


15 — (—12) = 27 


Exercise: 


100 
Problem: De (3a; — 4b;) 


i=1 
Exercise: 
100 


Problem: ye (5a; + 40;) 


i=l 
Solution: 
5 (15) + 4(—12) = 27 


In the following exercises, use summation properties and formulas to rewrite and evaluate the sums. 
Exercise: 


20 
Problem: 100 (k? —5k+ 1) 
k=1 


Exercise: 


50 
Problem: os (7 — 23) 


j=l 


Solution: 


ey -205- (50) ep (101) a(eo\ie1) = 40,375 


Exercise: 
20 
Problem: a (7? = 103) 
j=l 
Exercise: 
25 
Problem: i |(2k)? _ 100%| 
k=1 
Solution: 


4 oy k2 — 100 > k = S@8)08)(6") _ 50 (25) (26) = —10, 400 


Let L,, denote the left-endpoint sum using n subintervals and let R,, denote the corresponding right-endpoint 
sum. In the following exercises, compute the indicated left and right sums for the given functions on the 
indicated interval. 
Exercise: 

Problem: L, for f («) = —*; on (2, 3] 


Exercise: 
Problem: R, for g («) = cos (zz) on (0, 1] 
Solution: 
Rg = —0.25 


Exercise: 


Problem: L, for f (x) = on [2, 5] 


ee 1) 


Exercise: 


Problem: Rg for f (x) = on [2, 5] 


0 1) 


Solution: 


Re = 0.372 


Exercise: 


Problem: R, for ot on [—2, 2] 


Exercise: 


Problem: L, for on [—2, 2] 


od 
2241 
Solution: 


L4 = 2.20 


Exercise: 


Problem: R, for z? — 2x + 1 on (0, 2] 


Exercise: 


Problem: Lg for x? — 2x + 1 on {0, 2| 


Solution: 


Lg = 0.6875 
Exercise: 
Problem: 
Compute the left and right Riemann sums—L, and Rg, respectively—for f (a) = (2 — ||) on [—2, 2]. 
Compute their average value and compare it with the area under the graph of f. 
Exercise: 
Problem: 


Compute the left and right Riemann sums—Lg and Rg, respectively—for f (2) = (3 — |3 — z]) on 
(0, 6]. Compute their average value and compare it with the area under the graph of f. 


Solution: 


Le = 9.000 = Re. The graph of fis a triangle with area 9. 
Exercise: 
Problem: 
Compute the left and right Riemann sums—L, and Ry, respectively—for f (x) = V4 — x? on [—2, 2] 
and compare their values. 
Exercise: 


Problem: 


Compute the left and right Riemann sums—Lg and Rg, respectively—for f (2) = J 9-—(4&— aye on 
(0, 6] and compare their values. 


Solution: 


Le = 13.12899 = Re. They are equal. 


Express the following endpoint sums in sigma notation but do not evaluate them. 
Exercise: 


Problem: L3, for f (x) = x? on [1, 2| 


Exercise: 


Problem: Lo for f (x) = V4 — x? on [—2, 2] 


Solution: 


10 : 
1-1 
Lo=7)>,1/4 ( 2448") 


Exercise: 


Problem: Ro for f (x) = sinz on (0, 7] 


Exercise: 


Problem: Rjo9 for Inz on (1, e 


Solution: 
100 i 
Rio = qo >_ mn (1 + (€= v5) 
2 100 


In the following exercises, graph the function then use a calculator or a computer program to evaluate the 
following left and right endpoint sums. Is the area under the curve between the left and right endpoint sums? 
Exercise: 


Problem: [T] L100 and Rio for y = x? — 3x + 1 on the interval (—1, 1] 


Exercise: 


Problem: [T] L199 and Rjo9 for y = x? on the interval (0, 1] 


Solution: 


Rio9 = 0.33835, Ly99 = 0.32835. The plot shows that the left Riemann sum is an underestimate 
because the function is increasing. Similarly, the right Riemann sum is an overestimate. The area lies 
between the left and right Riemann sums. Ten rectangles are shown for visual clarity. This behavior 


persists for more rectangles. 


Exercise: 


Problem: [T] Ls, and Rs, for y = ae on the interval [2, 4] 


Exercise: 
Problem: [T] L499 and Rio for y = x? on the interval [—1, 1] 


Solution: 


Lyo9 = —0.02, Rio9 = 0.02. The left endpoint sum is an underestimate because the function is 
increasing. Similarly, a right endpoint approximation is an overestimate. The area lies between the left 


and right endpoint estimates. 


Exercise: 


Problem: [T] Lso and Rso for y = tan (z) on the interval [0, +] 


Exercise: 


Problem: [T] L499 and Rio for y = e”” on the interval [—1, 1] 


Solution: 


Lio9 = 3.555, Rigg = 3.670. The plot shows that the left Riemann sum is an underestimate because 
the function is increasing. Ten rectangles are shown for visual clarity. This behavior persists for more 
rectangles. 


Exercise: 


Problem: 
Let t; denote the time that it took Tejay van Garteren to ride the jth stage of the Tour de France in 2014. 
21 


If there were a total of 21 stages, interpret » ty. 


j=1 
Exercise: 
31 
Problem: Let 7; denote the total rainfall in Portland on the jth day of the year in 2009. Interpret 2 Ces 
j=l 
Solution: 


The sum represents the cumulative rainfall in January 2009. 
Exercise: 


Problem: 


Let d; denote the hours of daylight and 4, denote the increase in the hours of daylight from day j — 1 to 
365 


day j in Fargo, North Dakota, on the jth day of the year. Interpret dy + » 6;. 
j=2 


Exercise: 


Problem: 


To help get in shape, Joe gets a new pair of running shoes. If Joe runs 1 mi each day in week 1 and adds 
in mi to his daily routine each week, what is the total mileage on Joe’s shoes after 25 weeks? 


Solution: 


25 . 

-1 

The total mileage is 7 x (1+ a ,) =7x 2+ x 12 x 25 = 385 mi. 
i=1 


Exercise: 
Problem: 
The following table gives approximate values of the average annual atmospheric rate of increase in 


carbon dioxide (CO>) each decade since 1960, in parts per million (ppm). Estimate the total increase in 
atmospheric COz between 1964 and 2013. 


Decade Ppm/y 
1964-1973 1.07 
1974-1983 1.34 
1984-1993 1.40 
1994-2003 1.87 
2004-2013 2.07 


Average Annual Atmospheric CO; Increase, 1964—2013Source: 
http://www.esrl.noaa.gov/gmd/ccgg/trends/. 


Exercise: 


Problem: 


The following table gives the approximate increase in sea level in inches over 20 years starting in the 
given year. Estimate the net change in mean sea level from 1870 to 2010. 


Starting Year 20-Year Change 


1870 0.3 


Starting Year 20-Year Change 


1890 1.5 
1910 0.2 
1930 2.8 
1950 0.7 
1970 1.1 
1990 1.5 


Approximate 20-Year Sea Level Increases, 1870—1990Source: 
http://link.springer.com/article/10.1007%2Fs10712-011-9119-1 


Solution: 


Add the numbers to get 8.1-in. net increase. 
Exercise: 
Problem: 
The following table gives the approximate increase in dollars in the average price of a gallon of gas per 


decade since 1950. If the average price of a gallon of gas in 2010 was $2.60, what was the average price 
of a gallon of gas in 1950? 


Starting Year 10-Year Change 
1950 0.03 

1960 0.05 

1970 0.86 

1980 -0.03 

1990 0.29 

2000 1.12 


Approximate 10-Year Gas Price Increases, 1950—2000Source: 
http://epb.Ibl.gov/homepages/Rick_Diamond/docs/lbn155011-trends.pdf. 


Exercise: 


Problem: 


The following table gives the percent growth of the U.S. population beginning in July of the year 
indicated. If the U.S. population was 281,421,906 in July 2000, estimate the U.S. population in July 
2010. 


Year % Change/Year 
2000 1.12 
2001 0.99 
2002 0.93 
2003 0.86 
2004 0.93 
2005 0.93 
2006 0.97 
2007 0.96 
2008 0.95 
2009 0.88 


Annual Percentage Growth of U.S. Population, 2000—2009Source: http://www.census.gov/popest/data. 


(Hint: To obtain the population in July 2001, multiply the population in July 2000 by 1.0112 to get 
284,573,831.) 


Solution: 


309,389,957 


In the following exercises, estimate the areas under the curves by computing the left Riemann sums, Lg. 
Exercise: 


Problem: 


Exercise: 


Problem: 


y 
6 
5 
4 


Solution: 
[g=3+24+1+2+3+4+5+4=24 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


fg =3+54+74+64+84+6+4+54+4=44 
Exercise: 


Problem: 


[T] Use a computer algebra system to compute the Riemann sum, Ly, for N = 10, 30, 50 for 
f(x) = V1-—<2? on [-1,1]. 
Exercise: 


Problem: 


[T] Use a computer algebra system to compute the Riemann sum, Ly, for NV = 10, 30, 50 for 
f(e) = =A, on [-1,1. 


Solution: 


Ly © 1.7604, Lz & 1.7625, Ls © 1.76265 
Exercise: 
Problem: 


[T] Use a computer algebra system to compute the Riemann sum, Ly, for NV = 10, 30, 50 for 
f (x) = sin? on (0, 27]. Compare these estimates with 7. 


In the following exercises, use a calculator or a computer program to evaluate the endpoint sums Ry and Ly 
for N = 1,10,100. How do these estimates compare with the exact answers, which you can find via 
geometry? 

Exercise: 


Problem: [T] y = cos (72) on the interval (0, 1] 


Solution: 
R, = -1, 2, = 1, Rip = —0.1, Lig = 0.1, Ling = 0.01, and Ryo9 = —0.1. By symmetry of the 
graph, the exact area is zero. 


Exercise: 
Problem: [T] y = 3z + 2 on the interval [3, 5] 


In the following exercises, use a calculator or a computer program to evaluate the endpoint sums Ry and Ly 
for N = 1,10,100. 
Exercise: 


Problem: [T] y = x* — 5x? + 4 on the interval {—2, 2], which has an exact area of 32 


Solution: 


R, = 0, Li = 0, Rig = 2.4499, Lig = 2.4499, Rigo = 2.1365, Ligg = 2.1365 


Exercise: 


Problem: [T] y = Inz on the interval [1, 2], which has an exact area of 21n (2) — 1 
Exercise: 
Problem: 


Explain why, if f (a) > 0 and fis increasing on |a, 6], that the left endpoint estimate is a lower bound 
for the area below the graph of f on |a, 6). 


Solution: 


If [c, d] is a subinterval of [a, b] under one of the left-endpoint sum rectangles, then the area of the 
rectangle contributing to the left-endpoint estimate is f (c) (d — c). But, f (c) < f (x) fore << a <d, 
so the area under the graph of f between c and d is f (c) (d — c) plus the area below the graph of f but 
above the horizontal line segment at height f (c), which is positive. As this is true for each left-endpoint 
sum interval, it follows that the left Riemann sum is less than or equal to the area below the graph of f 
on [a, b]. 

Exercise: 


Problem: 


Explain why, if f(b) > 0 and fis decreasing on [a, 6], that the left endpoint estimate is an upper bound 
for the area below the graph of f on |a, 6). 


Exercise: 


Problem: Show that, in general, Ry — Ly = (b—a) x f oe Ge 


Solution: 


a al = i 
by =e YF (a+ 6 a) 7)= rt t(a+(- )~) and 


720 
= at ss f (« +(b—a) . The left sum has a term corresponding to 7 = 0 and the right sum 
i=l 


has a term corresponding toi = N. In Ry — Dy, any term corresponding toz = 1,2,..., N—1 
occurs once with a plus sign and once with a minus sign, so each such term cancels and one is left with 


Ry ~ Ly = 54 (f (a+ (b—@)) 4) — (f(a) + (b- a) HF) = “BA (F (0) — F (a). 


Exercise: 


Problem: 


Explain why, if f is increasing on [a, 6], the error between either Ly or Ry and the area A below the 


graph of fis at most (b — a) £0) fla) = ite) : 


Exercise: 


Problem: For each of the three graphs: 


a. Obtain a lower bound L (A) for the area enclosed by the curve by adding the areas of the squares 
enclosed completely by the curve. 

b. Obtain an upper bound U (A) for the area by adding to L (A) the areas B (A) of the squares 
enclosed partially by the curve. 


Graph 3 


Solution: 
Graph 1: a. L (A) = a ace ) = 20; b. U (A) = 20. Graph 2: a. L (A) = 9;b. 
B(A) = 11,U (A) = 20. Graph 3: a. L(A) = 11.0; b. B(A) = 4.5, U (A) = 15.5. 
Exercise: 
Problem: 
In the previous exercise, explain why L (A) gets no smaller while U (A) gets no larger as the squares 
are subdivided into four boxes of equal area. 


Exercise: 


Problem: 


A unit circle is made up of n wedges equivalent to the inner wedge in the figure. The base of the inner 

triangle is 1 unit and its height is sin (=). The base of the outer triangle is 

B=cos ( - ) + sin ( = )tan ( = ) and the height is H = Bsin (22), Use this information to argue that 
n n n n 

the area of a unit circle is equal to 7. 


Solution: 
in (22 
Let A be the area of the unit circle. The circle encloses n congruent triangles each of area sus , SO 


3 sin (22) <_ A. Similarly, the circle is contained inside n congruent triangles each of area 


"2 = 7 (cos (77) + sin (77 )tan (-7))sin (77), 50.4 < Fin (77) (cos (7) +sin (7 )tan (7). 
am) msin (7*) 


Asn — oo, Fsin ( > 7, So we conclude a < A. Also, as 


nm — ©0o, cos ( a) + sin ( : )tan ( = ) > 1, so we also have A < 7. By the squeeze theorem for limits, 
we conclude that A = z. 


Glossary 


left-endpoint approximation 
an approximation of the area under a curve computed by using the left endpoint of each subinterval to 
calculate the height of the vertical sides of each rectangle 


lower sum 
a sum obtained by using the minimum value of f (x) on each subinterval 


partition 
a set of points that divides an interval into subintervals 


regular partition 
a partition in which the subintervals all have the same width 


riemann sum 


* 
an estimate of the area under the curve of the form A = f(a; )Az 


n 
i=1 
right-endpoint approximation 


the right-endpoint approximation is an approximation of the area of the rectangles under a curve using 
the right endpoint of each subinterval to construct the vertical sides of each rectangle 


sigma notation 
(also, summation notation) the Greek letter sigma (2) indicates addition of the values; the values of the 
index above and below the sigma indicate where to begin the summation and where to end it 


upper sum 
a sum obtained by using the maximum value of f (a) on each subinterval 


The Definite Integral 


e State the definition of the definite integral. 

e Explain the terms integrand, limits of integration, and variable of integration. 
e Explain when a function is integrable. 

e Describe the relationship between the definite integral and net area. 

e Use geometry and the properties of definite integrals to evaluate them. 

e Calculate the average value of a function. 


In the preceding section we defined the area under a curve in terms of Riemann sums: 
Equation: 


However, this definition came with restrictions. We required f (x) to be continuous and nonnegative. 
Unfortunately, real-world problems don’t always meet these restrictions. In this section, we look at how to 
apply the concept of the area under the curve to a broader set of functions through the use of the definite 
integral. 


Definition and Notation 


The definite integral generalizes the concept of the area under a curve. We lift the requirements that f (x) be 
continuous and nonnegative, and define the definite integral as follows. 


Note: 

Definition 

If f (x) is a function defined on an interval |a, b], the definite integral of f from a to b is given by 
Equation: 


b n ; 
[ f@ae = lim 9s (2) de, 
Z i=1 


provided the limit exists. If this limit exists, the function f (a) is said to be integrable on [a, b], or is an 
integrable function. 


The integral symbol in the previous definition should look familiar. We have seen similar notation in the 
chapter on Applications of Derivatives, where we used the indefinite integral symbol (without the a and b 
above and below) to represent an antiderivative. Although the notation for indefinite integrals may look 
similar to the notation for a definite integral, they are not the same. A definite integral is a number. An 
indefinite integral is a family of functions. Later in this chapter we examine how these concepts are related. 
However, close attention should always be paid to notation so we know whether we’re working with a 
definite integral or an indefinite integral. 


Integral notation goes back to the late seventeenth century and is one of the contributions of Gottfried 
Wilhelm Leibniz, who is often considered to be the codiscoverer of calculus, along with Isaac Newton. The 
integration symbol f is an elongated S, suggesting sigma or summation. On a definite integral, above and 
below the summation symbol are the boundaries of the interval, |a, b]. The numbers a and b are x-values and 


are called the limits of integration; specifically, a is the lower limit and b is the upper limit. To clarify, we 
are using the word limit in two different ways in the context of the definite integral. First, we talk about the 
limit of a sum as n — oo. Second, the boundaries of the region are called the limits of integration. 


We call the function f (a) the integrand, and the dx indicates that f (a) is a function with respect to x, 
called the variable of integration. Note that, like the index in a sum, the variable of integration is a dummy 
variable, and has no impact on the computation of the integral. We could use any variable we like as the 


variable of integration: 
b b b 
[ feae= f reoa= [peau 


Equation: 
Le * 
Previously, we discussed the fact that if f (2) is continuous on [a, b], then the limit lim y f (2; ) Az 
n+ Oo 
i=1 


exists and is unique. This leads to the following theorem, which we state without proof. 


Note: 
Continuous Functions Are Integrable 
If f (x) is continuous on |a, 6], then f is integrable on [a, }]. 


Functions that are not continuous on |a, 6] may still be integrable, depending on the nature of the 
discontinuities. For example, functions with a finite number of jump discontinuities on a closed interval are 
integrable. 


It is also worth noting here that we have retained the use of a regular partition in the Riemann sums. This 
restriction is not strictly necessary. Any partition can be used to form a Riemann sum. However, if a 
nonregular partition is used to define the definite integral, it is not sufficient to take the limit as the number 
of subintervals goes to infinity. Instead, we must take the limit as the width of the largest subinterval goes to 
zero. This introduces a little more complex notation in our limits and makes the calculations more difficult 
without really gaining much additional insight, so we stick with regular partitions for the Riemann sums. 


Example: 
Exercise: 


Problem: 
Evaluating an Integral Using the Definition 
2 
Use the definition of the definite integral to evaluate i; ada. Usea right-endpoint approximation to 
0 
generate the Riemann sum. 
Solution: 
We first want to set up a Riemann sum. Based on the limits of integration, we have a = 0 and b = 2. 


For? = 0,1,2,...,, let P = {z;} be a regular partition of [0, 2]. Then 
Equation: 


Since we are using a right-endpoint approximation to generate Riemann sums, for each i, we need to 
calculate the function value at the right endpoint of the interval [z;_1, 2;]. The right endpoint of the 
interval is z;, and since P is a regular partition, 

Equation: 


2 21 
v= t9-+iAe =0+i| = aati 
n n 


Thus, the function value at the right endpoint of the interval is 


Equation: 
2i\? 4? 
pl) = 


Then the Riemann sum takes the form 
Equation: 


n 
Using the summation formula for 3 i”, we have 
i=1 
Equation: 


n3 6 


= le ae a 


n3 6 


_ 16n?+24n?+8n 
6n3 


eee nee: 
Spa ears 


Eom 2n?+3n?+n 


Now, to calculate the definite integral, we need to take the limit as n — oo. We get 
Equation: 


7 n 
2 sat . 
[ x-dx = lm > f (a,) Ax 


i=1 
=lim(o +3 a) 
= lim (3) + Jim (]) + Jim (gz) 
=%+0+0=4 


Note: 
Exercise: 


Problem: 


3 
Use the definition of the definite integral to evaluate i (2x — 1)dz. Use a right-endpoint 
0 


approximation to generate the Riemann sum. 


Solution: 


6 
Hint 


Use the solving strategy from [link]. 


Evaluating Definite Integrals 


Evaluating definite integrals this way can be quite tedious because of the complexity of the calculations. 
Later in this chapter we develop techniques for evaluating definite integrals without taking limits of Riemann 
sums. However, for now, we can rely on the fact that definite integrals represent the area under the curve, 
and we can evaluate definite integrals by using geometric formulas to calculate that area. We do this to 
confirm that definite integrals do, indeed, represent areas, so we can then discuss what to do in the case of a 
curve of a function dropping below the x-axis. 


Example: 
Exercise: 


Problem: 
Using Geometric Formulas to Calculate Definite Integrals 


6 
Use the formula for the area of a circle to evaluate / 4/9 — (x — 3)*dzx. 
3 


Solution: 


The function describes a semicircle with radius 3. To find 
Equation: 


[ yO (« — 3)*da, 
3 


we want to find the area under the curve over the interval [3, 6]. The formula for the area of a circle is 


A = mr’. The area of a semicircle is just one-half the area of a circle, or A = ($)ar?. The shaded 


area in [link] covers one-half of the semicircle, or A = (4)rr’. Thus, 


Equation: 
6 
/ 4/9 — (2-8)? = +2(3)? 
3 
— a 
= 7.069. 
y 


f(x) = \9 — (x — 3) 


3 6 x 


The value of the integral of the 

function f (x) over the interval 

[3, 6] is the area of the shaded 
region. 


Note: 
Exercise: 


4 
Problem: Use the formula for the area of a trapezoid to evaluate i (2x + 3)dz. 
2 


Solution: 


18 square units 


Hint 


Graph the function f (x) and calculate the area under the function on the interval [2, 4]. 


Area and the Definite Integral 


When we defined the definite integral, we lifted the requirement that f (x) be nonnegative. But how do we 
interpret “the area under the curve” when f () is negative? 


Net Signed Area 


Let us return to the Riemann sum. Consider, for example, the function f (2) = 2 — 2x? (shown in [link]) on 


the interval [0, 2]. Use n = 8 and choose {2, } as the left endpoint of each interval. Construct a rectangle on 
each subinterval of height f (x, ) and width Ax. When f (2, ) is positive, the product f (x, ) Ac represents 
the area of the rectangle, as before. When f (a, ) is negative, however, the product f (x; )Az represents the 
negative of the area of the rectangle. The Riemann sum then becomes 


Equation: 


8 * 
S> J (< : ) Ax = (Area of rectangles above the x-axis) — (Area of rectangles below the z-axis) 


For a function that is partly 
negative, the Riemann sum is the 
area of the rectangles above the x- 
axis less the area of the rectangles 

below the x-axis. 


Taking the limit as n — oo, the Riemann sum approaches the area between the curve above the x-axis and 
the x-axis, less the area between the curve below the x-axis and the x-axis, as shown in [link]. Then, 
Equation: 


[ f(z)dx = lim Y Fle)ae 


n—-oco 


= A; — Ap. 


The quantity A; — Ag is called the net signed area. 


In the limit, the definite integral 
equals area A, less area A», or the 
net signed area. 


Notice that net signed area can be positive, negative, or zero. If the area above the x-axis is larger, the net 
signed area is positive. If the area below the x-axis is larger, the net signed area is negative. If the areas 
above and below the x-axis are equal, the net signed area is zero. 


Example: 
Exercise: 


Problem: 
Finding the Net Signed Area 


Find the net signed area between the curve of the function f (x) = 2z and the x-axis over the interval 
[—3, 3]. 


Solution: 


The function produces a straight line that forms two triangles: one from z = —3 to = 0 and the other 
from « = 0 to x = 3 ({link]). Using the geometric formula for the area of a triangle, A = bh, the 
area of triangle A,, above the axis, is 

Equation: 


where 3 is the base and 2 (3) = 6 is the height. The area of triangle A>, below the axis, is 
Equation: 


where 3 is the base and 6 is the height. Thus, the net area is 
Equation: 


3 
/ 2adx = A, — Ap =9-9=0. 
= 


The area above the curve and 
below the x-axis equals the area 
below the curve and above the x- 
axis. 


Analysis 


If A, is the area above the x-axis and Ap is the area below the x-axis, then the net area is A; — Ap. 
Since the areas of the two triangles are equal, the net area is zero. 


Note: 
Exercise: 


Problem: 


Find the net signed area of f (x) = x — 2 over the interval [0, 6], illustrated in the following image. 


Solution: 


6 
Hint 


Use the solving method described in [link]. 


Total Area 


One application of the definite integral is finding displacement when given a velocity function. If v (t) 
represents the velocity of an object as a function of time, then the area under the curve tells us how far the 
object is from its original position. This is a very important application of the definite integral, and we 
examine it in more detail later in the chapter. For now, we’re just going to look at some basics to get a feel 
for how this works by studying constant velocities. 


When velocity is a constant, the area under the curve is just velocity times time. This idea is already very 
familiar. If a car travels away from its starting position in a straight line at a speed of 75 mph for 2 hours, 
then it is 150 mi away from its original position ([link]). Using integral notation, we have 

Equation: 


2 
/ 75dt = 150. 


0 


v (mi/hr) 
80 


70 
60 
50 
40 
30 
20 
10 


0 02 0406 08 1 12141618 2 22¢ (hours) 


The area under the curve v (t) = 75 tells us how far the car is 
from its starting point at a given time. 


In the context of displacement, net signed area allows us to take direction into account. If a car travels 
straight north at a speed of 60 mph for 2 hours, it is 120 mi north of its starting position. If the car then turns 
around and travels south at a speed of 40 mph for 3 hours, it will be back at it starting position ({link]). 
Again, using integral notation, we have 

Equation: 


2 5 
/ 60dt +f —40dt = 120-120 
0 2 
= 0. 


In this case the displacement is zero. 


v (mi/hr) 
70 


60 
50 
40 
30 
20 


1 ; t (hours) 


—50 


The area above the axis and the area below the axis are 
equal, so the net signed area is zero. 


Suppose we want to know how far the car travels overall, regardless of direction. In this case, we want to 
know the area between the curve and the x-axis, regardless of whether that area is above or below the axis. 
This is called the total area. 


Graphically, it is easiest to think of calculating total area by adding the areas above the axis and the areas 
below the axis (rather than subtracting the areas below the axis, as we did with net signed area). To 
accomplish this mathematically, we use the absolute value function. Thus, the total distance traveled by the 


car is 
2 5 2 5 
[ joojae + f |—40|at = coat + | AOdt 
0 2 0 2 


Equation: 
= 120 + 120 
= 240. 


Bringing these ideas together formally, we state the following definitions. 


Note: 

Definition 

Let f (x) be an integrable function defined on an interval |a, b]. Let A; represent the area between f (a) and 
the x-axis that lies above the axis and let Az represent the area between f (x) and the x-axis that lies below 
the axis. Then, the net signed area between f (x) and the x-axis is given by 


Equation: 


b 
i, f (w)da = A; — Az. 


The total area between f (x) and the x-axis is given by 


Equation: 
b 
/ |f ()|da = Ay + Ap. 


Example: 
Exercise: 


Problem: 
Finding the Total Area 


Find the total area between f (x) = x — 2 and the x-axis over the interval [0, 6]. 
Solution: 


Calculate the x-intercept as (2, 0) (set y = 0, solve for x). To find the total area, take the area below the 
x-axis over the subinterval [0, 2] and add it to the area above the x-axis on the subinterval [2, 6] ({link]). 


The total area between the line and 
the x-axis over [0, 6] is Az plus Aj. 


We have 
Equation: 


6 
ih (GO eee 
0 


Then, using the formula for the area of a triangle, we obtain 
Equation: 


a 
Equation: 

A = 4-4=8 

ES a 


The total area, then, is 
Equation: 


A, + Az, =8+2=10. 


Note: 
Exercise: 


Problem: Find the total area between the function f (2) = 2a and the x-axis over the interval |—3, 3]. 


Solution: 
18 
Hint 


Review the solving strategy in [link]. 


Properties of the Definite Integral 


The properties of indefinite integrals apply to definite integrals as well. Definite integrals also have 
properties that relate to the limits of integration. These properties, along with the rules of integration that we 
examine later in this chapter, help us manipulate expressions to evaluate definite integrals. 


Note: 
Rule: Properties of the Definite Integral 


il, 
Equation: 


[ tax =o 


If the limits of integration are the same, the integral is just a line and contains no area. 


2. 
Equation: 


[ fleyax = - [sear 


If the limits are reversed, then place a negative sign in front of the integral. 


Equation: 


i, F(a) +o(@lide= f ste)de+ f oleae 


The integral of a sum is the sum of the integrals. 


Equation: 


[ [f (e) — 9(2)|de = [ sear - [ o(eae 


The integral of a difference is the difference of the integrals. 


[octede=ef te) 


for constant c. The integral of the product of a constant and a function is equal to the constant 
multiplied by the integral of the function. 


[ seae= [ te@ae+ [ sae 


Although this formula normally applies when c is between a and b, the formula holds for all values of 
a, b, and c, provided f (x) is integrable on the largest interval. 


Equation: 


Equation: 


Example: 
Exercise: 


Problem: 
Using the Properties of the Definite Integral 


Use the properties of the definite integral to express the definite integral of f (x) = —3a? + 2a + 2 
over the interval [—2, 1] as the sum of three definite integrals. 


Solution: 


1 


Using integral notation, we have / (—32° ae AGE Se 2) dx. We apply properties 3. and 5. to get 
= 


Equation: 
1 1 1 1 
i (—3a + 2x + 2)dz =| -3c%de + [ 2ade + [ 2dzx 
=9 -2 —2 =2 
1 1 1 
=-3/ ide +2 f eda + f 2dz. 
=9) = =) 
Note: 
Exercise: 
Problem: 


Use the properties of the definite integral to express the definite integral of 
f (z) = 6x? — 4x? + 2x — 3 over the interval [1, 3] as the sum of four definite integrals. 


Solution: 


3 3 3 : 
6 | adr — af adx + 2 | adx — 3dz 
1 1 1 i 


Hint 


Use the solving strategy from [link] and the properties of definite integrals. 


Example: 
Exercise: 


Problem: 
Using the Properties of the Definite Integral 


8 5 8 
If it is known that i: f (z)dx = 10 and / f (x)dx = 5, find the value of i jf (ajdx. 
0 0 5 


Solution: 


By property 6., 
Equation: 


[ see Z [teas [see 


Thus, 
Equation: 


[stoae+ [4 eae 


5+ [fede 


/ on 


—— 
CO 
Sh 
pes 
8 
~- 
Q 
8 
II 


— 
So 
I 


on 
II 


Note: 
Exercise: 


5 5 2 
Problem: If it is known that / f (x)dx = —3 and | f (z)dx = 4, find the value of i f (x)dz. 
1 2 1 


Solution: 
=7/ 
Hint 


Use the solving strategy from [link] and the rule on properties of definite integrals. 


Comparison Properties of Integrals 


A picture can sometimes tell us more about a function than the results of computations. Comparing functions 
by their graphs as well as by their algebraic expressions can often give new insight into the process of 
integration. Intuitively, we might say that if a function f (x) is above another function g (x), then the area 
between f (x) and the x-axis is greater than the area between g (x) and the x-axis. This is true depending on 
the interval over which the comparison is made. The properties of definite integrals are valid whether 

a <b,a=b,ora > b. The following properties, however, concern only the case a < b, and are used when 
we want to compare the sizes of integrals. 


Note: 
Comparison Theorem 


i If f(x) > 0 fora <x <b, then 
Equation: 


ii. If f(x) > g(x) fora < x <b, then 
Equation: 


iii. If m and M are constants such that m < f(x) < M fora < x < b, then 


Equation: 
b 
mtr mtr m(b—a) < |] f(a)dx 
< M(b—a). 
Example: 
Exercise: 
Problem: 


Comparing Two Functions over a Given Interval 
Compare f (x) = V1 + x? and g(x) = V1 + = over the interval (0, 1]. 
Solution: 


Graphing these functions is necessary to understand how they compare over the interval [0, 1]. Initially, 
when graphed on a graphing calculator, f (x) appears to be above g (x) everywhere. However, on the 
interval [0, 1], the graphs appear to be on top of each other. We need to zoom in to see that, on the 
interval [0, 1], g (a) is above f (a). The two functions intersect at z = 0 and x = 1 ({link)). 

f(x) = J. + x? 


(a) (b) 


(a) The function f (a) appears above the function g (x) except 
over the interval [0, 1] (b) Viewing the same graph with a greater 
zoom shows this more clearly. 


We can see from the graph that over the interval [0, 1], g(a) > f (2). Comparing the integrals over the 
1 1 
specified interval [0, 1], we also see that / g(x)dx > i f (x)dz ({link]). The thin, red-shaded area 
0 0 


shows just how much difference there is between these two integrals over the interval [0, 1]. 


f(x) = (1 + x? 


(a) (b) 


(a) The graph shows that over the interval [0,1], g(x) > f (x), 
where equality holds only at the endpoints of the interval. (b) 
Viewing the same graph with a greater zoom shows this more 

clearly. 


Average Value of a Function 


We often need to find the average of a set of numbers, such as an average test grade. Suppose you received 
the following test scores in your algebra class: 89, 90, 56, 78, 100, and 69. Your semester grade is your 
average of test scores and you want to know what grade to expect. We can find the average by adding all the 
scores and dividing by the number of scores. In this case, there are six test scores. Thus, 

Equation: 


~ 80.33. 


89+90+56+78+100+69 482 
6 — 6 


Therefore, your average test grade is approximately 80.33, which translates to a B- at most schools. 


Suppose, however, that we have a function v (¢) that gives us the speed of an object at any time t, and we 
want to find the object’s average speed. The function v (¢) takes on an infinite number of values, so we can’t 
use the process just described. Fortunately, we can use a definite integral to find the average value of a 
function such as this. 


Let f (x) be continuous over the interval [a, 6] and let [a, b] be divided into n subintervals of width 

Az = (b—a)/n. Choose a representative x, in each subinterval and calculate f (2; ) fort = 1, 2,2.ap-In 
other words, consider each f (x,) as a sampling of the function over each subinterval. The average value of 
the function may then be approximated as 


Equation: 


f (ei) + f (es) +--+ f(#,) 


n 


? 


which is basically the same expression used to calculate the average of discrete values. 


But we know Az = 22, = > and we get 


Equation: 
f(@1) +f (@2) +--+ F (en) _ F (er) +f (@2) + + F (en) 
n (b—a) 
Ax 


Following through with the algebra, the numerator is a sum that is represented as 3 f (« i)s and we are 
7=1 

dividing by a fraction. To divide by a fraction, invert the denominator and multiply. Thus, an approximate 

value for the average value of the function is given by 

Equation: 


This is a Riemann sum. Then, to get the exact average value, take the limit as n goes to infinity. Thus, the 
average value of a function is given by 


Equation: 
l ae 
im ; = dz. 
saglim Ss eae = | foe 
Note: 
Definition 


Let f (x) be continuous over the interval [a, b]. Then, the average value of the function f (x) (or faye) on 
(a, b] is given by 
Equation: 


b 
fave = 5 : i f (x)dx. 


—a 


Example: 
Exercise: 


Problem: 
Finding the Average Value of a Linear Function 


Find the average value of f (z) = x + 1 over the interval (0, 5]. 


Solution: 


First, graph the function on the stated interval, as shown in [link]. 


y 
6 


5 


4 


0 1412 3 4 5 6 7% 


The graph shows the area under the function 
f (x) = x +1 over (0, 5]. 


The region is a trapezoid lying on its side, so we can use the area formula for a trapezoid 
AG =p (a + b), where h represents height, and a and b represent the two parallel sides. Then, 
Equation: 


5 
/ a+i1dxe = +h(a+b) 


=+-5-(1+6) 
Beas 
ae 
Thus the average value of the function is 
Equation: 
5 
357 
== | ov ie a a SS SS 
5-0 Jo 2 2 
Note: 
Exercise: 


Problem: Find the average value of f (x) = 6 — 2z over the interval (0, 3]. 


Solution: 


3 
Hint 


Use the average value formula, and use geometry to evaluate the integral. 


Key Concepts 


e The definite integral can be used to calculate net signed area, which is the area above the x-axis less the 
area below the x-axis. Net signed area can be positive, negative, or zero. 

e The component parts of the definite integral are the integrand, the variable of integration, and the limits 

of integration. 

Continuous functions on a closed interval are integrable. Functions that are not continuous may still be 

integrable, depending on the nature of the discontinuities. 

The properties of definite integrals can be used to evaluate integrals. 

The area under the curve of many functions can be calculated using geometric formulas. 

The average value of a function can be calculated using definite integrals. 


Key Equations 
¢ Definite Integral 
b n . 


¢ Properties of the Definite Integral 
i f(x\dz=0 


[' tee=- f° peeve 
b 


/ [f (z) + 9(x)|dx = [ ste) of [saya 
[© — 9(2)\dz = [ fee zs [ scae 
[os (ajde = ef f (x) for constant c 


[teas [seas [ teas 


In the following exercises, express the limits as integrals. 
Exercise: 


n 


Problem: lim a (2; )Ae over (1, 3] 


n—->0oo 


j=1 
Exercise: 
: n Py) *\ 3 
Problem: lim bs (s («:) - 3(a; ) ) ae over [0, 2] 
Solution: 


2 
/ (5a? — 32°) dx 
0 


Exercise: 


ae - 2 * 
Problem: lim Se sin (22; )Az over [0, 1] 


Exercise: 
ae 2 : 
Problem: lim oy cos (2n2;)Az over [0, 1] 


1= 


Solution: 
1 
/ cos” (2ra)dx 
0 


In the following exercises, given L, or R, as indicated, express their limits as n — oo as definite integrals, 
identifying the correct intervals. 
Exercise: 


Problem: L,, = 4 


Exercise: 
Problem: R,, = = 


Solution: 


1 
/ xrdx 
0 


Exercise: 


Problem: L,, = ~ (1 +2 : ) 
$ n 


Exercise: 
Problem: R,, = 3 (3 + 3) 
é n 


Solution: 


6 
/ xrdx 
3 


Exercise: 


‘i 4 4 
Problem: L,, = an. S Qn- cos (2—) 
i=1 i he 


Exercise: 


Problem: R,, = + (1 + ~ tog ((: + *) 
i=1 a a 


Solution: 
2 
/ zlog (a*)dz 
1 


In the following exercises, evaluate the integrals of the functions graphed using the formulas for areas of 
triangles and circles, and subtracting the areas below the x-axis. 
Exercise: 


Problem: 


—72 + 18x — x? 


\ 


Exercise: 


Problem: 


Solution: 


14+2-24+3-3=14 


Exercise: 


Problem: 


y 
5 


v-72 + 18x — x? 


Exercise: 


Problem: 


Solution: 


1-—4+9=6 
Exercise: 


Problem: 


—72 + 18x — x? 


\ 


8 
4 
3 
2 
1 


Exercise: 


Problem: 


y 
4 


—12 + 8x — x2 


—\ 


Solution: 


1—27+9=10-27 


In the following exercises, evaluate the integral using area formulas. 
Exercise: 


3 
Problem: / (3 — x)dx 
0 


Exercise: 


3 
Problem: | (3 — x)dx 
2 


Solution: 


The integral is the area of the triangle, oy 


Exercise: 


3 
Problem: / (3 — |x|)dx 
3 
Exercise: 
6 
Problem: / (3 — |x — 3|)dx 
0 


Solution: 


The integral is the area of the triangle, 9. 


Exercise: 


2 
Problem: / V/4 — x*dz 
~2 


Exercise: 


5 $$ 
Problem: / /4 — (x — 3)*dx 
1 


Solution: 


The integral is the area Sar = 27. 


Exercise: 
12 
Problem: i. 4/36 — (a — 6)’ dz 
0 
Exercise: 


3 
Problem: / (3 — |x|)da 
~2 


Solution: 


The integral is the area of the “big” triangle less the “missing” triangle, 9 — . 


In the following exercises, use averages of values at the left (L) and right (R) endpoints to compute the 
integrals of the piecewise linear functions with graphs that pass through the given list of points over the 
indicated intervals. 

Exercise: 


Problem: {(0, 0), (2, 1), (4, 3), (5, 0), (6,0), (8, 3)} over [0, 8] 


Exercise: 


Problem: {(0, 2), (1,0), (3, 5), (5,5), (6, 2), (8, 0)} over [0, 8] 


Solution: 


L=2+04+10+5+4=21,R=0+10+10+2+0=22, 28 =215 


Exercise: 


Problem: {(—4, —4), (—2, 0), (0, —2), (3, 3), (4, 3)} over [—4, 4] 


Exercise: 
Problem: {(-4, 0), (-2, 2), (0, 0), (1, 2), (3, 2), (4, 0)} over [-4, 4 
Solution: 


LD=0+4+0+4+2=10,R=4+0+2+4+0=10, 4% —10 


4 2 4 2 
Suppose that f (x)dx = 5 and [ f (x)dx = —3, and / g(x)dx = —1and : g(x)dx = 2. Inthe 
0 0 0 0 


following exercises, compute the integrals. 
Exercise: 


4 
Problem: i (f (x) + 9 (x))dx 


Exercise: 


4 
Problem: / (f (x) + 9(x))dx 


Solution: 
4 4 
i, f(a)de + f g(x)dz = 8-3 =5 
2 2 
Exercise: 


Problem: ; (f (x) — g(x))dx 
Exercise: 
4 
Problem: i (f (x) — g(x))dx 


Solution: 


[ sede - [ode =8+3=11 


Exercise: 


2 
Problem: / (3f (x) — 4g (x))dx 
0 
Exercise: 
4 
Problem: i (4f (x) — 3g(x))dx 
2 
Solution: 


4 4 
a f(e)de—3 | g(x)dx = 32+9=41 


A 0 A 
In the following exercises, use the identity / f(@\d2= f (x)dx + / f (x)dzx to compute the 
A —A 0 


integrals. 
Exercise: 


Tv + t 
Problem: i = 7 at (Hint: sin (—t) = —sin(¢)) 


1+t 
Exercise: 
Va ¥ 
Problem: i a 
fe 1+ cost 
Solution: 


The integrand is odd; the integral is zero. 


In the following exercises, find the net signed area between f(a) and the x-axis. 
Exercise: 


3 
Problem: / (2 — x)dzx (Hint: Look at the graph of f.) 
1 


Exercise: 


4 
Problem: i (x — 3) dx (Hint: Look at the graph of f.) 
2 


Solution: 


The integrand is antisymmetric with respect to x = 3. The integral is zero. 


1 1 1 
In the following exercises, given that / zdxz = + / a’dx = + and / a°dx = + compute the 
0 0 0 


integrals. 


Exercise: 


1 
Problem: 7 (1 t+at+a?+ v*)\dx 
0 
Exercise: 
1 
Problem: / (1 —a2+a?— a°)dax 
0 
Solution: 


14 
1 27 


wl 
i 

| 
a 
No 


Exercise: 


1 
Problem: / (1 — a)? da 
0 


Exercise: 


1 
Problem: / (1 — 22)*da 
0 


Solution: 
1 
/ (1 — 62 + 12x” — 82*)dz = (2-327 + 40° — 204) = (1-344-2) (o-0+0-0) =0 
0 
Exercise: 
. 4 
Problem: | (00 — ze) ae 
0 3 
Exercise: 


1 
Problem: / (7 a 5a°) dx 
0 


Solution: 


In the following exercises, use the comparison theorem. 
Exercise: 


3 
Problem: Show that (a? — 6a + 9) dx > 0. 
0 


Exercise: 


3 

Problem: Show that // (x — 3) (a+ 2)dzx < 0. 
~2 

Solution: 


The integrand is negative over |—2, 3]. 


Exercise: 


1 1 
Problem: Show that V1 + a3da < / V14+a%dz. 
0 0 


Exercise: 


2 2 
Problem: Show that / J1+2dz < / /1 + a22dz. 
1 1 


Solution: 


x < x? over [1,2],s0. /1 +2 < V1 + 2? over [1, 2]. 


Exercise: 


T 


m/2 
Problem: Show that ‘; sintdt > 7. (Hint: sint > ** over [0, ]) 
0 


Exercise: 
m/4 i 
Problem: Show that / costdt > rV2/4. 
—1/4 
Solution: 


cos (t) > aa Multiply by the length of the interval to get the inequality. 


In the following exercises, find the average value fi. of f between a and b, and find a point c, where 


f (c) = oe 


Exercise: 


Problem: f (x) = z?,a = —1,b=1 


Exercise: 


Problem: f(z) = x°,a = —1,b=1 


Solution: 


fave = 0;c =0 


Exercise: 


Problem: f (z) = V4 — x?,a=0,b=2 


Exercise: 


Problem: f (x) = (3 — |z|),a = —3,b=3 


Solution: 


toloo 


3 whenc = 4 


Exercise: 


Problem: f (x) = sinz,a = 0,b = 27 
Exercise: 

Problem: f (x) = cosz,a = 0,b = 27 

Solution: 


— fina eR, 82 
fave =O; = 35 °> 


In the following exercises, approximate the average value using Riemann sums L109 and R199. How does 
your answer compare with the exact given answer? 
Exercise: 


Problem: [T] y = In (z) over the interval [1, 4]; the exact solution is le = 


Exercise: 


Problem: [T] y = e”/? over the interval [0, 1]; the exact solution is 2 (\/e — 1). 


Solution: 


Lio = 1.294, Ryo9 = 1.301; the exact average is between these values. 


Exercise: 
Problem: [T] y = tanz over the interval [0, a ; the exact solution is 2m) | 
Exercise: 
Problem: [T] y = =, over the interval [—1, 1]; the exact solution is ¢. 
Solution: 


L400 x (4) — 0.5178, Rioo x (4) = 0.5294 


In the following exercises, compute the average value using the left Riemann sums Ly for N = 1,10, 100. 
How does the accuracy compare with the given exact value? 
Exercise: 


Problem: [T] y = x? — 4 over the interval {0, 2]; the exact solution is —$, 


Exercise: 


Problem: [T] y = xe* over the interval (0, 2]; the exact solution is - (e* — 1). 


Solution: 
L, =0,Lio x (+) = 8.743493, Lioo x (4) = 12.861728. The exact answer ~ 26.799, so L109 is 


not accurate. 


Exercise: 


Problem: [T] y = (+)° over the interval [0, 4]; the exact solution is gy ta) : 


Exercise: 


os (1?) —1 


Problem: [T] y = xsin (27) over the interval |—7r, 0]; the exact solution is : 


Solution: 


Ly xX (=) = 1.352, Dip x (=) = —0.1837, Liog x (=) = —0.2956. The exact answer 


qT 
= —0.303, so Lyo9 is not accurate to first decimal. 


Exercise: 


20 27 
Problem: Suppose that A = jf sin’tdt and B = / cos*tdt. Show that A+ B= 2m and A= B. 
0 0 


Exercise: 
1/4 m/4 
Problem: Suppose that A = sec*tdt = 1 and B = / tan*tdt. Show that A — B = - 
—1/4 —1/4 
Solution: 
m/4 
Use tan29 + 1 = sec?0. Then, B— A = ldg =. 
—1/4 
Exercise: 
Problem: 


Show that the average value of sin”¢ over [0, 27] is equal to 1/2 Without further calculation, determine 
whether the average value of sin’ over [0, 7] is also equal to 1/2. 


Exercise: 
Problem: 


Show that the average value of cos*¢ over [0, 271] is equal to 1/2. Without further calculation, 
determine whether the average value of cos? (t) over [0, 7] is also equal to 1/2. 


Solution: 


2 
i. cos”tdt = 1, so divide by the length 27 of the interval. cost has period 7, so yes, it is true. 
0 


Exercise: 


Problem: 


Explain why the graphs of a quadratic function (parabola) p (x) and a linear function @ (a) can intersect 


in at most two points. Suppose that p (a) = £ (a) and p(b) = @ (0), and that [ow t)dt > [ew Lit 


d d 
Explain why [ ptt) > / £(t)dt whenevera<c<d<b. 


Exercise: 


Problem: 


Suppose that parabola p(x) = ax? + bx + c opens downward (a < 0) and has a vertex of 
B 


y = 52 > 0. For which interval [A, B] is / (ax” + bx + c)dz as large as possible? 
A 


Solution: 


The integral is maximized when one uses the largest interval on which p is nonnegative. Thus, 


Aa above —4ac ang BK —btve?—4ac 
2a 2a 2 
Exercise: 
Problem: 


Suppose |[a, b] can be subdivided into subintervals a = ap < ai < a2 <--- < ay = bsuch that either 
By: 


f > 0 over [a;_1, a;| or f < 0 over [a;_1, a;]. Set A; = f (t)dt 


Qi-1 


b 
a. Explain why [ f (t)dt = A, + Agt+---4+ Ay. 


[ soa < [iF (olde 


b. Then, explain why 


Exercise: 
Problem: 


d d 
Suppose f and g are continuous functions such that y f (t)dt < / g (t)dt for every subinterval 


[c, d] of [a, 6]. Explain why f (x) < g(a) for all values of x. 
Solution: 


If f (to) > g(to) for some to € [a, b], then since f — g is continuous, there is an interval containing to 


d 
such that f (¢) > g(t) over the interval |c, d], and then / f (t)dt > / g (t)dt over this interval. 
d c 


Exercise: 
Problem: 
Suppose the average value of f over [a, b] is 1 and the average value of f over |b, c] is 1 where 
a <c < b. Show that the average value of f over [a, c] is also 1. 
Exercise: 
Problem: 
Suppose that [a, b] can be partitioned. taking a = ay < ay < +--+ < ay = bsuch that the average value 


of f over each subinterval [a;_1, a;| = 1 is equal to 1 for each z = 1,..., N. Explain why the average 
value of f over |a, ] is also equal to 1. 


Solution: 
The integral of f over an interval is the same as the integral of the average of f over that interval. Thus, 


b ai a2 an ay a2 an 
) f (pat = f fae + | f(t)dt+---+ f (pat =f ide [ tat +f ldt 
a ao ai QN+1 ao ai QN+1 


= (a1 — ao) + (a2 — a1) +--+ + (an — ay-1) = ay — a9 = b—a. 
Dividing through by b — a gives the desired identity. 


Exercise: 


Problem: 


Suppose that for each i such that 1 < i < N one has / f (t)dt = 1. Show that 
i-1 


ie Ore NOE) 


Exercise: 


Problem: 


Suppose that for each i such that 1 < i < N one has / f (t)dt = i?. Show that 
i-1 


ie f (tat = NGADON Ey, 


Solution: 
” “ff a 2 N(N41)(2N+1) 
| f (t)dt = yf foe — ay — Se 
Exercise: 
Problem: 


[T] Compute the left and right Riemann sums L19 and Ryo and their average LotR for f (t) = t? over 


1 
(0, 1]. Given that i t?dt = 0.33, to how many decimal places is Et Ras accurate? 
0 


Exercise: 


Problem: 


[T] Compute the left and right Riemann sums, L149 and R10, and their average Sot Reo for 


2 
Fits (4 a t?) over [1, 2]. Given that / (4 _ t”) dt = 1.66, to how many decimal places is 
1 


Ly+R 
a accurate? 


Solution: 


Lyo = 1.815, Rig = 1.515, hot Rio = 1.665, so the estimate is accurate to two decimal places. 


Exercise: 


5 5 
Problem: it [ V1+t4dt = 41.7133... , what is / VJ1 + u4du? 
1 


1 
Exercise: 


Problem: 


1 
Estimate F tdt using the left and right endpoint sums, each with a single rectangle. How does the 
0 


1 
average of these left and right endpoint sums compare with the actual value / tdt? 
0 


Solution: 


The average is 1/2, which is equal to the integral in this case. 
Exercise: 


Problem: 


1 
Estimate i; tdt by comparison with the area of a single rectangle with height equal to the value of t at 
0 


1 
the midpoint ¢ = +. How does this midpoint estimate compare with the actual value i) tdt? 
0 


Exercise: 
Problem: From the graph of sin (27x) shown: 
1 
a. Explain why / sin (2xt)dt = 0. 
0 


atl 
b. Explain why, in general, / sin (27t)dt = 0 for any value of a. 


Solution: 


a. The graph is antisymmetric with respect to t = + over (0, 1], so the average value is zero. b. For any 
value of a, the graph between [a, a + 1] is a shift of the graph over [0, 1], so the net areas above and 
below the axis do not change and the average remains zero. 


Exercise: 


Problem: 
If fis 1-periodic (f (tf + 1) = f (¢)), odd, and integrable over (0, 1], is it always true that 
1 
/ f (t)dt = 0? 
0 


Exercise: 


1 l+a 
Problem: If f is 1-periodic and / f (t)dt = A, is it necessarily true that 7, f (t)dt = A for all A? 
0 a 


Solution: 


Yes, the integral over any interval of length 1 is the same. 


Glossary 


average value of a function 
(or faye) the average value of a function on an interval can be found by calculating the definite integral 


of the function and dividing that value by the length of the interval 


definite integral 
a primary operation of calculus; the area between the curve and the x-axis over a given interval is a 
definite integral 


integrable function 
a function is integrable if the limit defining the integral exists; in other words, if the limit of the 


Riemann sums as n goes to infinity exists 


integrand 
the function to the right of the integration symbol; the integrand includes the function being integrated 


limits of integration 
these values appear near the top and bottom of the integral sign and define the interval over which the 
function should be integrated 


net signed area 
the area between a function and the x-axis such that the area below the x-axis is subtracted from the area 
above the x-axis; the result is the same as the definite integral of the function 


total area 
total area between a function and the x-axis is calculated by adding the area above the x-axis and the 
area below the x-axis; the result is the same as the definite integral of the absolute value of the function 


variable of integration 
indicates which variable you are integrating with respect to; if it is x, then the function in the integrand 
is followed by dx 


The Fundamental Theorem of Calculus 


¢ Describe the meaning of the Mean Value Theorem for Integrals. 

¢ State the meaning of the Fundamental Theorem of Calculus, Part 1. 

¢ Use the Fundamental Theorem of Calculus, Part 1, to evaluate derivatives of integrals. 
e State the meaning of the Fundamental Theorem of Calculus, Part 2. 

e Use the Fundamental Theorem of Calculus, Part 2, to evaluate definite integrals. 

e Explain the relationship between differentiation and integration. 


In the previous two sections, we looked at the definite integral and its relationship to the area 
under the curve of a function. Unfortunately, so far, the only tools we have available to 
calculate the value of a definite integral are geometric area formulas and limits of Riemann 
sums, and both approaches are extremely cumbersome. In this section we look at some more 
powerful and useful techniques for evaluating definite integrals. 


These new techniques rely on the relationship between differentiation and integration. This 
relationship was discovered and explored by both Sir Isaac Newton and Gottfried Wilhelm 
Leibniz (among others) during the late 1600s and early 1700s, and it is codified in what we 
now call the Fundamental Theorem of Calculus, which has two parts that we examine in 
this section. Its very name indicates how central this theorem is to the entire development of 
calculus. 


Note: 

Isaac Newton’s contributions to mathematics and physics changed the way we look at the 
world. The relationships he discovered, codified as Newton’s laws and the law of universal 
gravitation, are still taught as foundational material in physics today, and his calculus has 
spawned entire fields of mathematics. To learn more, read a brief biography of Newton with 
multimedia clips. 


Before we get to this crucial theorem, however, let’s examine another important theorem, the 
Mean Value Theorem for Integrals, which is needed to prove the Fundamental Theorem of 
Calculus. 


The Mean Value Theorem for Integrals 


The Mean Value Theorem for Integrals states that a continuous function on a closed interval 
takes on its average value at some point in that interval. The theorem guarantees that if f (x) 
is continuous, a point c exists in an interval |a, b] such that the value of the function at c is 
equal to the average value of f (x) over |a, b|. We state this theorem mathematically with the 
help of the formula for the average value of a function that we presented at the end of the 
preceding section. 


Note: 

The Mean Value Theorem for Integrals 

If f (x) is continuous over an interval |a, bj, then there is at least one point c € |{a, b] such 
that 

Equation: 


b 
f= 5 f fae. 


This formula can also be stated as 
Equation: 


b 
| tleae = #(6) (6a). 


Proof 


Since f () is continuous on |a, 6], by the extreme value theorem (see Maxima and Minima), 
it assumes minimum and maximum values—m and M, respectively—on [a, b]. Then, for all x 
in [a, b], we have m < f (x) < M. Therefore, by the comparison theorem (see The Definite 
Integral), we have 

Equation: 


b 
m(b-a) < | f(x)dxz < M(b—-a). 


Dividing by b — a gives us 
Equation: 
1 


ms 
b—a 


[ sae <M. 


b 
Since ;+~— / f (x)dz is a number between m and M, and since f (x) is continuous and 
a 


assumes the values m and M over |a, bj, by the Intermediate Value Theorem (see Continuity), 
there is a number c over |a, b] such that 
Equation: 


b 
f= 5— | Fle)ae, 


and the proof is complete. 


Example: 
Exercise: 


Problem: 
Finding the Average Value of a Function 


Find the average value of the function f (~) = 8 — 2z over the interval [0, 4] and find c 
such that f (c) equals the average value of the function over [0, 4]. 


Solution: 


The formula states the mean value of f (x) is given by 
Equation: 


1 4 


We can see in [link] that the function represents a straight line and forms a right triangle 
bounded by the x- and y-axes. The area of the triangle is A = 5 (base) (height). We 
have 

Equation: 


1 
A= 5 (4) (8) = ile. 
The average value is found by multiplying the area by 1/ (4 — 0). Thus, the average 
value of the function is 
Equation: 
1 
—(16) = 4. 


Set the average value equal to f (c) and solve for c. 
Equation: 


f(x) = 8 — 2x 


By the Mean Value Theorem, the 
continuous function f (a) takes on 
its average value at c at least once 
over a Closed interval. 


Note: 
Exercise: 


Problem: 


Find the average value of the function f (x) = + over the interval |0, 6] and find c such 


that f (c) equals the average value of the function over (0, 6]. 
Solution: 


Average value = 1.5;c = 3 


Hint 


Use the procedures from [link] to solve the problem 


Example: 
Exercise: 


Problem: 
Finding the Point Where a Function Takes on Its Average Value 


3 
Given / az’dx = 9, find c such that f (c) equals the average value of f(x) = x? over 
0 


(0,3): 
Solution: 


We are looking for the value of c such that 
Equation: 


Replacing f (c) with c?, we have 
Equation: 


Since — 1/3 is outside the interval, take only the positive value. Thus, c = J/3 ({link]). 


Over the interval [0, 3], the 
function f (x) = x? takes on its 


average value at c = J/3. 


Note: 
Exercise: 


Problem: 


3 
Given / (Be _ 1)dzx = 15, find c such that f (c) equals the average value of 


0 
fla) = 2x? — 1 over (0, 3). 
Solution: 


c—¥/3 


Hint 


Use the procedures from [link] to solve the problem. 


Fundamental Theorem of Calculus Part 1: Integrals and Antiderivatives 


As mentioned earlier, the Fundamental Theorem of Calculus is an extremely powerful 
theorem that establishes the relationship between differentiation and integration, and gives us 
a way to evaluate definite integrals without using Riemann sums or calculating areas. The 
theorem is comprised of two parts, the first of which, the Fundamental Theorem of 
Calculus, Part 1, is stated here. Part 1 establishes the relationship between differentiation and 
integration. 


Note: 

Fundamental Theorem of Calculus, Part 1 

If f () is continuous over an interval |a, b], and the function F' (x) is defined by 
Equation: 


F(a) = [ * f (t)dt, 


then F'’(x) = f (x) over [a, b]. 


Before we delve into the proof, a couple of subtleties are worth mentioning here. First, a 
comment on the notation. Note that we have defined a function, F' (x), as the definite integral 
of another function, f (t), from the point a to the point x. At first glance, this is confusing, 
because we have said several times that a definite integral is a number, and here it looks like 
it’s a function. The key here is to notice that for any particular value of x, the definite integral 
is a number. So the function F (a) returns a number (the value of the definite integral) for 
each value of x. 


Second, it is worth commenting on some of the key implications of this theorem. There is a 
reason it is called the Fundamental Theorem of Calculus. Not only does it establish a 
relationship between integration and differentiation, but also it guarantees that any integrable 
function has an antiderivative. Specifically, it guarantees that any continuous function has an 
antiderivative. 


Proof 


Applying the definition of the derivative, we have 
Equation: 


F' (zx) = lim Hee) 
zt+h x 
= lim > / f (t)dt -f F (ode 
zt+h a 
= lim 4 / f(t)dt +f F (bide 
zt+h 


ath 
Looking carefully at this last expression, we see + / f (t)dt is just the average value of 


the function f (x) over the interval |x, x + h]. Therefore, by [link], there is some number c in 


[z, 2 + h] such that 
Equation: 


ath 
if f (a)de = f (co). 


In addition, since c is between x and x + h, c approaches x as h approaches zero. Also, since 
f (x) is continuous, we have lim f(d= lim f (c) = f (x). Putting all these pieces together, 
> C+Hk 


we have 
Equation: 


and the proof is complete. 


Example: 
Exercise: 


Problem: 
Finding a Derivative with the Fundamental Theorem of Calculus 


Use the [link] to find the derivative of 
Equation: 


Solution: 


According to the Fundamental Theorem of Calculus, the derivative is given by 
Equation: 


Note: 
Exercise: 


Problem: 


Use the Fundamental Theorem of Calculus, Part 1 to find the derivative of 


g(r) = [ Vx? + 4de. 


Solution: 
i) es 
Hint 


Follow the procedures from [link] to solve the problem. 


Example: 
Exercise: 


Problem: 
Using the Fundamental Theorem and the Chain Rule to Calculate Derivatives 


VE 
Let F(x) = i sintdt. Find F’(z). 
1 


Solution: 


Letting u(x) = ./z, we have F(x) = / sintdt. Thus, by the Fundamental 
1 


Theorem of Calculus and the chain rule, 


Equation: 
F'(z) =sin(u (x)) 
= sin(u(z))- ($271?) 
_ sin /z 
=e 
Note: 
Exercise: 


Ad 


Problem: Let F(z) = i costdt. Find F’(z). 
1 


Solution: 
F' (2) = 3x*cosz* 
Hint 


Use the chain rule to solve the problem. 


Example: 
Exercise: 


Problem: 
Using the Fundamental Theorem of Calculus with Two Variable Limits of 
Integration 


20 
Let F (x) = / t?dt. Find F'(z). 
Solution: 
2x 
We have F' (x) = / t°dt. Both limits of integration are variable, so we need to split 


this into two integrals. We get 
Equation: 


eG i iP tdt 


x 


0 2x 
= / Pte / trdt 
L 0 
ap 22x 
= -{ eats f tdt. 
0 0 


Differentiating the first term, we obtain 


Equation: 
a - [ rat| = 2° 
dx 0 


Differentiating the second term, we first let u(x) = 2x. Then, 


Equation: 
2x u(x 
£. / tat| =i i t3dt 
0 0 
= 3 du 
ON ae 
= (2x)*-2 
= 162° 
Thus, 
Equation: 
x 2x 
ee) é|-/ tat| +2(/ tat| 
0 
= —a? + 1623 
1523 
Note: 


Exercise: 


2 


Problem: Let F' (x) = / costdt. Find F’(z). 


Solution: 


F'(x) = 2acosx? — cosxz 


Hint 


Use the procedures from [link] to solve the problem. 


Fundamental Theorem of Calculus, Part 2: The Evaluation Theorem 


The Fundamental Theorem of Calculus, Part 2, is perhaps the most important theorem in 
calculus. After tireless efforts by mathematicians for approximately 500 years, new techniques 
emerged that provided scientists with the necessary tools to explain many phenomena. Using 
calculus, astronomers could finally determine distances in space and map planetary orbits. 
Everyday financial problems such as calculating marginal costs or predicting total profit could 
now be handled with simplicity and accuracy. Engineers could calculate the bending strength 
of materials or the three-dimensional motion of objects. Our view of the world was forever 
changed with calculus. 


After finding approximate areas by adding the areas of n rectangles, the application of this 
theorem is straightforward by comparison. It almost seems too simple that the area of an entire 
curved region can be calculated by just evaluating an antiderivative at the first and last 
endpoints of an interval. 


Note: 

The Fundamental Theorem of Calculus, Part 2 

If f is continuous over the interval |a, b] and F' (a) is any antiderivative of f (x), then 
Equation: 


b 
/ P@in= FO) = Re) 


We often see the notation F (zx) \° to denote the expression F'(b) — F(a). We use this vertical 
bar and associated limits a and b to indicate that we should evaluate the function F’ (x) at the 


upper limit (in this case, b), and subtract the value of the function F' (x) evaluated at the lower 
limit (in this case, a). 


The Fundamental Theorem of Calculus, Part 2 (also known as the evaluation theorem) 
states that if we can find an antiderivative for the integrand, then we can evaluate the definite 
integral by evaluating the antiderivative at the endpoints of the interval and subtracting. 


Proof 
Let P = {x;},i = 0,1,..., bea regular partition of [a, b]. Then, we can write 
Equation: 


F(b)— F(a) =F (an) — F (ao) 
= [F (an) — F (an-1)| + [F (@n-1) — F (@n-2)] +... + [F (a1) — F (20)] 


= SF @)- Fe, 


Now, we know F is an antiderivative of f over [a, b], so by the Mean Value Theorem (see The 
Mean Value Theorem) for i = 0,1,..., 2 we can find c; in [x;_1, 2;| such that 
Equation: 


F (x;) — F (aj-1) = F'(c) (2; — i-1) = f (c) Az. 


Then, substituting into the previous equation, we have 
Equation: 


F'(b) — F(a) = Yo Fle)de, 


Taking the limit of both sides as n — oo, we obtain 
Equation: 


F(b)—F(a) = lim dof (ciAa 


| 
Sh 
ey, 
8 
— 
Q, 
8 


Example: 
Exercise: 


Problem: 
Evaluating an Integral with the Fundamental Theorem of Calculus 


Use [link] to evaluate 
Equation: 


Solution: 


Recall the power rule for Antiderivatives: 
Equation: 


grtl 


nea, | otn= +C. 


n+l 


Use this rule to find the antiderivative of the function and then apply the theorem. We 
have 


Equation: 
: 2 2 
wt =o = ae 
ye ye 
=| F -4@)] - [| -4(-2)] 
=($-8)-(-$+8) 
$_g43- 
* — 16 
_ 32 
= —#, 
Analysis 


Notice that we did not include the “+ C” term when we wrote the antiderivative. The 
reason is that, according to the Fundamental Theorem of Calculus, Part 2, any 
antiderivative works. So, for convenience, we chose the antiderivative with C' = 0. If 
we had chosen another antiderivative, the constant term would have canceled out. This 
always happens when evaluating a definite integral. 


The region of the area we just calculated is depicted in [link]. Note that the region 
between the curve and the x-axis is all below the x-axis. Area is always positive, but a 
definite integral can still produce a negative number (a net signed area). For example, if 
this were a profit function, a negative number indicates the company is operating at a 
loss over the given interval. 


-4 


The evaluation of a definite 
integral can produce a negative 
value, even though area is always 
positive. 


Example: 
Exercise: 


Problem: 
Evaluating a Definite Integral Using the Fundamental Theorem of Calculus, Part 2 


Evaluate the following integral using the Fundamental Theorem of Calculus, Part 2: 
Equation: 


pi 


1 V2 


dx. 


Solution: 


First, eliminate the radical by rewriting the integral using rational exponents. Then, 
separate the numerator terms by writing each one over the denominator: 
Equation: 


9 Fi 9 
/ cee ee / 2a 
1 @t/2 1 1/2 1/2 


Use the properties of exponents to simplify: 
Equation: 


Now, integrate using the power rule: 


Equation: 
( 1/2 aig = (= = =| 
ae eek 
= = oe ie oa 
7 $4 
= [2@7) — 2(3)] — (21) -2@) 
=18-6-2+42 
= 4 
a 
See [link]. 
y 


The area under the curve from 
xz = 1to zx = 9 can be calculated 
by evaluating a definite integral. 


Note: 
Exercise: 


» 
Problem: Use [link] to evaluate / xz ‘dz. 
1 


Solution: 


ia 
24 


Hint 


Use the power rule. 


Example: 
Exercise: 


Problem: 
A Roller-Skating Race 


James and Kathy are racing on roller skates. They race along a long, straight track, and 
whoever has gone the farthest after 5 sec wins a prize. If James can skate at a velocity of 
f (t) = 5 + 2t ft/sec and Kathy can skate at a velocity of g(t) = 10 + cos (St) ft/sec, 
who is going to win the race? 


Solution: 
We need to integrate both functions over the interval [0, 5] and see which value is bigger. 


For James, we want to calculate 
Equation: 


[ (5 + 2t)dt. 
0 


Using the power rule, we have 
Equation: 


5 
/ Ga = (ea), 
0 
= (25 + 25) = 50. 


Thus, James has skated 50 ft after 5 sec. Turning now to Kathy, we want to calculate 
Equation: 


5 
i; 10 + cos (<2) dt. 
0 2 


We know sint is an antiderivative of cost, so it is reasonable to expect that an 


antiderivative of cos ($t) would involve sin (St). However, when we differentiate 


sin (<2), we get +Ccos (Z#) as a result of the chain rule, so we have to account for this 


additional coefficient when we integrate. We obtain 
Equation: 


5 
/ 10 +.cos(4t)dt = (10¢+ 2sin (Zt))|? 
0 


= (50+ +) — (0 — 2sin0) 
Kathy has skated approximately 50.6 ft after 5 sec. Kathy wins, but not by much! 


Note: 
Exercise: 


Problem: 


Suppose James and Kathy have a rematch, but this time the official stops the contest 
after only 3 sec. Does this change the outcome? 


Solution: 


Kathy still wins, but by a much larger margin: James skates 24 ft in 3 sec, but Kathy 
skates 29.3634 ft in 3 sec. 


Hint 


Change the limits of integration from those in [link]. 


Note: 
A Parachutist in Free Fall 


Skydivers can adjust the velocity of their dive by changing the position of their body 
during the free fall. (credit: Jeremy T. Lock) 


Julie is an avid skydiver. She has more than 300 jumps under her belt and has mastered the 
art of making adjustments to her body position in the air to control how fast she falls. If she 
arches her back and points her belly toward the ground, she reaches a terminal velocity of 
approximately 120 mph (176 ft/sec). If, instead, she orients her body with her head straight 
down, she falls faster, reaching a terminal velocity of 150 mph (220 ft/sec). 

Since Julie will be moving (falling) in a downward direction, we assume the downward 
direction is positive to simplify our calculations. Julie executes her jumps from an altitude of 
12,500 ft. After she exits the aircraft, she immediately starts falling at a velocity given by 

uv (t) = 32t. She continues to accelerate according to this velocity function until she reaches 
terminal velocity. After she reaches terminal velocity, her speed remains constant until she 
pulls her ripcord and slows down to land. 

On her first jump of the day, Julie orients herself in the slower “belly down” position 
(terminal velocity is 176 ft/sec). Using this information, answer the following questions. 


1. How long after she exits the aircraft does Julie reach terminal velocity? 

2. Based on your answer to question 1, set up an expression involving one or more 
integrals that represents the distance Julie falls after 30 sec. 

3. If Julie pulls her ripcord at an altitude of 3000 ft, how long does she spend in a free fall? 


4. Julie pulls her ripcord at 3000 ft. It takes 5 sec for her parachute to open completely and 
for her to slow down, during which time she falls another 400 ft. After her canopy is 
fully open, her speed is reduced to 16 ft/sec. Find the total time Julie spends in the air, 
from the time she leaves the airplane until the time her feet touch the ground. 

On Julie’s second jump of the day, she decides she wants to fall a little faster and orients 
herself in the “head down” position. Her terminal velocity in this position is 220 ft/sec. 
Answer these questions based on this velocity: 

. How long does it take Julie to reach terminal velocity in this case? 

6. Before pulling her ripcord, Julie reorients her body in the “belly down” position so she is 
not moving quite as fast when her parachute opens. If she begins this maneuver at an 
altitude of 4000 ft, how long does she spend in a free fall before beginning the 
reorientation? 

Some jumpers wear “wingsuits” (see [link]). These suits have fabric panels between the 
arms and legs and allow the wearer to glide around in a free fall, much like a flying 
squirrel. (Indeed, the suits are sometimes called “flying squirrel suits.”) When wearing 
these suits, terminal velocity can be reduced to about 30 mph (44 ft/sec), allowing the 
wearers a much longer time in the air. Wingsuit flyers still use parachutes to land; 
although the vertical velocities are within the margin of safety, horizontal velocities can 
exceed 70 mph, much too fast to land safely. 


ul 


The fabric panels on the arms and legs of a wingsuit work to reduce the vertical velocity 
of a skydiver’s fall. (credit: Richard Schneider) 


Answer the following question based on the velocity in a wingsuit. 


7. If Julie dons a wingsuit before her third jump of the day, and she pulls her ripcord at an 
altitude of 3000 ft, how long does she get to spend gliding around in the air? 


Key Concepts 


¢ The Mean Value Theorem for Integrals states that for a continuous function over a closed 
interval, there is a value c such that f (c) equals the average value of the function. See 
[link]. 

e The Fundamental Theorem of Calculus, Part 1 shows the relationship between the 
derivative and the integral. See [link]. 

e The Fundamental Theorem of Calculus, Part 2 is a formula for evaluating a definite 
integral in terms of an antiderivative of its integrand. The total area under a curve can be 
found using this formula. See [link]. 


Key Equations 


e¢ Mean Value Theorem for Integrals 
If f (x) is continuous over an interval |a, b], then there is at least one point c € [a, 5] 


b 
such that f (c) = rf f (z)dz. 


¢ Fundamental Theorem of Calculus Part 1 
If f (x) is continuous over an interval [a, |, and the function F (x) is defined by 
F(2) = / Pid, hake) = Fe), 


a 


e Fundamental Theorem of Calculus Part 2 
If f is continuous over the interval |a, b| and F (zx) is any antiderivative of f (x), then 


b 
/ fide FO)- PO). 


Exercise: 
Problem: 
Consider two athletes running at variable speeds v, (t) and v2 (t). The runners start and 


finish a race at exactly the same time. Explain why the two runners must be going the 
same speed at some point. 


Exercise: 
Problem: 
Two mountain climbers start their climb at base camp, taking two different routes, one 


steeper than the other, and arrive at the peak at exactly the same time. Is it necessarily 
true that, at some point, both climbers increased in altitude at the same rate? 


Solution: 


Yes. It is implied by the Mean Value Theorem for Integrals. 
Exercise: 
Problem: 
To get on a certain toll road a driver has to take a card that lists the mile entrance point. 


The card also has a timestamp. When going to pay the toll at the exit, the driver is 
surprised to receive a speeding ticket along with the toll. Explain how this can happen. 


Exercise: 


Problem: 

Set F (x) = i (1 — t)dt. Find F'’(2) and the average value of F’ over [1, 2]. 
1 

Solution: 

F'(2) = —1; average value of F’ over [1, 2] is —1/2. 


In the following exercises, use the Fundamental Theorem of Calculus, Part 1, to find each 
derivative. 
Exercise: 


Problem: = / e' dt 
1 


Exercise: 


x 
Problem: 4. / est dt 
1 


Solution: 


ecost 


Exercise: 


Problem: a) /9 — yedy 


Exercise: 


‘ ie ds 
Problem: oe - 
4 V/16— s2 


Solution: 


a 
V16—22 


Exercise: 
2x2 
Problem: as i tdt 
x 


Exercise: 


Jz 
Problem: — / tdt 
0 


Solution: 


d_ = 
Vz dz Va a) 
Exercise: 
sinz 


Problem: a VJ/1 — t2dt 
0 


Exercise: 


1 
Problem: — / /1— t*dt 
cOsz 


Solution: 


-V1-— cos?x “cosa = |sinz|sinx 


Exercise: 


Ja t2 
Problem: al ————_ 
Pe Clee 


Exercise: 


x t 
Problem: — i; v dt 
1 


Solution: 


|x| 
22 ae 


Exercise: 


Problem: —— edt 


Exercise: 
e* 
Problem: A i, Inu?du 
1 
Solution: 


In(e?”) fet = Zee" 
Exercise: 


Problem: 


The graph of y = i f(t)dt, where f is a piecewise constant function, is shown here. 
0 


as< 


0 412 3 4 5 6% 


a. Over which intervals is f positive? Over which intervals is it negative? Over which 
intervals, if any, is it equal to zero? 

b. What are the maximum and minimum values of f? 

c. What is the average value of f? 


Exercise: 


Problem: 


The graph of y = / f(¢)dt, where f is a piecewise constant function, is shown here. 
0 


a. Over which intervals is f positive? Over which intervals is it negative? Over which 
intervals, if any, is it equal to zero? 

b. What are the maximum and minimum values of f? 

c. What is the average value of f? 


Solution: 


a. f is positive over [{1, 2] and |5, 6], negative over [0, 1] and [3, 4], and zero over [2, 3] 
and [4,5]. b. The maximum value is 2 and the minimum is —3. c. The average value is 0. 
Exercise: 


Problem: 


The graph of y = / £(t)dt, where £ is a piecewise linear function, is shown here. 
0 


a. Over which intervals is £ positive? Over which intervals is it negative? Over which, 
if any, is it zero? 


b. Over which intervals is £ increasing? Over which is it decreasing? Over which, if 
any, is it constant? 
c. What is the average value of £? 


Exercise: 


Problem: 


The graph of y = / £(t)dt, where £ is a piecewise linear function, is shown here. 
0 


a. Over which intervals is € positive? Over which intervals is it negative? Over which, 
if any, is it zero? 

b. Over which intervals is € increasing? Over which is it decreasing? Over which 
intervals, if any, is it constant? 

c. What is the average value of £? 


Solution: 


a. € is positive over [0, 1] and [3, 6], and negative over [1, 3]. b. It is increasing over [0, 1] 
and [3, 5], and it is constant over |1, 3] and [5, 6]. c. Its average value is a 


In the following exercises, use a calculator to estimate the area under the curve by computing 
To, the average of the left- and right-endpoint Riemann sums using N = 10 rectangles. Then, 
using the Fundamental Theorem of Calculus, Part 2, determine the exact area. 

Exercise: 


Problem: [T] y = 2? over (0, 4] 


Exercise: 
Problem: [T] y = z° + 6x? + x — 5 over [—4, 2] 


Solution: 


3 
Tip = 49.08, [ a> + 6x7 + « — 5dx = 48 
—2 


Exercise: 


Problem: [T] y = Vz? over (0, 6] 


Exercise: 
Problem: [T] y = \/z + 2? over [1, 9] 


Solution: 


9 
Tio = 260.836, [ (Vz + 2”) dx = 260 
1 


Exercise: 


Problem: [T] i (cosx — sinx)dz over [0, 7] 


Exercise: 
4 
Problem: [T] i —; dx over [1, 4] 
x 
Solution: 


44 
Tio = 3.058, [ —z da = 3 
1 @& 


In the following exercises, evaluate each definite integral using the Fundamental Theorem of 
Calculus, Part 2. 
Exercise: 


5 
Problem: / (x? 3x) dx 
=) 


Exercise: 


3 
Problem: i (x? + 3x — 5)dx 
9 


Solution: 


Exercise: 


3 
Problem: / (t + 2) (t — 3)dt 
a) 


Exercise: 


3 
Problem: i, (t? — 9) (4 —#?)dt 
2 


Solution: 


F(a) =—£ + 18 _ 36t, F(3) — F(2) 


Exercise: 


2 
Problem: i: ada 
1 


Exercise: 


1 
Problem: / 2 dar 
0 


Solution: 


100 


F(e) = =, F()-F(0)= 


Exercise: 


8 
Problem: / (405? _ 3t%?) dt 
4 


Exercise: 


4 1 
Problem: i} (« = ar) te 
1/4 ae 


Solution: 


Ale 
—— 
I 


F(e)= = +4,F(4)-F( 


Exercise: 


72 
Problem: / —dzx 
7. 2 


Exercise: 


| 
Problem: i. —dzx 
1 2/2 
Solution: 


F(a) = Vz, F(4)-F(1) =1 


Exercise: 


4 e 
2= Vt 
Problem: / ue dt 
fi 


42 
Exercise: 

Probl ° dt 
r m: a 
oble |. ee 
Solution: 


F(z) = 4¢3/4, F (16) — F(1) = 8 


Exercise: 


2a 
Problem: i, cos 6d0 
0 


Exercise: 


m/2 
Problem: / sin 6d0 
0 


Solution: 
F(a) = —cosa, F (2) =F (0) =1 


Exercise: 


w/4 
Problem: / sec?@d0 
0 


Exercise: 


1/4 
Problem: / secOtanddé 
0 


Solution: 
F (2) =secz,F(4)—-F(0)=V2-1 


Exercise: 


m/A 
Problem: / cscO cot 0d0 
1/3 


Exercise: 


m/2 
Problem: / csc”6d0 
m/4 


Solution: 
F (x) = —cot (x), F (4) -—F(¥)=1 


Exercise: 


oe ae | 1 
Problem: / — — — jdt 
ke) 8 
Exercise: 
aw | 1 
Problem: — — — }dt 
»o \t £8 
Solution: 


F@) ==. 4558 YF O)=4 


In the following exercises, use the evaluation theorem to express the integral as a function 


Exercise: 


Problem: / t?dt 


Exercise: 


Problem: / edt 
1 


Solution: 


F(x) =e*—e 


Exercise: 


Problem: / costdt 
0 


Exercise: 
xz 
Problem: i sintdt 
oat! 


Solution: 
F(z) =0 
In the following exercises, identify the roots of the integrand to remove absolute values, then 


evaluate using the Fundamental Theorem of Calculus, Part 2. 
Exercise: 


3 
Problem: / |x|dx 
= 


Exercise: 
4 
Problem: je — 2t — 3\dt 
=> 


Solution: 


Exercise: 


Problem: i |cost|dt 
0 


Exercise: 


m/2 
Problem: |sint|dt 
—7/2 
Solution: 
0 m/2 
— / sintdt + / sintdt = 2 
—7/2 0 
Exercise: 
Problem: 


Suppose that the number of hours of daylight on a given day in Seattle is modeled by the 
function —3.75cos (4) + 12.25, with t given in months and ¢ = 0 corresponding to the 


winter solstice. 


a. What is the average number of daylight hours in a year? 

b. At which times t, and ty, where 0 < t; < tz < 12, do the number of daylight hours 
equal the average number? 

c. Write an integral that expresses the total number of daylight hours in Seattle 
between f, and to. 

d. Compute the mean hours of daylight in Seattle between ¢; and t2, where 
0 < ty < t. < 12, and then between t, and t,, and show that the average of the 
two is equal to the average day length. 


Exercise: 


Problem: 


Suppose the rate of gasoline consumption over the course of a year in the United States 
can be modeled by a sinusoidal function of the form (11.21 — cos (#)) x 10° gal/mo. 
a. What is the average monthly consumption, and for which values of t is the rate at 

time t equal to the average rate? 
b. What is the number of gallons of gasoline consumed in the United States in a year? 
c. Write an integral that expresses the average monthly U.S. gas consumption during 
the part of the year between the beginning of April (¢ = 3) and the end of 
September (t = 9). 


Solution: 


a. The average is 11.21 x 10° since cos (2) has period 12 and integral 0 over any 
period. Consumption is equal to the average when cos (+) = 0, when t = 3, and when 


t = 9. b. Total consumption is the average rate times duration: 
1171 32 10 de: 


9 
t 
10° (11.2 - ah cos (=) at) = 10° (11.21 + +) = 11.84210° 
3 


Exercise: 


Problem: 


Explain why, if f is continuous over |a, 6], there is at least one point c € [a, b] such that 
b 


Exercise: 


Problem: 


Explain why, if f is continuous over |a, b] and is uot equal to a constant, there is at least 


one point M € |[a, b] such that f (MM i sad f (t)dt and at least one point 


m € |a, 6] such that f (m 


Solution: 


If fis not constant, then its average is strictly smaller than the maximum and larger than 
the minimum, which are attained over |a, b] by the extreme value theorem. 


Exercise: 


Problem: 


Kepler’s first law states that the planets move in elliptical orbits with the Sun at one 
focus. The closest point of a planetary orbit to the Sun is called the perihelion (for Earth, 
it currently occurs around January 3) and the farthest point is called the aphelion (for 
Earth, it currently occurs around July 4). Kepler’s second law states that planets sweep 
out equal areas of their elliptical orbits in equal times. Thus, the two arcs indicated in the 
following figure are swept out in equal times. At what time of year is Earth moving 
fastest in its orbit? When is it moving slowest? 


Exercise: 


Problem: 


A point on an ellipse with major axis length 2a and minor axis length 2b has the 
coordinates (acos0, bsin@),0 < 6 < 2n. 


a. Show that the distance from this point to the focus at (—c, 0) is d(0) = a + ccos8, 
where c = Va? — b?. 


b. Use these coordinates to show that the average distance d froma point on the ellipse 
to the focus at (—c, 0), with respect to angle 9, is a. 


Solution: 


a. d20 = (acos0 +c)” + b*sin?6 = a? + c?cos?6 + 2accosO = (a + ccos6)’; b. 
27 


d= f (a + 2ccos6)d0 =a 


Exercise: 


Problem: 


As implied earlier, according to Kepler’s laws, Earth’s orbit is an ellipse with the Sun at 
one focus. The perihelion for Earth’s orbit around the Sun is 147,098,290 km and the 
aphelion is 152,098,232 km. 


a. By placing the major axis along the x-axis, find the average distance from Earth to 
the Sun. 

b. The classic definition of an astronomical unit (AU) is the distance from Earth to the 
Sun, and its value was computed as the average of the perihelion and aphelion 
distances. Is this definition justified? 


Exercise: 


Problem: 


GmM 

r°(@) ? 
where m is the mass of the planet, M is the mass of the Sun, G is a universal constant, and 
r (8) is the distance between the Sun and the planet when the planet is at an angle 6 with 
the major axis of its orbit. Assuming that M, m, and the ellipse parameters a and b (half- 
lengths of the major and minor axes) are given, set up—but do not evaluate—an integral 
that expresses in terms of G,m, M, a, b the average gravitational force between the Sun 
and the planet. 


The force of gravitational attraction between the Sun and a planet is F' (0) = 


Solution: 
Qn 1 
Mean gravitational force = mfrac / ————S ee 
0 (a + 2Va2 — cos) 
Exercise: 
Problem: 


The displacement from rest of a mass attached to a spring satisfies the simple harmonic 
motion equation xz (t) = Acos (wt — ¢), where ¢ is a phase constant, @ is the angular 
frequency, and A is the amplitude. Find the average velocity, the average speed 
(magnitude of velocity), the average displacement, and the average distance from rest 
(magnitude of displacement) of the mass. 


Glossary 


fundamental theorem of calculus 
the theorem, central to the entire development of calculus, that establishes the 
relationship between differentiation and integration 


fundamental theorem of calculus, part 1 
uses a definite integral to define an antiderivative of a function 


fundamental theorem of calculus, part 2 
(also, evaluation theorem) we can evaluate a definite integral by evaluating the 
antiderivative of the integrand at the endpoints of the interval and subtracting 


mean value theorem for integrals 
guarantees that a point c exists such that f (c) is equal to the average value of the 
function 


Integration Formulas and the Net Change Theorem 


e Apply the basic integration formulas. 

e Explain the significance of the net change theorem. 

e Use the net change theorem to solve applied problems. 
e Apply the integrals of odd and even functions. 


In this section, we use some basic integration formulas studied previously to solve some key applied problems. It 
is important to note that these formulas are presented in terms of indefinite integrals. Although definite and 
indefinite integrals are closely related, there are some key differences to keep in mind. A definite integral is either 
a number (when the limits of integration are constants) or a single function (when one or both of the limits of 
integration are variables). An indefinite integral represents a family of functions, all of which differ by a constant. 
As you become more familiar with integration, you will get a feel for when to use definite integrals and when to 
use indefinite integrals. You will naturally select the correct approach for a given problem without thinking too 
much about it. However, until these concepts are cemented in your mind, think carefully about whether you need 
a definite integral or an indefinite integral and make sure you are using the proper notation based on your choice. 


Basic Integration Formulas 


Recall the integration formulas given in the table in Antiderivatives and the rule on properties of definite 
integrals. Let’s look at a few examples of how to apply these rules. 


Example: 
Exercise: 


Problem: 
Integrating a Function Using the Power Rule 


4 
Use the power rule to integrate the function | Vt (1+ t)dt. 
1 


Solution: 


The first step is to rewrite the function and simplify it so we can apply the power rule: 
Equation: 


iE Vt(l+t)dt = fea + t)dt 


= i (8? + £3?) de, 
1 


Now apply the power rule: 
Equation: 


4 
| (8/2 +29 )at = (eee a Beet 
= (24)? + 2°") - [2° + 27] 


— 256 
~ is? 


Note: 
Exercise: 


Problem: Find the definite integral of f (x) = x? — 3z over the interval [1, 3]. 


Solution: 


10 
3 


Hint 


Follow the process from [link] to solve the problem. 


The Net Change Theorem 


The net change theorem considers the integral of a rate of change. It says that when a quantity changes, the new 
value equals the initial value plus the integral of the rate of change of that quantity. The formula can be expressed 
in two ways. The second is more familiar; it is simply the definite integral. 


Note: 

Net Change Theorem 

The new value of a changing quantity equals the initial value plus the integral of the rate of change: 
Equation: 


F(b)=F(a)+ [ Fee 


or 


i ’ pila)de = F(b) — F(a). 


Subtracting F' (a) from both sides of the first equation yields the second equation. Since they are equivalent 
formulas, which one we use depends on the application. 


The significance of the net change theorem lies in the results. Net change can be applied to area, distance, and 
volume, to name only a few applications. Net change accounts for negative quantities automatically without 
having to write more than one integral. To illustrate, let’s apply the net change theorem to a velocity function in 
which the result is displacement. 


We looked at a simple example of this in The Definite Integral. Suppose a car is moving due north (the positive 
direction) at 40 mph between 2 p.m. and 4 p.m., then the car moves south at 30 mph between 4 p.m. and 5 p.m. 
We can graph this motion as shown in [link]. 


—30 


The graph shows speed versus 
time for the given motion of a 
car. 


Just as we did before, we can use definite integrals to calculate the net displacement as well as the total distance 
traveled. The net displacement is given by 


Equation: 
5 4 5 
/ agar < | AOdt + / —30dt 
2 2 4 


= 80 — 30 
= 50. 


Thus, at 5 p.m. the car is 50 mi north of its starting position. The total distance traveled is given by 


Equation: 
5 5 
4 
i alah <= / AOdt + / 30dt 
2 : 4 


= 80+ 30 
= 110. 


Therefore, between 2 p.m. and 5 p.m., the car traveled a total of 110 mi. 


To summarize, net displacement may include both positive and negative values. In other words, the velocity 
function accounts for both forward distance and backward distance. To find net displacement, integrate the 
velocity function over the interval. Total distance traveled, on the other hand, is always positive. To find the total 
distance traveled by an object, regardless of direction, we need to integrate the absolute value of the velocity 
function. 


Example: 
Exercise: 


Problem: 


Finding Net Displacement 


Given a velocity function v (¢) = 3¢ — 5 (in meters per second) for a particle in motion from time t = 0 to 
time t = 3, find the net displacement of the particle. 


Solution: 


Applying the net change theorem, we have 
Equation: 


3 
[ @e-syae =  —stlg 


= Hi 
= ai5 
ee i Ss 
2 2 
Stel 
= 


The net displacement is —3 m ([link]). 


v(t) = 3t-5 


The graph shows velocity versus 
time for a particle moving with a 
linear velocity function. 


Example: 
Exercise: 


Problem: 
Finding the Total Distance Traveled 


Use [link] to find the total distance traveled by a particle according to the velocity function v(t) = 3¢ — 5 
m/sec over a time interval [0, 3]. 


Solution: 


The total distance traveled includes both the positive and the negative values. Therefore, we must integrate 
the absolute value of the velocity function to find the total distance traveled. 


To continue with the example, use two integrals to find the total distance. First, find the t-intercept of the 
function, since that is where the division of the interval occurs. Set the equation equal to zero and solve for 
t. Thus, 


Equation: 
3-5 = 0 
3t = 5 
5 
b = we 


The two subintervals are [0, 3] and [3, 3 . To find the total distance traveled, integrate the absolute value 


of the function. Since the function is negative over the interval [0, +], we have |v (t)| = —v(t) over that 
interval. Over [3], the function is positive, so |v(¢)| = u(¢). Thus, we have 


Equation: 
3 5/3 3 
/ mee = / _v(t)dt + / v(t)dt 
0 0 5/3 


5/3 3 
=| 5 eat + f 3t — 5dt 
0 5/3 


~(-a)E + -s)f, 
= [5 (8) a 0+ [2-15] “sal 5 


— 25 25 | 27 25 | 25 
~ 3 G v ® 15 6 


So, the total distance traveled is a m. 


Note: 
Exercise: 


Problem: 


Find the net displacement and total distance traveled in meters given the velocity function f (t) = se! = 7 
over the interval [0, 2]. 


Solution: 


Net displacement: oe = —0.8055 m; total distance traveled: 4In4 — 7.5 + = = 1.740 m 


Hint 


Follow the procedures from [link] and [link]. Note that f (¢) < 0 fort < 1n4, and f(t) > 0 fort > In4. 


Applying the Net Change Theorem 


The net change theorem can be applied to the flow and consumption of fluids, as shown in [link]. 


Example: 
Exercise: 


Problem: 
How Many Gallons of Gasoline Are Consumed? 


If the motor on a motorboat is started at t = 0 and the boat consumes gasoline at the rate of 5 — t? gal/hr, 
how much gasoline is used in the first 2 hours? 


Solution: 


Express the problem as a definite integral, integrate, and evaluate using the Fundamental Theorem of 
Calculus. The limits of integration are the endpoints of the interval [0, 2]. We have 
Equation: 


= [5 (2) - 2 | =f 


Thus, the motorboat uses 6 gal of gas in 2 hours. 


Example: 
Exercise: 


Problem: 
Chapter Opener: Iceboats 


(credit: modification of work by Carter Brown, Flickr) 


As we saw at the beginning of the chapter, top iceboat racers ((link]) can attain speeds of up to five times 
the wind speed. Andrew is an intermediate iceboater, though, so he attains speeds equal to only twice the 
wind speed. Suppose Andrew takes his iceboat out one morning when a light 5-mph breeze has been 
blowing all morning. As Andrew gets his iceboat set up, though, the wind begins to pick up. During his first 
half hour of iceboating, the wind speed increases according to the function v(t) = 20¢ + 5. For the second 
half hour of Andrew’s outing, the wind remains steady at 15 mph. In other words, the wind speed is given 
by 

Equation: 


20¢+5 for 0<t 
Ot) = F 
15 for oy < 


Recalling that Andrew’s iceboat travels at twice the wind speed, and assuming he moves in a straight line 
away from his starting point, how far is Andrew from his starting point after 1 hour? 
Solution: 


To figure out how far Andrew has traveled, we need to integrate his velocity, which is twice the wind speed. 
Then 


1 
Distance = / 2v (t)dt. 
0 


Substituting the expressions we were given for v (t), we get 
Equation: 


i ‘ou (t)dt = | ONL i : 2u (t)dt 


1/2 1 
=| 2 (20¢ + 5)dt +f 2 (15)dt 
0 1/3 


1/2 1 
= / (40¢ + 10)dt + | 30dt 
0 v2 


= (208? + 10¢]|/?+ [304]|},, 


= (4% +5) —0+ (30-15) 
= 25. 


Andrew is 25 mi from his starting point after 1 hour. 


Note: 
Exercise: 


Problem: 


Suppose that, instead of remaining steady during the second half hour of Andrew’s outing, the wind starts to 


die down according to the function v (t) = —10t + 15. In other words, the wind speed is given by 
Equation: 
() 2t+5 for 0<t<4 
UV — 
—10t+15 for $<t<1. 


Under these conditions, how far from his starting point is Andrew after 1 hour? 


Solution: 
17.5 mi 
Hint 


Don’t forget that Andrew’s iceboat moves twice as fast as the wind. 


Integrating Even and Odd Functions 


We saw in Functions and Graphs that an even function is a function in which f (—x) = f («) for all x in the 
domain—that is, the graph of the curve is unchanged when x is replaced with —x. The graphs of even functions 
are symmetric about the y-axis. An odd function is one in which f (—x) = —f (a) for all x in the domain, and the 
graph of the function is symmetric about the origin. 


Integrals of even functions, when the limits of integration are from —a to a, involve two equal areas, because they 
are symmetric about the y-axis. Integrals of odd functions, when the limits of integration are similarly [—a, al, 
evaluate to zero because the areas above and below the x-axis are equal. 


Note: 
Rule: Integrals of Even and Odd Functions 
For continuous even functions such that f (—x) = f (x), 


Equation: 
a a 
/ tia — 2 | f (x)dz. 
—a 0 
For continuous odd functions such that f (—x) = —f (2), 
Equation: 
a 
i, 7 ojdo— 

—a 
Example: 
Exercise: 

Problem: 


Integrating an Even Function 


2 
Integrate the even function / (3a:° = 2) dz and verify that the integration formula for even functions 


= 
holds. 
Solution: 


The symmetry appears in the graphs in [link]. Graph (a) shows the region below the curve and above the x- 
axis. We have to zoom in to this graph by a huge amount to see the region. Graph (b) shows the region 
above the curve and below the x-axis. The signed area of this region is negative. Both views illustrate the 
symmetry about the y-axis of an even function. We have 

Equation: 


To verify the integration formula for even functions, we can calculate the integral from 0 to 2 and double it, 
then check to make sure we get the same answer. 


Equation: 
Q 9 
i (32° —2)de = (= — 2x) 
0 


Since 2 - no = 1000 we have verified the formula for even functions in this particular example. 
ya f(x) =3x8-2 f(x) = 3x8 — 2 


500 


ane 


-----+ 
po 


(a) (b) 


Graph (a) shows the positive area between the curve and the x-axis, whereas graph (b) shows the 
negative area between the curve and the x-axis. Both views show the symmetry about the y-axis. 


Example: 
Exercise: 


Problem: 
Integrating an Odd Function 


Evaluate the definite integral of the odd function —5sinz over the interval [—7r, 7]. 


Solution: 


The graph is shown in [link]. We can see the symmetry about the origin by the positive area above the x- 
axis over [—7r, 0], and the negative area below the x-axis over [0, 7]. We have 
Equation: 


/ —5sinezdz = —5(—cosz)|", 
= 5cosa|",, 

[5cos7] — [5cos (—7)| 

ae 

=0. 


f(x) = 5sin x 


The graph shows areas between a 
curve and the x-axis for an odd 
function. 


Note: 
Exercise: 


2 


Problem: Integrate the function / ada. 
=2 


Solution: 


64 
5 


Hint 


Integrate an even function. 


Key Concepts 


e The net change theorem states that when a quantity changes, the final value equals the initial value plus the 
integral of the rate of change. Net change can be a positive number, a negative number, or zero. 

e The area under an even function over a symmetric interval can be calculated by doubling the area over the 
positive x-axis. For an odd function, the integral over a symmetric interval equals zero, because half the area 
is negative. 


Key Equations 


e Net Change ahearem : 
F(b) = F(a) + : PiG\ded / Pia\e=F 0) =F (6) 


Use basic integration formulas to compute the following antiderivatives of definite integrals. 
Exercise: 


Problem: i (va = <a) ae 


Solution: 


[ (ve-—z) ae = feta — fae - 23/2 + Cy — Qa? + Cy = 3x3/? — 22? +0 


Exercise: 


Problem: i; G = 50") dz 


Exercise: 


dx 
Problem: —— 
22 


Solution: 


dx 
22 


Exercise: 


1 
= =In|z|+C 
5 in|a| 


Problem: / dae dx 
ape 


Exercise: 


Problem: i. (sina — cosx)dx 
0 


Solution: 


/ sineds — [ cosadx = —cosx|j— (sinx)|f = (— (—1) + 1)- (0-0) =2 
0 0 


Exercise: 


1/2 
Problem: / (x — sinz)dx 
0 
Exercise: 
Problem: 


Write an integral that expresses the increase in the perimeter P (s) of a square when its side length s 
increases from 2 units to 4 units and evaluate the integral. 


Solution: 


4 
P(s) =4s,so =4and [ dds = 8. 
2 


Exercise: 
Problem: 
Write an integral that quantifies the change in the area A (s) = s? of a square when the side length doubles 
from S units to 2S units and evaluate the integral. 
Exercise: 
Problem: 
A regular N-gon (an N-sided polygon with sides that have equal length s, such as a pentagon or hexagon) has 


perimeter Ns. Write an integral that expresses the increase in perimeter of a regular N-gon when the length of 
each side increases from 1 unit to 2 units and evaluate the integral. 


Solution: 


2 
/ Nds = N 
1 


Exercise: 


Problem: 


The area of a regular pentagon with side length a > 0 is pa* with p = 1s =F JV 5 + 2v/5. The Pentagon 
in Washington, DC, has inner sides of length 360 ft and outer sides of length 920 ft. Write an integral to 
express the area of the roof of the Pentagon according to these dimensions and evaluate this area. 


Exercise: 
Problem: 
A dodecahedron is a Platonic solid with a surface that consists of 12 pentagons, each of equal area. By how 


much does the surface area of a dodecahedron increase as the side length of each pentagon doubles from 1 
unit to 2 units? 


Solution: 
With p as in the previous exercise, each of the 12 pentagons increases in area from 2p to 4p units so the net 
increase in the area of the dodecahedron is 36p units. 
Exercise: 
Problem: 
An icosahedron is a Platonic solid with a surface that consists of 20 equilateral triangles. By how much does 


the surface area of an icosahedron increase as the side length of each triangle doubles from a unit to 2a 
units? 


Exercise: 
Problem: 


Write an integral that quantifies the change in the area of the surface of a cube when its side length doubles 
from s unit to 2s units and evaluate the integral. 


Solution: 


2s 
18s? = 6 | 2xdx 


Exercise: 
Problem: 
Write an integral that quantifies the increase in the volume of a cube when the side length doubles from s 
unit to 2s units and evaluate the integral. 
Exercise: 
Problem: 


Write an integral that quantifies the increase in the surface area of a sphere as its radius doubles from R unit 
to 2R units and evaluate the integral. 


Solution: 


2R 
127 R? = 8n | rdr 
R 


Exercise: 
Problem: 
Write an integral that quantifies the increase in the volume of a sphere as its radius doubles from R unit to 2R 
units and evaluate the integral. 
Exercise: 
Problem: 


Suppose that a particle moves along a straight line with velocity v (t) = 4 — 2t, where 0 < t < 2 (in meters 
per second). Find the displacement at time t and the total distance traveled up to t = 2. 


Solution: 


t 
a(t) = i v(s)ds = 4t — t?. The total distance is d(2) = 4m. 
0 


Exercise: 

Problem: 

Suppose that a particle moves along a straight line with velocity defined by uv (t) = t? —3t— 18, where 

O < t < 6 (in meters per second). Find the displacement at time ¢ and the total distance traveled up to t = 6. 
Exercise: 

Problem: 


Suppose that a particle moves along a straight line with velocity defined by v(t) = |2t — 6], where 
O < t < 6 (in meters per second). Find the displacement at time t and the total distance traveled up to t = 6. 


Solution: 


t t 
d(t) = / v(s)ds. Fort < 3,d(t) = / (6 — 2t)dt = 6t — t?. For 
0 0 


t 
t>3.d0)=a6) +f (2t — 6)dt = 9 + (t? — 6t)|§. The total distance is d(6) = 18 m. 
3 


Exercise: 
Problem: 
Suppose that a particle moves along a straight line with acceleration defined by a(t) = t — 3, where 


0 < t < 6 (in meters per second). Find the velocity and displacement at time t and the total distance traveled 
up tot = 6 if v(0) = 3 andd(0) = 0. 


Exercise: 
Problem: 
A ball is thrown upward from a height of 1.5 m at an initial speed of 40 m/sec. Acceleration resulting from 


gravity is —9.8 m/sec. Neglecting air resistance, solve for the velocity v (t) and the height h (t) of the ball t 
seconds after it is thrown and before it returns to the ground. 


Solution: 


v(t) = 40 — 9.8tm/sec; h(t) = 1.5 + 40t — 4.9t? m/s 
Exercise: 
Problem: 
A ball is thrown upward from a height of 3 m at an initial speed of 60 m/sec. Acceleration resulting from 


gravity is -9.8 m/sec”. Neglecting air resistance, solve for the velocity v (t) and the height h (t) of the ball ¢ 
seconds after it is thrown and before it returns to the ground. 


Exercise: 
Problem: 


The area A (t) of a circular shape is growing at a constant rate. If the area increases from 47 units to 97 units 
between times t = 2 and ¢ = 3, find the net change in the radius during that time. 


Solution: 


The net increase is 1 unit. 
Exercise: 
Problem: 
A spherical balloon is being inflated at a constant rate. If the volume of the balloon changes from 367 in.° to 


2887 in.* between time t = 30 and t = 60 seconds, find the net change in the radius of the balloon during 
that time. 


Exercise: 
Problem: 
3 
Water flows into a conical tank with cross-sectional area 7x” at height x and volume — up to height x. If 
water flows into the tank at a rate of 1 m?/min, find the height of water in the tank after 5 min. Find the 


change in height between 5 min and 10 min. 


Solution: 


Att = 5, the height of water is z = (aye 


ee ae 


Exercise: 


m.. The net change in height from ¢ = 5 tot = 10 is 


Problem: 


A horizontal cylindrical tank has cross-sectional area A(x) = 4 (6x — «*)m? at height x meters above the 
bottom when x < 3. 


b 
a. The volume V between heights a and b is : A (x)dz. Find the volume at heights between 2 m and 3 
a 


m. 
b. SUED that oil is being pumped into the tank at a rate of 50 L/min. Using the chain rule, 
dz dx 


a=W ae , at how many meters per minute is the height of oil in the tank changing, expressed in 


terms of x, when the height is at x meters? 
c. How long does it take to fill the tank to 3 m starting from a fill level of 2 m? 


Exercise: 
Problem: 
The following table lists the electrical power in gigawatts—the rate at which energy is consumed—used in a 


certain city for different hours of the day, in a typical 24-hour period, with hour 1 corresponding to midnight 
to 1am. 


Hour Power Hour Power 
1 28 13 48 
2 25 14 49 
3 24 15 49 
4 23 16 50 
5 24 17 50 
6 27 18 50 
7 29 19 46 
8 32 20 43 
9 34 21 42 
10 39 22 40 


11 42 23 37 


Hour Power Hour Power 


12 46 24 34 


Find the total amount of energy in gigawatt-hours (gW-h) consumed by the city in a typical 24-hour period. 


Solution: 


The total daily power consumption is estimated as the sum of the hourly power rates, or 911 gW-h. 
Exercise: 


Problem: 


The average residential electrical power use (in hundreds of watts) per hour is given in the following table. 


Hour Power Hour Power 
1 8 13 12 
2 6 14 13 
3 5 15 14 
4 4 16 15 
5 5 17 17 
6 6 18 19 
7 7 19 18 
8 8 20 17 
9 9 21 16 
10 10 22 16 
11 10 23 13 
12 11 24 11 


a. Compute the average total energy used in a day in kilowatt-hours (kWh). 
b. If a ton of coal generates 1842 kWh, how long does it take for an average residence to bum a ton of 
coal? 


c. Explain why the data might fit a plot of the form p(t) = 11.5 — 7.5sin eoay 


Exercise: 


Problem: 


The data in the following table are used to estimate the average power output produced by Peter Sagan for 
each of the last 18 sec of Stage 1 of the 2012 Tour de France. 


Second Watts Second Watts 
1 600 10 1200 
2 500 11 1170 
3 575 12 1125 
4 1050 13 1100 
5 925 14 1075 
6 950 15 1000 
7 1050 16 950 

8 950 17 900 

9 1100 18 780 


Average Power OutputSource: sportsexercisengineering.com 


Estimate the net energy used in kilojoules (kJ), noting that 1W = 1 J/s, and the average power output by 
Sagan during this time interval. 


Solution: 


17 kJ 
Exercise: 


Problem: 


The data in the following table are used to estimate the average power output produced by Peter Sagan for 
each 15-min interval of Stage 1 of the 2012 Tour de France. 


Minutes Watts Minutes Watts 
15 200 165 170 


30 180 180 220 


Minutes Watts Minutes Watts 


45 190 195 140 
60 230 210 225 
75 240 225 170 
90 210 240 210 
105 210 255 200 
120 220 270 220 
135 210 285 250 
150 150 300 400 


Average Power OutputSource: sportsexercisengineering.com 


Estimate the net energy used in kilojoules, noting that 1W = 1 J/s. 
Exercise: 
Problem: 
The distribution of incomes as of 2012 in the United States in $5000 increments is given in the following 
table. The kth row denotes the percentage of households with incomes between $5000zk and 


5000xk + 4999. The row k = 40 contains all households with income between $200,000 and $250,000 and 
k = 41 accounts for all households with income exceeding $250,000. 


0 3.5 21 1.5 
1 4.1 22 1.4 
2 5.9 23 1.3 
3 5.7 24 1.3 
4 5.9 25 1.1 
5 5.4 26 1.0 
6 5.5 27 0.75 
7 5.1 28 0.8 
8 4.8 29 1.0 


10 


11 


12 


13 


14 


15 


16 


17 


18 


19 


20 


4.3 


3.5 


3.7 


3.2 


3.0 


2.8 


2.5 


2.2 


2.2 


1.8 


2.1 


31 


32 


33 


34 


35 


36 


37 


38 


39 


40 


41 


0.6 


0.5 


0.5 


0.4 


0.3 


0.3 


0.3 


0.2 


1.8 


2.3 


Income DistributionsSource: http://www.census.gov/prod/2013pubs/p60-245. pdf 


a. Estimate the percentage of U.S. households in 2012 with incomes less than $55,000. 


b. What percentage of households had incomes exceeding $85,000? 
c. Plot the data and try to fit its shape to that of a graph of the form a (x + c)e 


Solution: 


—b(x+e) 


a. 54.3%; b. 27.00%; c. The curve in the following plot is 2.35 (t + 3)e~015(+3), 


a a oe er 
0 5 10 15 20 25 30 35 40 45* 


Exercise: 


for suitable a, b,c. 


Problem: 


Newton’s law of gravity states that the gravitational force exerted by an object of mass M and one of mass m 
with centers that are separated by a distance ris F = G mi : 


G = 6.67210"! m3/ (kg- s?). The work done by a variable force over an interval [a, b] is defined as 


W= [re F (x)dz. If Earth has mass 5.97219 x 1074 and radius 6371 km, compute the amount of work to 


elevate a polar weather satellite of mass 1400 kg to its orbiting altitude of 850 km above Earth. 

Exercise: 
Problem: 
For a given motor vehicle, the maximum achievable deceleration from braking is approximately 7 m/sec? on 
dry concrete. On wet asphalt, it is approximately 2.5 m/sec’. Given that 1 mph corresponds to 0.447 m/sec, 
find the total distance that a car travels in meters on dry concrete after the brakes are applied until it comes to 


a complete stop if the initial velocity is 67 mph (30 m/sec) or if the initial braking velocity is 56 mph (25 
m/sec). Find the corresponding distances if the surface is slippery wet asphalt. 


Solution: 
In dry conditions, with initial velocity v9 = 30 m/s, D = 64.3 and, if v9 = 25, D = 44.64. In wet 
conditions, if vp = 30, and D = 180 and if vp = 25, D = 125. 
Exercise: 
Problem: 
John is a 25-year old man who weighs 160 lb. He burns 500 — 50¢ calories/hr while riding his bike for t 


hours. If an oatmeal cookie has 55 cal and John eats 4t cookies during the tth hour, how many net calories 
has he lost after 3 hours riding his bike? 


Exercise: 
Problem: 
Sandra is a 25-year old woman who weighs 120 lb. She burns 300 — 50¢ cal/hr while walking on her 


treadmill. Her caloric intake from drinking Gatorade is 100¢ calories during the tth hour. What is her net 
decrease in calories after walking for 3 hours? 


Solution: 


225 cal 

Exercise: 
Problem: 
A motor vehicle has a maximum efficiency of 33 mpg at a cruising speed of 40 mph. The efficiency drops at 
a rate of 0.1 mpg/mph between 40 mph and 50 mph, and at a rate of 0.4 mpg/mph between 50 mph and 80 
mph. What is the efficiency in miles per gallon if the car is cruising at 50 mph? What is the efficiency in 


miles per gallon if the car is cruising at 80 mph? If gasoline costs $3.50/gal, what is the cost of fuel to drive 
50 mi at 40 mph, at 50 mph, and at 80 mph? 


Exercise: 


Problem: 


Although some engines are more efficient at given a horsepower than others, on average, fuel efficiency 
decreases with horsepower at a rate of 1/25 mpg/horsepower. If a typical 50-horsepower engine has an 
average fuel efficiency of 32 mpg, what is the average fuel efficiency of an engine with the following 


horsepower: 150, 300, 450? 


Solution: 


E(150) = 28, E (300) = 22, (450) = 16 


Exercise: 


Problem: [T] The following table lists the 2013 schedule of federal income tax versus taxable income. 


Taxable Income Range 
$0—-$8925 
$8925-$36,250 
$36,250-$87,850 
$87,850-$183,250 
$183,250-$398,350 
$398,350-$400,000 


> $400,000 


The Tax Is ... 
10% 

$892.50 + 15% 
$4,991.25 + 25% 


$17,891.25 + 28% 


$44,603.25 + 33% 


$115,586.25 + 35% 


$116,163.75 + 39.6% 


... Of the Amount Over 
$0 

$8925 

$36,250 

$87,850 

$183,250 

$398,350 


$400,000 


Federal Income Tax Versus Taxable IncomeSource: http://www.irs.gov/pub/irs-prior/i1040tt--2013.pdf. 


Suppose that Steve just received a $10,000 raise. How much of this raise is left after federal taxes if Steve’s 
salary before receiving the raise was $40,000? If it was $90,000? If it was $385,000? 


Exercise: 


Problem: 


[T] The following table provides hypothetical data regarding the level of service for a certain highway. 


Highway Speed Range (mph) 


> 60 


60-57 


Vehicles per Hour per Lane 


< 600 


600-1000 


Density Range (vehicles/mi) 
< 10 


10-20 


Highway Speed Range (mph) Vehicles per Hour per Lane Density Range (vehicles/mi) 


57-54 1000-1500 20-30 
54-46 1500-1900 30-45 
46-30 1900-2100 45-70 
<30 Unstable 70-200 


a. Plot vehicles per hour per lane on the x-axis and highway speed on the y-axis. 

b. Compute the average decrease in speed (in miles per hour) per unit increase in congestion (vehicles per 
hour per lane) as the latter increases from 600 to 1000, from 1000 to 1500, and from 1500 to 2100. 
Does the decrease in miles per hour depend linearly on the increase in vehicles per hour per lane? 

c. Plot minutes per mile (60 times the reciprocal of miles per hour) as a function of vehicles per hour per 
lane. Is this function linear? 


Solution: 


a. 


60 
55 
50 
45 
40 
35 
30 


++} +++ ~ 
0 “600 1000 1400 1800 2200* 


b. Between 600 and 1000 the average decrease in vehicles per hour per lane is —0.0075. Between 1000 and 
1500 it is —0.006 per vehicles per hour per lane, and between 1500 and 2100 it is —0.04 vehicles per hour per 
lane. c. 


0 “600 1000 1400 1800 2200* 


The graph is nonlinear, with minutes per mile increasing dramatically as vehicles per hour per lane reach 
2000. 


For the next two exercises use the data in the following table, which displays bald eagle populations from 1963 to 
2000 in the continental United States. 


Year Population of Breeding Pairs of Bald Eagles 
1963 487 

1974 791 

1981 1188 

1986 1875 

1992 3749 

1996 5094 

2000 6471 


Population of Breeding Bald Eagle PairsSource: http://www.fws.gov/Midwest/eagle/population/chtofprs.html. 


Exercise: 
Problem: 
[T] The graph below plots the quadratic p (t) = 6.48¢? — 80.3 1t + 585.69 against the data in preceding 


table, normalized so that t = 0 corresponds to 1963. Estimate the average number of bald eagles per year 
present for the 37 years by computing the average value of p over [0, 37]. 


(33, 5094) 


(29, 3749) 


5 10 15 20 25 30 35 40* 


Exercise: 
Problem: 
[T] The graph below plots the cubic p(t) = 0.07¢? + 2.42¢? — 25.63¢ + 521.23 against the data in the 


preceding table, normalized so that t = 0 corresponds to 1963. Estimate the average number of bald eagles 
per year present for the 37 years by computing the average value of p over [0, 37]. 


(33, 5094) 


(0, 487) 
(11, 791) 
e 


(23, 1875) 
(18, 1188) 


+ + + + + + + anal 
5 10 15 20 25 30 35 40* 


Solution: 


37 a P 
| p(t)dt = SOUS 5 2A) _ 888) + 591.23 ~ 2037 
0 


Exercise: 


Problem: 


[T] Suppose you go on a road trip and record your speed at every half hour, as compiled in the following 
table. The best quadratic fit to the data is g(t) = 52? — 11x + 49, shown in the accompanying graph. 
Integrate q to estimate the total distance driven over the 3 hours. 


Time (hr) Speed (mph) 


Time (hr) Speed (mph) 


0 (start) 50 

1 40 

2 50 

3 60 
65 


50 (0, 50) (2, 50), 


45 


40 @ (1, 40) 


0 05 115 2 25 3* 


As acar accelerates, it does not accelerate at a constant rate; rather, the acceleration is variable. For the following 
exercises, use the following table, which contains the acceleration measured at every second as a driver merges 
onto a freeway. 


Time (sec) Acceleration (mph/sec) 
ak 11.2 
2 10.6 
3 8.1 
4 5.4 
5 0 
Exercise: 
Problem: 


[T] The accompanying graph plots the best quadratic fit, a (t) = 0.70t? + 1.44¢ + 10.44, to the data from 
the preceding table. Compute the average value of a (t) to estimate the average acceleration between t = 0 
and t = 5. 


0 05 115 2 25 3 35 4 45 5* 


Solution: 
1 : 0.7(5?) 1.44(5) 
Average acceleration is A = +f a (t)dt = 37 +t 5 + 10.44 = 8.2 mph/s 
0 
Exercise: 
Problem: 


[T] Using your acceleration equation from the previous exercise, find the corresponding velocity equation. 
Assuming the final velocity is 0 mph, find the velocity at time t = 0. 


Exercise: 
Problem: 
[T] Using your velocity equation from the previous exercise, find the corresponding distance equation, 


assuming your initial distance is 0 mi. How far did you travel while you accelerated your car? (Hint: You 
will need to convert time units.) 


Solution: 


d(t) = i |v (t)|dt = ia (a5 — 0.72t? — 10.44¢ + 11.033) dt = a t* — 0.24¢? — 5.22? + 41.033¢. 
Then, d(5) + 81.12 mph x sec ~ 119 feet. 
Exercise: 
Problem: 
[T] The number of hamburgers sold at a restaurant throughout the day is given in the following table, with 
the accompanying graph plotting the best cubic fit to the data, b(t) = 0.12? — 2.13¢? + 12.13¢ + 3.91, 


with t = 0 corresponding to 9 a.m. and t = 12 corresponding to 9 p.m. Compute the average value of b (t) 
to estimate the average number of hamburgers sold per hour. 


Hours Past Midnight No. of Burgers Sold 


9 3 


Hours Past Midnight No. of Burgers Sold 


12 28 
15 20 
18 30 
21 45 


0 2 4 6 8 10 12% 


Exercise: 
Problem: 
[T] An athlete runs by a motion detector, which records her speed, as displayed in the following table. The 


best linear fit to this data, £ (t) = —0.068¢ + 5.14, is shown in the accompanying graph. Use the average 
value of £(t) between t = 0 and t = 40 to estimate the runner’s average speed. 


Minutes Speed (m/sec) 
0 5 

10 4.8 

20 3.6 

30 3.0 


40 2.5 


0 5 10 15 20 25 30 35 40% 


Solution: 


40 
10 / (—0.068¢ + 5.14)dt = — 9.06800) + 5.14 = 3.78m/sec 


Glossary 


net change theorem 
if we know the rate of change of a quantity, the net change theorem says the future quantity is equal to the 
initial quantity plus the integral of the rate of change of the quantity 


Substitution 


¢ Use substitution to evaluate indefinite integrals. 
¢ Use substitution to evaluate definite integrals. 


The Fundamental Theorem of Calculus gave us a method to evaluate integrals without 
using Riemann sums. The drawback of this method, though, is that we must be able to 
find an antiderivative, and this is not always easy. In this section we examine a 
technique, called integration by substitution, to help us find antiderivatives. 
Specifically, this method helps us find antiderivatives when the integrand is the result 
of a chain-rule derivative. 


At first, the approach to the substitution procedure may not appear very obvious. 
However, it is primarily a visual task—that is, the integrand shows you what to do; it 
is a matter of recognizing the form of the function. So, what are we supposed to see? 
We are looking for an integrand of the form f [g (a)|g’(x)dz. For example, in the 


integral / (2° — 3) 2xda, we have f(x) = x3, g(x) = x? — 3, and g(x) = 22. 


Then, 
Equation: 


f [9 («)|g'(x) = («? — 3)” (22), 


and we see that our integrand is in the correct form. 


The method is called substitution because we substitute part of the integrand with the 
variable u and part of the integrand with du. It is also referred to as change of 
variables because we are changing variables to obtain an expression that is easier to 
work with for applying the integration rules. 


Note: 

Substitution with Indefinite Integrals 

Let wu = g(a), , where g’(z) is continuous over an interval, let f (a) be continuous 
over the corresponding range of g, and let F(x) be an antiderivative of f(a). Then, 
Equation: 


Proof 


Let f, g, u, and F be as specified in the theorem. Then 
Equation: 


Integrating both sides with respect to x, we see that 
Equation: 


[ tlo@o'@dx = F (g(@) +. 


If we now substitute u = g(x), and du = gi(x)dz, we get 
Equation: 


i, flo@)le(@)de = i f (u)du 
=F(u)+C 


= F(g(2)) +. 


Returning to the problem we looked at originally, we let u = x? — 3 and then 
du = 2xdz. Rewrite the integral in terms of u: 


Equation: 
3 
[@ — 3) (2adzx) = [esau 


uU du 


Using the power rule for integrals, we have 
Equation: 


4 
[eu=P+e. 


Substitute the original expression for x back into the solution: 
Equation: 


wg. e-3) 
7 te=—{7 +6. 


We can generalize the procedure in the following Problem-Solving Strategy. 


Note: 
Problem-Solving Strategy: Integration by Substitution 


1. Look carefully at the integrand and select an expression g (a) within the 
integrand to set equal to u. Let’s select g (a). such that g’(a) is also part of the 
integrand. 

2. Substitute u = g(x) and du = g'(x)dz. into the integral. 

. We should now be able to evaluate the integral with respect to u. If the integral 
can’t be evaluated we need to go back and select a different expression to use as 
u. 

4. Evaluate the integral in terms of u. 

5. Write the result in terms of x and the expression g (x). 


WW 


Example: 
Exercise: 


Problem: 
Using Substitution to Find an Antiderivative 


Use substitution to find the antiderivative / 6x (32? + 4) ahs. 


Solution: 
The first step is to choose an expression for u. We choose u = 3a? + 4 because 
then du = 6adz, and we already have du in the integrand. Write the integral in 


terms of u: 
Equation: 


[se(30? =- 4) “dx = [tau 


Remember that du is the derivative of the expression chosen for u, regardless of 
what is inside the integrand. Now we can evaluate the integral with respect to u: 
Equation: 


[ota =£1¢ 
Sep ee 


Analysis 


We can check our answer by taking the derivative of the result of integration. We 
should obtain the integrand. Picking a value for C of 1, we let 


y = = (3a? + 4)° + 1. We have 
Equation: 


(Gk aba fa, 


oul 


Y= 


sO 
Equation: 


j= (=)5 (32? +4) "6x 
= 6x (3x? + 4)*. 


This is exactly the expression we started with inside the integrand. 


Note: 
Exercise: 


Problem: Use substitution to find the antiderivative i 3x? (ee — 3) * de. 


Solution: 
ele — 3) "dex = mace _ ay +C 
Hint 


Letu = 2° — 3. 


Sometimes we need to adjust the constants in our integral if they don’t match up 
exactly with the expressions we are substituting. 


Example: 
Exercise: 


Problem: 
Using Substitution with Alteration 


Use substitution to find / Ay z* — 5dz. 


Solution: 


Rewrite the integral as / Zee — 5) e *dz. Let u = z? — 5 and du = 2zdz. 


Now we have a problem because du = 2z dz and the original expression has 
only z dz. We have to alter our expression for du or the integral in u will be 
twice as large as it should be. If we multiply both sides of the du equation by +. 
we can solve this problem. Thus, 

Equation: 


wu =27-5 
du =2zdz 
$du = 4+(2z)dz = zdz. 


Write the integral in terms of u, but pull the + outside the integration symbol: 
Equation: 
1 
fee = 5) de =o. [Pau 


Integrate the expression in u: 


Equation: 
1 1/2 La Mies 
pf uid = ($) z +C 
= (4) (3)? +0 
143/24 
1 3/2 
3 2 5) + C 
Note: 
Exercise: 


Problem: Use substitution to find H x? & + 5) Caan 


Solution: 


(a3+5) a 
30 


Hint 


re 


Multiply the du equation by = 


Example: 
Exercise: 


Problem: 
Using Substitution with Integrals of Trigonometric Functions 


sint 
cost 


Use substitution to evaluate the integral i 


Solution: 


We know the derivative of cost is —sint, so we set u = cost. Then 


du = —sintdt. Substituting into the integral, we have 
Equation: 
sint du 
[e--[S. 
cos*t us 
Evaluating the integral, we get 
Equation: 


d 
ary ee =~ fata 
Ne 


=-(-Hw? +e. 


Putting the answer back in terms of t, we get 


Equation: 
sint 1 
[ee = ee 
ee ah 
~ Qcos2t ay C. 
Note: 


Exercise: 


cost 
Problem: Use substitution to evaluate the integral / dt. 
sin*t 
Solution: 
1 
 sint aa C 
Hint 


Use the process from [link] to solve the problem. 


Sometimes we need to manipulate an integral in ways that are more complicated than 
just multiplying or dividing by a constant. We need to eliminate all the expressions 
within the integrand that are in terms of the original variable. When we are done, u 
should be the only variable in the integrand. In some cases, this means solving for the 
original variable in terms of u. This technique should become clear in the next 
example. 


Example: 
Exercise: 


Problem: 
Finding an Antiderivative Using u-Substitution 


x 
Use substitution to find the antiderivative / SSS as. 
xz—1 


Solution: 


If we let u = x — 1, then du = dz. But this does not account for the x in the 
numerator of the integrand. We need to express x in terms of u. If w= x — 1, 
then zc = w+ 1. Now we can rewrite the integral in terms of u: 

Equation: 


[S# = [ “Za 
= | var Tae 


= [ (er sut?)au, 


Then we integrate in the usual way, replace u with the original expression, and 
factor and simplify the result. Thus, 
Equation: 


[ (et +u?)au = 243/24 Qul/?24+C 


= Be aL) Me =r HG 


Note: 
Exercise: 


Problem: Use substitution to evaluate the indefinite integral / cos*tsint dt. 


Solution: 


4 
— ie C 
Hint 


Use the process from [link] to solve the problem. 


Substitution for Definite Integrals 


Substitution can be used with definite integrals, too. However, using substitution to 
evaluate a definite integral requires a change to the limits of integration. If we change 
variables in the integrand, the limits of integration change as well. 


Note: 

Substitution with Definite Integrals 

Let wu = g(a) and let g’ be continuous over an interval [a, b], and let f be continuous 
over the range of u = g(x). Then, 

Equation: 


b g(b) 
i FGlaje @ye = / Pane 


Although we will not formally prove this theorem, we justify it with some calculations 
here. From the substitution rule for indefinite integrals, if F' (x) is an antiderivative of 
f (x), we have 

Equation: 


Then 
Equation: 


and we have the desired result. 


Example: 
Exercise: 


Problem: 
Using Substitution to Evaluate a Definite Integral 


1 
one 5 
Use substitution to evaluate / x (1 + 20 aa. 
0 


Solution: 
Let u = 1+ 2x3, so du = 6x7dz. Since the original function includes one 
factor of x? and du = 6x*dz, multiply both sides of the du equation by 1/6. 
Then, 
Equation: 

du = 6x7dx 


-du — gdz. 


To adjust the limits of integration, note that when x = 0,u = 14 2(0) = 1, 
and when x = 1,u=1+42(1) =3. Then 


Equation: 
1 : 1 P73 
/ x* (1+ 22°) p= = / udu. 
0 6 i 


Evaluating this expression, we get 


Equation: 
ie ies 1 
6 i, wdu = (5 


Note: 
Exercise: 


0 
Problem: Use substitution to evaluate the definite integral fl y(2y? = 3) ° dy. 
=i 


Solution: 


91 
3 
Hint 


Use the steps from [link] to solve the problem. 


Example: 
Exercise: 


Problem: 
Using Substitution with an Exponential Function 


1 
Q 5 2 
Use substitution to evaluate | ze** dx. 
0 


Solution: 


Let u = 4x? + 3. Then, du = 8xdz. To adjust the limits of integration, we note 
that when x = 0, u = 3, and when x = 1, u = 7. So our substitution gives 


Equation: 
1 ; 7 
/ re dr = +f edu 
0 3 


wack 


d 


134.568. 


Note: 


Exercise: 


1 
T 
Problem: Use substitution to evaluate / x°cos (=2°) dz. 
0 


Solution: 
Zoe 
ae O-2122 


Hint 


Use the process from [link] to solve the problem. 


Substitution may be only one of the techniques needed to evaluate a definite integral. 
All of the properties and rules of integration apply independently, and trigonometric 
functions may need to be rewritten using a trigonometric identity before we can apply 
substitution. Also, we have the option of replacing the original expression for u after 
we find the antiderivative, which means that we do not have to change the limits of 
integration. These two approaches are shown in [link]. 


Example: 
Exercise: 


Problem: 
Using Substitution to Evaluate a Trigonometric Integral 


m/2 
Use substitution to evaluate / cos?6 dé. 
0 


Solution: 


Let us first use a trigonometric identity to rewrite the integral. The trig identity 
cos?6 = a allows us to rewrite the integral as 
Equation: 


m/2 m/2 
/ SES / Ena) 
0 0 2 


Then, 
Equation: 


1/2 1/2 
i; (=) as =| (= + 500520) ao 
: 3 as 


m/2 1/2 
+ i d+ + / cos 2640. 
0 0 


We can evaluate the first integral as it is, but we need to make a substitution to 
evaluate the second integral. Let w = 20. Then, du = 2d, or 5du = dé. Also, 
when 6 = 0, u = 0, and when 6 = 7/2, u = zm. Expressing the second integral 
in terms of u, we have 

Equation: 


m/2 1 m/2 
a dé + >i cos 20d6 
0 2 Jo 


II 
role 
Sea 

=e 
bo 
Qu. 
S 
a 
tol 
a 
|e 
Se 
— 
a 
(e) 
NM 
5 
e 


Key Concepts 


¢ Substitution is a technique that simplifies the integration of functions that are the 
result of a chain-rule derivative. The term ‘substitution’ refers to changing 
variables or substituting the variable u and du for appropriate expressions in the 
integrand. 

e When using substitution for a definite integral, we also have to change the limits 
of integration. 


Key Equations 


¢ Substitution with Indefinite Integrals 


/ fle @)le'@)az = i f(u)du = F (u) +C =F (g(2)) +C 


¢ Substitution with Definite aad 


[soe g(x ade = fi f (u)du 


Exercise: 


Problem: Why is u-substitution referred to as change of variable? 
Exercise: 


Problem: 


2. If f = g oh, when reversing the chain rule, £(g oh)(x) = g'(h(x))h'(2x), 
should you take u = g(x) oru = h(a)? 


Solution: 


w=he) 


In the following exercises, verify each identity using differentiation. Then, using the 


indicated u-substitution, identify f such that the integral takes the form / f (u)du 


Exercise: 


Problem: [ove ld 2 (# +1)? (32 —2)+Cyu=a+4+1 


Exercise: 


Problem: 


2 
x 
Fore > 1: f dx = +72 —1(32?2?+4¢+8)+Cy;u=a2—-1 
aa? F ( ) 


Solution: 


f(u)= 82> 


Exercise: 


Problem: [ev Ax? + 9dx = < (40? 9) - +C;u= 42749 


Exercise: 
1 
Problem: [== = —V40? +94 C;u = 427 +9 
/4x2 + 9 4 
Solution: 


du= rages (u)= ae 


Exercise: 


il 


x 
Problem: ——_ dz = t= 4 at) 
roblem ree x 8(4n2 + 9) U Oo 


In the following exercises, find the antiderivative using the indicated substitution. 
Exercise: 


Problem: Jo +1)*dz;u=a+1 


Solution: 


4(2+1)?+C 


Exercise: 


Problem: Jo —1)’da;u=a2-1 
Exercise: 

Problem: [ox — 3) ‘desu = 22-3 

Solution: 


1 | 
12(3—22)° | 


Exercise: 


Problem: / (32 — 2) "'da;u = 32 —2 


Exercise: 


Problem: [Rae =274+1 
Vz2+1 


Solution: 


z27+14+C 


Exercise: 


Problem: [Sa =1-2? 
V1— x? 
Exercise: 
Problem: [oe —1)(2? - 2x) da; u = g7? — 2 


Solution: 


= (2? 205) aC 


Exercise: 


Problem: / (a? — 22) (a? — 32°) da; u= 2°32? 
Exercise: 
Problem: | os*eat u = sin (Hint: cos?@ = 1 — sin?6) 


Solution: 


° in? 
sind — 22 4C 


Exercise: 


Problem: [sn°eao, u = cos@ (Hint: sin? = 1 — cos?6) 


In the following exercises, use a suitable change of variables to determine the 
indefinite integral. 
Exercise: 


Problem: lee — 2) da 


Solution: 
(1—a)'" (1—a)'”° 
101  ~©~——:100 
Exercise: 


Problem: ie — t?) "dt 


Exercise: 


Problem: ie — 7) dx 


Solution: 
—2 23-5 1 
f (11a — 7) “dx = Bana aaa O 
Exercise: 


Problem: [ie —11)*dz 


Exercise: 
Problem: i cos*sin6d0 


Solution: 


my cos" Rare, 


Exercise: 


Problem: i sin’ @cos6d6 


Exercise: 
Problem: / cos? (xt)sin (xt)dt 


Solution: 


cos? (rt) 
See aC 


TT 


Exercise: 


Problem: [ sn?ecos'eds (Hint: sin?x + cos*x = 1) 


Exercise: 
Problem: / tsin (t?) cos (t?) dt 


Solution: 
—+ cos? (t?) + C 


Exercise: 
Problem: [cos (¢*) sin (t°) dt 


Exercise: 


2? 
Problem: / = 
(x3 — 3) 


Solution: 


1 
~ 3(a@3—3) + 


Exercise: 


Problem: / 24; 
V1— x2 


Exercise: 


Problem: era 
an“ 


Solution: 


_ 2(y?—2) —2) 


3,/1-y3 ye 


Exercise: 


99 
Problem: / cos@(1—cos@) sinéd0 


Exercise: 


10 
Problem: (1 _ cos*6) cos’@sin 6d0 


Solution: 


35 (1- cos?0) +C 


Exercise: 


Problem: / (cos@ — 1)(cos*0 — 2cos@) *sin0d0 


Exercise: 
Problem: i (sin?0 — 2sin 0) (sin*0 — 3sin”6) ‘cos 6dé 


Solution: 


4 (sin3@ — 3sin20)* + C 


In the following exercises, use a calculator to estimate the area under the curve using 
left Riemann sums with 50 terms, then use substitution to solve for the exact answer. 
Exercise: 


Problem: [T] y = 3(1 — x)” over 0, 2] 
Exercise: 

Problem: [T] y = a(1 — x)° over [—1, 2] 

Solution: 


Ls9 = —8.5779. The exact area is <= 


Exercise: 


Problem: [T] y = sinz(1 — cosz)” over [0, 7] 


Exercise: 


eat over [—1, 1] 


Problem: [T] y = ' 


Solution: 


Ls59 = —0.006399 ... The exact area is 0. 


In the following exercises, use a change of variables to evaluate the definite integral. 
Exercise: 


1 =a 
Problem: / a1 — g*dzx 
0 


Exercise: 


1 
L 
Problem: / ———- dz 
0 Wap a? 


Solution: 


2 
= 1+2%,du=20dz, 3 f udu = V/2—-1 


1 
Exercise: 


2 t2 
Problem: | —— ———at 
0 J5+e 


Exercise: 


1 t2 
Problem: i —_— dt 
0 V¥1+8 


Solution: 


2 
u=1+t8du=3¢at,} | udu = 
1 


Exercise: 


1/4 
Problem: / sec”Otan 6d0 
0 


Exercise: 
7/4 sin@ 
Problem 
9  cos*é 
Solution: 


1 
u ‘du = 


u = cos0, du = -sinodd, | 
1//2 


2) 


Lo3-) 


In the following exercises, evaluate the indefinite integral / f (x)dx with constant 


C' = 0 using u-substitution. Then, graph the function and the antiderivative over the 
indicated interval. If possible, estimate a value of C that would need to be added to the 


antiderivative to make it equal to the definite integral F' (x) = / f (t)dt, with a the 


left endpoint of the given interval. 


Exercise: 


Problem: [T] [ex + 1)e* +* dz over [—3, 2 


Exercise: 


cos (In (2z)) dex on (0,21 


Problem: [T] | 


Solution: 


Ys F(x) = sin(In(2x)) 


The antiderivative is y = sin (In (2z)). Since the antiderivative is not continuous 
at = 0, one cannot find a value of C that would make y = sin (In (2x)) — C 
work as a definite integral. 


Exercise: 


327 +2 1 
Problem: ni | yy, eee dx over |—1, 2] 


ee+a%7+a+4 


Exercise: 


sin en 
Problem: [T] / pe dx over as q| 
Solution: 
y 
8 


—__ sin(x) 
~ cos(x)° 


The antiderivative is y = + sec?a. You should take C' = —2 so that 
F(-4)=0. 


Exercise: 


Problem: [T] [oe + De ee dy over [—5, 1] 


Exercise: 


Problem: [T] / 3x7 / 2x3 + Ida over (0, 1] 


Solution: 


f(x) = 3x2 2x8 + 1 


02040608 1% 


F(x) = =(2x8 + 1)32 


02040608 1%* 


The antiderivative is y = + (2x2 + 1) a * One should take C = —+. 


Exercise: 


Problem: 


b 
If h(a) = h(b) in / g!(h (x))h (x)dx, what can you say about the value of 
the integral? 
Exercise: 


Problem: 


2 
Is the substitution u = 1 — x? in the definite integral / i dx okay? If 
0 


2 
—2 
not, why not? 


Solution: 


No, because the integrand is discontinuous at x = 1. 


In the following exercises, use a change of variables to show that each definite 
integral is equal to zero. 
Exercise: 


Problem: / cos” (20)sin (20)d6 
0 
Exercise: 
NG 
Problem: i tcos (t”) sin (t*) dt 
0 
Solution: 


0 
u = sin (t”); the integral becomes + ] udu. 
0 


Exercise: 


1 
Problem: / (1 — 2t)dt 
0 


Exercise: 


1 —2¢ 


1 
Problem: / ——_—_—_—-dt 
> (1+(¢-4)) 


Solution: 
: 5/4 4 
uU= (1 = (t — =) i the integral becomes -{ —du. 
5/4. U 
Exercise: 
ee T\3 T 
Problem: sin (t — =) cos (t — = )at 
0 2 2 
Exercise: 


2 
Problem: / (1 — t)cos (xt)dt 
0 


Solution: 


u = 1 — ¢; the integral becomes 


[ eee tah a 


= 
= if u [cosmcos7u — sin7sin tuldu 
1 


aa 
= -{ ucosTudu 
1 


1 

a ucostudu = 0 
-1 

since the integrand is odd. 


Exercise: 


31/4 
Problem: / sin’tcostdt 
1/4 
Exercise: 
Problem: 


Show that the average value of f (a) over an interval |a, b] is the same as the 
average value of f (ca) over the interval (=, 4 forc > 0. 


Solution: 


Setting w = cx and du = cdz gets you 


b/c u=b 1 b 
ote} flcx)de = — f(u) = }, Cait: 
¢ 6 Jose b-—a Juxa Cc b-—a J, 
Exercise: 
Problem: 


Find the area under the graph of f (t) = Tey between ¢ = 0 and ¢t = z where 
a > Oanda F 1 is fixed, and evaluate the limit as x — oo. 
Exercise: 


Problem: 


Find the area under the graph of g (t) = Tey between ¢ = 0 andt = z, where 
0< 2 < _landa > Ois fixed. Evaluate the limit as x — 1. 


Solution: 

: lL ge du 1 l-a 1 1 2\1-a 
i g (t)dt = 9 [.. ye -2(1-a) Uo u=l-a? ~ 3a) (1 = (1 ae ) ). 
As x — | the limit is ae) if a < 1, and the limit diverges to +~ifa > 1. 


Exercise: 


Problem: 


je 
The area of a semicircle of radius 1 can be expressed as : J 1 — x2dz. Use 
=f 


the substitution z = cost to express the area of a semicircle as the integral of a 
trigonometric function. You do not need to compute the integral. 


Exercise: 


Problem: 


The area of the top half of an ellipse with a major axis that is the x-axis from 
x = ato aand with a minor axis that is the y-axis from y = —b to b can be 


a 2 
written as / o/ 1 — —;dz. Use the substitution « = acost to express this 
= a 


area in terms of an integral of a trigonometric function. You do not need to 
compute the integral. 


Solution: 


0 T 
/ b/1 — cost x (—asint)dt = / absin*tdt 
t t 


ie =0 


Exercise: 


Problem: 


[T] The following graph is of a function of the form 
f(t) = asin(nt) + bsin(mt). Estimate the coefficients a and b, and the 


frequency parameters n and m. Use these estimates to approximate / f (t)dt. 
0 


Exercise: 


Problem: 


[T] The following graph is of a function of the form 
f (x) = acos (nt) + bcos (mt). Estimate the coefficients a and b and the 


frequency parameters n and m. Use these estimates to approximate / f (t)dt. 
0 


Solution: 


m/2 
f (t) = 2cos (3t) — cos (2; f (2cos (3t) — cos (2¢)) = -3 


Glossary 


change of variables 
the substitution of a variable, such as u, for an expression in the integrand 


integration by substitution 
a technique for integration that allows integration of functions that are the result 
of a chain-rule derivative 


Integrals Involving Exponential and Logarithmic Functions 


e Integrate functions involving exponential functions. 
e Integrate functions involving logarithmic functions. 


Exponential and logarithmic functions are used to model population 
growth, cell growth, and financial growth, as well as depreciation, 
radioactive decay, and resource consumption, to name only a few 
applications. In this section, we explore integration involving exponential 
and logarithmic functions. 


Integrals of Exponential Functions 


The exponential function is perhaps the most efficient function in terms of 
the operations of calculus. The exponential function, y = e”, is its own 
derivative and its own integral. 


Note: 
Rule: Integrals of Exponential Functions 
Exponential functions can be integrated using the following formulas. 


Equation: 
/ e* dz 


fea a 2 AG 


Ina 


e*+C 


Example: 
Exercise: 


Problem: 
Finding an Antiderivative of an Exponential Function 


Find the antiderivative of the exponential function e *. 


Solution: 


Use substitution, setting wu = —x, and then du = —1dz. Multiply the 
du equation by —1, so you now have —du = dz. Then, 


Equation: 

[eva = [eta 
=-—e"+C 
rs en OF 

Note: 
Exercise: 

Problem: 

Find the antiderivative of the function using substitution: eee 

Solution: 

2-22 1 ae 
ze “ dx = ——e He: 

Hint 


Let u equal the exponent on e. 


A common mistake when dealing with exponential expressions is treating 
the exponent on e the same way we treat exponents in polynomial 
expressions. We cannot use the power rule for the exponent on e. This can 


be especially confusing when we have both exponentials and polynomials 
in the same expression, as in the previous checkpoint. In these cases, we 
should always double-check to make sure we’re using the right rules for the 
functions we’re integrating. 


Example: 
Exercise: 


Problem: 
Square Root of an Exponential Function 


Find the antiderivative of the exponential function e* V1 + e*. 
Solution: 


First rewrite the problem using a rational exponent: 
Equation: 


[evi + edn = [ea +e?) dz. 


Using substitution, choose u = 1 + e*.u = 1+ e”. Then, 
du = e* dz. We have ([link]) 
Equation: 


fea +e*) dz = [eau 


Then 
Equation: 


[etd a eG = a Pg = 2a +e"? 40. 
3/2 3 3 


f(x) = e*v1 + e& 


The graph shows an exponential 
function times the square root of an 
exponential function. 


Note: 
Exercise: 


Problem: Find the antiderivative of e”(3e” — 2)”. 


Solution: 
9D x 2 — 1 9B 3 
e*(3e" — 2)*dz = 9 (8 — 2) 
Hint 


Let u = 3e” — 2u = 3e” — 2. 


Example: 
Exercise: 


Problem: 
Using Substitution with an Exponential Function 


. . . ° . . 3 
Use substitution to evaluate the indefinite integral / 307e7* dz. 


Solution: 


Here we choose to let u equal the expression in the exponent on e. Let 
u = 2x3 and du = 6x7dz.. Again, du is off by a constant multiplier; 
the original function contains a factor of 3x2, not 6x*. Multiply both 
sides of the equation by + so that the integrand in u equals the 
integrand in x. Thus, 


Equation: 
1 
[sore ax = = [etd 


Integrate the expression in u and then substitute the original 
expression in x back into the u integral: 
Equation: 


1 Ps al 1 3 
= du = —e"+C = —e** ‘Gx 
= fe UW eat me Sr 


Note: 
Exercise: 


Problem: Evaluate the indefinite integral | 2x%e* dz. 


Solution: 


As mentioned at the beginning of this section, exponential functions are 
used in many real-life applications. The number e is often associated with 
compounded or accelerating growth, as we have seen in earlier sections 
about the derivative. Although the derivative represents a rate of change or 
a growth rate, the integral represents the total change or the total growth. 
Let’s look at an example in which integration of an exponential function 
solves a common business application. 


A price—demand function tells us the relationship between the quantity of a 
product demanded and the price of the product. In general, price decreases 
as quantity demanded increases. The marginal price—demand function is the 
derivative of the price-demand function and it tells us how fast the price 
changes at a given level of production. These functions are used in business 
to determine the price—elasticity of demand, and to help companies 
determine whether changing production levels would be profitable. 


Example: 
Exercise: 


Problem: 
Finding a Price-Demand Equation 


Find the price-demand equation for a particular brand of toothpaste at 
a supermarket chain when the demand is 50 tubes per week at $2.35 
per tube, given that the marginal price—demand function, p'(x), for x 
number of tubes per week, is given as 

Equation: 


pi(x) = —0.015e °°", 


If the supermarket chain sells 100 tubes per week, what price should it 
set? 


Solution: 


To find the price—demand equation, integrate the marginal price— 
demand function. First find the antiderivative, then look at the 
particulars. Thus, 

Equation: 


Ss 
& 


i —0.015e° 0"! dx 


—0.015 / en Ul da. 


| 


Using substitution, let « = —0.01a” and du = —0.01dz. Then, divide 
both sides of the du equation by —0.01. This gives 


Equation: 
—— [eva = 15 fetdu 


= 1.5e%+C 
= ene ees 


The next step is to solve for C. We know that when the price is $2.35 
per tube, the demand is 50 tubes per week. This means 
Equation: 


p(50) =1.5e—%9160) 4 ¢ 
= 2.35. 


Now, just solve for C: 


Equation: 
C9235 — 156 
— 2.35 — 0.91 
= 144. 
Thus, 
Equation: 


p(x) = 1.5e °°! + 1.44. 


If the supermarket sells 100 tubes of toothpaste per week, the price 
would be 
Equation: 


CMO) = ye 2 all ae Nye | ae ey 1) 


The supermarket should charge $1.99 per tube if it is selling 100 tubes 
per week. 


Example: 
Exercise: 


Problem: 
Evaluating a Definite Integral Involving an Exponential Function 


2 
Evaluate the definite integral / eda. 
1 


Solution: 


Again, substitution is the method to use. Let u = 1 — 2, so 
du — —l1dz or —du = dz. Then [era = — [eva Next, 


change the limits of integration. Using the equation w = 1 — z, we 
have 
Equation: 


eh —0 
u=1-(2)=-1. 


The integral then becomes 


Equation: 
2 | 
[eras =-f e“du 
1 0 


7 ee, 
=e? (e) 
=e bi, 


See [link]. 


The indicated area can be 
calculated by evaluating a definite 
integral using substitution. 


Note: 
Exercise: 


2 
Problem: Evaluate / et dr. 
0 


Solution: 


4 
if Ct ae 
0 


Hint 


(c* -1) 


role 


eri = 27. 


Example: 
Exercise: 


Problem: 
Growth of Bacteria in a Culture 


Suppose the rate of growth of bacteria in a Petri dish is given by 

q(t) = 3°, where t is given in hours and q(t) is given in thousands of 
bacteria per hour. If a culture starts with 10,000 bacteria, find a 
function Q(t) that gives the number of bacteria in the Petri dish at any 
time t. How many bacteria are in the dish after 2 hours? 


Solution: 


We have 
Equation: 


Then, at t = 0 we have Q(0) = 10 = jy +C,s0C = 9.090 and 
we get 
Equation: 

t 


3 
Q(t) = —~ + 9.090. 
In3 


At time t = 2, we have 
Equation: 
32 
Q(2) = — + 9.090 
In3 
Equation: 


= 17.282. 


After 2 hours, there are 17,282 bacteria in the dish. 


Note: 
Exercise: 


Problem: 


From [link], suppose the bacteria grow at a rate of q(t) = 2’. Assume 
the culture still starts with 10,000 bacteria. Find Q(t). How many 
bacteria are in the dish after 3 hours? 


Solution: 


ee) = = + 8.557. There are 20,099 bacteria in the dish after 3 
hours. 


Hint 


Use the procedure from [link] to solve the problem. 


Example: 
Exercise: 


Problem: 
Fruit Fly Population Growth 


Suppose a population of fruit flies increases at a rate of 
g(t) = 2e°°*", in flies per day. If the initial population of fruit flies is 
100 flies, how many flies are in the population after 10 days? 


Solution: 
Let G (t) represent the number of flies in the population at time t. 


Applying the net change theorem, we have 
Equation: 


10 
Gill) 4 (0) / 26° dt 
0 


= 100 + [2,400] |"° 


= 100 + [100e%*] |" 


— 100 + 100e9-? — 100 
ll 


There are 122 flies in the population after 10 days. 


Note: 
Exercise: 


Problem: 


Suppose the rate of growth of the fly population is given by 
g(t) = e°-'*, and the initial fly population is 100 flies. How many 
flies are in the population after 15 days? 


Solution: 


There are 116 flies. 
Hint 


Use the process from [link] to solve the problem. 


Example: 
Exercise: 


Problem: 


Evaluating a Definite Integral Using Substitution 


2 
Evaluate the definite integral using substitution: / —, de. 
il 46 


Solution: 

This problem requires some rewriting to simplify applying the 
properties. First, rewrite the exponent on e as a power of x, then bring 
the x* in the denominator up to the numerator using a negative 


exponent. We have 
Equation: 


Let u = 2 |, the exponent on e. Then 
Equation: 


du =—2x 7dzx 


—du =x ?dxz. 


Bringing the negative sign outside the integral sign, the problem now 


reads 
— / e“du. 


Equation: 
Next, change the limits of integration: 
Equation: 


|| 
— 
LW) 
—— 
ur 
| 
No 


Notice that now the limits begin with the larger number, meaning we 
must multiply by —-1 and interchange the limits. Thus, 


Equation: 
i 1 
— / e“du = / edu 
1 1/2 
1 
= e"l iy 
eee le 
=e-/e. 
Note: 
Exercise: 
Problem: 


2 
1 -2 
Evaluate the definite integral using substitution: / ee da, 
1 @& 


Solution: 


; 1 4a? 1 4 
i Se dx = +|e —e| 


Hint 


Let u = 4272. 


Integrals Involving Logarithmic Functions 


Integrating functions of the form f (xz) = x~ result in the absolute value 
of the natural log function, as shown in the following rule. Integral formulas 
for other logarithmic functions, such as f(z) = Inz and f(x) = log, 2, are 
also included in the rule. 


Note: 

Rule: Integration Formulas Involving Logarithmic Functions 

The following formulas can be used to evaluate integrals involving 
logarithmic functions. 


Equation: 
[era = Im jaar ©. 
[reac = gle—x#+C=2(Inz-1)4+C 
[re dx = 7 (Inz-1)+C 
Example: 
Exercise: 
Problem: 


Finding an Antiderivative Involving ln x 


Find the antiderivative of the function —— 


Solution: 


First factor the 3 outside the integral symbol. Then use the u'! rule. 
Thus, 


Equation: 


du 
=f jj == 

u 
= 3ln |u| +C 


== vil ge = 10) <2 (Cae se IO. 


See [link]. 


The domain of this function is 
ie (0) 


Note: 
Exercise: 


Problem: Find the antiderivative of = 


Solution: 
lla 2, © 
Hint 


Follow the pattern from [link] to solve the problem. 


Example: 
Exercise: 


Problem: 
Finding an Antiderivative of a Rational Function 


223432 
43a? * 


Find the antiderivative of 
Solution: 


This can be rewritten as / ia + ae) (ee - 30.) Tak, Use 


substitution. Let u = x* + 3x7, then du = 4x? + 6z. Alter du by 
factoring out the 2. Thus, 
Equation: 


| 


du (42° + 62) dz. 
= 2(2x3+4 3x)dz 


+ du = (223 = 3x) dz. 


Rewrite the integrand in u: 
Equation: 


/ (2a. + 3x) (Ee ae 32”) th = = [edu 


Then we have 


Equation: 
b fw 'du = $ln|u|+C 
= $ln \x* ++ 327 | +C. 
Example: 
Exercise: 
Problem: 


Finding an Antiderivative of a Logarithmic Function 


Find the antiderivative of the log function log,z. 


Solution: 


Follow the format in the formula listed in the rule on integration 
formulas involving logarithmic functions. Based on this format, we 
have 


Equation: 
log,adx = —~(Inz —1)+C 
=S= = ((lhage — 3 
og, rdx m2 
Note: 
Exercise: 


Problem: Find the antiderivative of log,z. 


Solution: 


Alia = 1) ES 


Hint 


Follow [link] and refer to the rule on integration formulas involving 
logarithmic functions. 


[link] is a definite integral of a trigonometric function. With trigonometric 
functions, we often have to apply a trigonometric property or an identity 
before we can move forward. Finding the right form of the integrand is 
usually the key to a smooth integration. 


Example: 
Exercise: 


Problem: 
Evaluating a Definite Integral 


2 sing 
Find the definite integral of / ———— dz. 
0 iS eose 


Solution: 


We need substitution to evaluate this problem. Let u = 1+ cosz,, so 
du = —sinz dz. Rewrite the integral in terms of u, changing the 
limits of integration as well. Thus, 

Equation: 


u=1+cos(0) = 2 
u=1+cos (4) =1. 


Then 


Equation: 
[ sin ae iL ine 
0 1+ cosz 9 
2 
= / u ‘du 
1 
= In |ul|} 
= [In2—In1] 
=n 
Key Concepts 


e Exponential and logarithmic functions arise in many real-world 
applications, especially those involving growth and decay. 

¢ Substitution is often used to evaluate integrals involving exponential 
functions or logarithms. 


Key Equations 


¢ Integrals of Exponential Functions 


[ed=e+e 


[oraz = = +C 


Ina 
e Integration Formulas Involving Logarithmic Functions 


[ede =In|z|/+C 


frede =aine~24+ C= (nz ~1)+€ 


[08,2 de = (Inez —1)4+C 
Ina 


In the following exercises, compute each indefinite integral. 
Exercise: 


Problem: / e** dx 


Exercise: 


Problem: / e dz 


Solution: 
She FC 
3 
Exercise: 
Problem: i 2 dx 


Exercise: 


Problem: i, 3 "dz 


Solution: 


37% 
ae ea oS 


Exercise: 


1 
Problem: / —dz 
2x 


Exercise: 


2 
Problem: / a 
x 


Solution: 
In (a?) +C 
Exercise: 
1 
Problem: i —; dx 
fe 


Exercise: 


a 
Problem: / ee 
f/x 


Solution: 
2/2+C 
In the following exercises, find each indefinite integral by using appropriate 


substitutions. 
Exercise: 


] 
Problem: i ar Be 
xr 


Exercise: 


Problem: / cae 
z(Inz) 


Solution: 


Exercise: 


Problem: f= (x > 1) 
zing 


Exercise: 


i dz 
Problem: | ———___— 
zlnzln(Inz) 


Solution: 


In (In (Inz))+C 


Exercise: 


Problem: i tand dé 


Exercise: 
cosxz — xsinz 
Problem: | —— dz 
xLCOSZr 
Solution: 


In (xcosxz) + C 


Exercise: 


In ( (sin xr) 
Problem: 
tang a 


Exercise: 


Problem: i: In(cosx)tanzdx 


Solution: 


—1(In (cos (x)))? +C 


Exercise: 


Problem: / re ® dz 


Exercise: 
Problem: / ae * dx 


Solution: 


Exercise: 


Problem: / e™2 cos rdx 


Exercise: 


Problem: / e'2* cec2adaxr 


Solution: 


etane te Cc 


Exercise: 


d. 
Problem: / ging OF 
r 


Exercise: 


eln(1—t) 
Problem: / dt 
Pay 


Solution: 


ba. 


In the following exercises, verify by differentiation that 


Ing dx = x (Inz — 1) + C, then use appropriate changes of variables to 


compute the integral. 
Exercise: 


1 
Problem: [rear (Hint: [reac er [=m (x*) dz) 


Exercise: 


Problem: i, x’ln’?x dx 


Solution: 
5u° (In (a*) — 1) +C 


Exercise: 


l 
Problem: [a (Hint: Set u = =.) 
£ 


Exercise: 
] = 
Problem: [a (Hint: Set u = Vz.) 
Vz 


Solution: 


2,/z (nz —2)+C 
Exercise: 


Problem: 


Write an integral to express the area under the graph of y = + from 
t = 1 to e* and evaluate the integral. 


Exercise: 


Problem: 


Write an integral to express the area under the graph of y = e° 
between t = 0 and ¢ = Inz@, and evaluate the integral. 


Solution: 


Inz 
/ fdtSe | Se ae S71 
0 


In the following exercises, use appropriate substitutions to express the 
trigonometric integrals in terms of compositions with logarithms. 
Exercise: 


Problem: / tan (2x7)dx 


Exercise: 


— 3 
Problem: [ Fepsea Bini See) a 
sin ( ees 


Solution: 


—+ln (sin (3) + cos (32)) 


Exercise: 
Ay sin ( 
Problem: seen 
cos (x 
Exercise: 


Problem: i; XL CSC (x*) dx 


Solution: 


—FIn csc (?) + cot (7) +C 


Exercise: 


Problem: i In (cosz)tana dx 


Exercise: 


Problem: / In (cscx)cot dx 


Solution: 


—+(In (csca))* +C 


Exercise: 


e = 


Problem: {< "ay 
et + e-2 


In the following exercises, evaluate the definite integral. 
Exercise: 


1+2 
Problem: [ + 2a + a" 
3a + By 4-322 4.93 + 23 


Solution: 


gin (7) 


Exercise: 


Problem: / tanz dx 
0 


Exercise: 


sinxz — cosx 
Problem: ———————dr 
sinz + cosx 


Solution: 


in (V3 ~1) 


Exercise: 


Problem: : cscxrdzx 


Exercise: 


1/3 
Problem: / cot rdx 
m/4 


Solution: 


bole 


3 
ines 


In the following exercises, integrate using the indicated substitution. 
Exercise: 


x 
Problem: {| ————~dz;u = x — 100 
roblem |e xe 


Exercise: 


Yor 
Problem: {| ——dy;u=y+1 
[S 1] 7] 


Solution: 


y—2Injy+1/+C 


Exercise: 


Problem: {| ——~dz;u = 34 — 2x 
32 — x3 


Exercise: 


sinz + cosz : 
Problem: ———— dz;u = sinx — cosx 
sinxz — cosz 


Solution: 


In |sinz — cosz|+C 


Exercise: 


Problem: fev 1 — e**dz;u = e*” 


Exercise: 


1 — (Ina)? 
———dz;u =Inz 
£ 


Problem: i In (a) 


Solution: 
A(t ag) 


In the following exercises, does the right-endpoint approximation 
overestimate or underestimate the exact area? Calculate the right endpoint 
estimate Rsg and solve for the exact area. 

Exercise: 


Problem: [T] y = e” over [0, 1] 


Exercise: 


Problem: [T] y = e * over (0, 1] 


Solution: 


Exact solution: !, Rsq = 0.6258. Since f is decreasing, the right 


e 
endpoint estimate underestimates the area. 


Exercise: 


Problem: [T] y = In (z) over [1, 2] 


Exercise: 


Problem: [T] y = ee = over [0, 1] 


Solution: 

2In(3)—1 bi ; 
Exact solution: 28) —Tn) Rs5o9 = 0.2033. Since fis increasing, the 
right endpoint estimate overestimates the area. 


Exercise: 


Problem: [T] y = 2” over [—1, 0] 


Exercise: 


Problem: [T] y = —2-* over (0, 1] 


Solution: 


Exact solution: ea R59 = —0.7164. Since fis increasing, the 


right endpoint estimate overestimates the area (the actual area is a 
larger negative number). 


In the following exercises, f (x) > 0 fora < x < b. Find the area under 


the graph of f (2) between the given values a and b by integrating. 
Exercise: 


Problem: f (x) = “8; a = 10,b = 100 


Exercise: 


Problem: f (x) = “a = 32,b = 64 


Solution: 


11 
ame 


Exercise: 


Problem: f(z) = 2°*;a=1,b=2 


Exercise: 
Problem: f (x) = 2>*;a = 3,b=4 
Solution: 


as ee 
In(65,536) 
Exercise: 


Problem: 


Find the area under the graph of the function f (2) = ze~* between 
x =Oandz=5. 


Exercise: 


Problem: 


Compute the integral of f (x) = ze and find the smallest value of 


N such that the area under the graph f (x) = ze” between z = N 
and x = N + 1 is, at most, 0.01. 


Solution: 


N-+1 a 
/ ze” dz = A fen — oe, The quantity is less than 
N 

0.01 when N = 2. 
Exercise: 


Problem: 


Find the limit, as N tends to infinity, of the area under the graph of 
f(z) =ae~* between z = 0 andz =5. 


Exercise: 


dt W/o dt 
Problem: Show that ee = — when0<a<b. 


Solution: 
b 1/a 
d d 
“= In(b) —In(a) =In(4+) —In(4 =} sick 
a w& 1/o & 
Exercise: 
Problem: 


Suppose that f (a) > 0 for all x and that f and g are differentiable. Use 
the identity f2 = e9™F and the chain rule to find the derivative of f9. 


Exercise: 
Problem: 
Use the previous exercise to find the antiderivative of 


3 
h(a) = x* (1+ Inz) and evaluate / z* (1+ Inz)dz. 
2 


Solution: 


23 
Exercise: 


Problem: 


Show that if c > 0, then the integral of 1/2 from ac to bc (0 < a < b) 
is the same as the integral of 1/zx from ato b. 


The following exercises are intended to derive the fundamental properties 


at 
of the natural log starting from the definition In (x) = / a using 
1 


properties of the definite integral and making no further assumptions. 
Exercise: 


Problem: 


* dt 
Use the identity In (x) = / to derive the identity 
1 


In (=) — —lnz. 


Solution: 


Lja 
We may assume that z > 1, so A < 1. Then, / ei Now make 
1 


the substitution vu = +, so du = -4 and _ = os. and change 
TP dt * du 
endpoints: [ —_— = -| — = -—lnz. 
1 ¢ 1 wU 
Exercise: 
Problem: 


Use a change of variable in the integral / i dt to show that 
Inzy = Inz + Inyfor z, y > 0. 

Exercise: 
Problem: 


Pat 
Use the identity na = / — to show that In(z) is an increasing 
1 @& 


function of x on [0, oo), and use the previous exercises to show that 
the range of In(z) is (—oo, 00). Without any further assumptions, 
conclude that In(a) has an inverse function defined on (—co, co). 


Exercise: 


Problem: 


Pretend, for the moment, that we do not know that e” is the inverse 
function of In(z), but keep in mind that In(a) has an inverse function 
defined on (—oo, 00). Call it E. Use the identity Inzy = Inz + Inyto 
deduce that F (a + b) = E(a)E (6b) for any real numbers a, b. 


Exercise: 
Problem: 
Pretend, for the moment, that we do not know that e” is the inverse 


function of Inz, but keep in mind that Inz has an inverse function 
defined on (—oo, 00). Call it E. Show that Ev(t) = E(t). 


Solution: 
xg = E(In(a)). Then, 1 = —— or x = Er(Inz). Since any 


number t can be written t = Inz for some x, and for such t we have 
xz = E(t), it follows that for any t, Ev(t) = E(t). 


Exercise: 


Problem: 


* sint 
The sine integral, defined as S (x) = i re is an important 
0 


quantity in engineering. Although it does not have a simple closed 
formula, it is possible to estimate its behavior for large x. Show that for 
k > 1,|S (20k) — S$ (20 (k+1))| < gaEcpe- 
(Hint: sin (t + 7) = —sint) 


Exercise: 


Problem: 


[T] The normal distribution in probability is given by 


Ce a io e~(2-n)"/20° where o is the standard deviation and p is 


the average. The standard normal distribution in probability, ps, 
corresponds to py = Oando = 1. Compute the right endpoint 


1 
‘ = #2 
estimates Rig and Rio of / e” dz. 
“1 4/27 


Solution: 


Rio = 0.6811, Ri00 = 0.6827 


-3 -2 -1 01 2 3% 


Exercise: 


Problem: 


[T] Compute the right endpoint estimates R59 and R409 of 


/ 7 1 -e-as, 
-3 2/2 


Introduction 
class="introduction' 


Hoover Dam 
is one of the 
United 
States’ 
iconic 
landmarks, 
and provides 
irrigation 
and 
hydroelectri 
c power for 
millions of 
people in the 
southwest 
United 
States. 
(credit: 
modification 
of work by 
Lynn Betts, 
Wikimedia) 


The Hoover Dam is an engineering marvel. When Lake Mead, the reservoir 
behind the dam, is full, the dam withstands a great deal of force. However, 
water levels in the lake vary considerably as a result of droughts and 
varying water demands. Later in this chapter, we use definite integrals to 
calculate the force exerted on the dam when the reservoir is full and we 
examine how changing water levels affect that force (see [link]). 


Hydrostatic force is only one of the many applications of definite integrals 
we explore in this chapter. From geometric applications such as surface area 
and volume, to physical applications such as mass and work, to growth and 
decay models, definite integrals are a powerful tool to help us understand 
and model the world around us. 


Areas between Curves 


e Determine the area of a region between two curves by integrating with respect to 
the independent variable. 

e Find the area of a compound region. 

e Determine the area of a region between two curves by integrating with respect to 
the dependent variable. 


In Introduction to Integration, we developed the concept of the definite integral to 
calculate the area below a curve on a given interval. In this section, we expand that idea 
to calculate the area of more complex regions. We start by finding the area between two 
curves that are functions of x, beginning with the simple case in which one function 
value is always greater than the other. We then look at cases when the graphs of the 
functions cross. Last, we consider how to calculate the area between two curves that are 
functions of y. 


Area of a Region between Two Curves 


Let f(x) and g(x) be continuous functions over an interval [a, b] such that f(x) > g(x) 
on [a, b|. We want to find the area between the graphs of the functions, as shown in the 
following figure. 


f(x) 


a b x 


The area between the 
graphs of two 
functions, f(x) and 
g(a), on the interval 
[a, 5]. 


As we did before, we are going to partition the interval on the z-axis and approximate 
the area between the graphs of the functions with rectangles. So, forz = 0,1, 2,...,n, 
let P = {x;} be a regular partition of [a, b]. Then, for i = 1, 2,...,n, choose a point 

x, © |x;_1,2,], and on each interval |x;_1, x,] construct a rectangle that extends 
vertically from g(a, ) to f(x; ). [link](a) shows the rectangles when x, is selected to be 
the left endpoint of the interval and n = 10. [link](b) shows a representative rectangle in 
detail. 


Note: 
Use this calculator to learn more about the areas between two curves. 


y 
a fix) 
AX 
9X) g(x}) 
a b x 
(a) (b) 


(a)We can approximate the area between the 

graphs of two functions, f(x) and g(x), with 

rectangles. (b) The area of a typical rectangle 
goes from one curve to the other. 


The height of each individual rectangle is f(x; ) — g(a, ) and the width of each rectangle 
is Ax. Adding the areas of all the rectangles, we see that the area between the curves is 
approximated by 

Equation: 


n 


Aw > [#l@;) — 9(2;)]Ax. 


i=1 


This is a Riemann sum, so we take the limit as n —> oo and we get 
Equation: 


These findings are summarized in the following theorem. 


Note: 

Finding the Area between Two Curves 

Let f(x) and g(x) be continuous functions such that f(a2) > g(a) over an interval 

[a, b]. Let R denote the region bounded above by the graph of f(a), below by the graph 
of g(x), and on the left and right by the lines x = a and x = 5, respectively. Then, the 


area of F is given by 
b 
a / [f(x) — g(a) |dx. 


Equation: 
We apply this theorem in the following example. 


Example: 
Exercise: 


Problem: 
Finding the Area of a Region between Two Curves 1 


If R is the region bounded above by the graph of the function f(z) = x + 4 and 
below by the graph of the function g(x) = 3 — > over the interval [1, 4], find the 
area of region R. 


Solution: 


The region is depicted in the following figure. 


A region between two curves is shown where 
one curve is always greater than the other. 


We have 
Equation: 


b 
A -| [f(x) — g(x) |da 


The area of the region is - units”. 


Note: 
Exercise: 


Problem: 


If R is the region bounded by the graphs of the functions f(x) = + +5 and 
g(x) = x + 4 over the interval [1, 5], find the area of region R. 


Solution: 
12 units? 
Hint 


Graph the functions to determine which function’s graph forms the upper bound and 
which forms the lower bound, then follow the process used in [link]. 


In [link], we defined the interval of interest as part of the problem statement. Quite often, 
though, we want to define our interval of interest based on where the graphs of the two 
functions intersect. This is illustrated in the following example. 


Example: 
Exercise: 


Problem: 
Finding the Area of a Region between Two Curves 2 


If R is the region bounded above by the graph of the function f(x) = 9 — («/2)* 
and below by the graph of the function g(x) = 6 — 2, find the area of region R. 


Solution: 


The region is depicted in the following figure. 


This graph shows the region below the 
graph of f(x) and above the graph of 


g(a). 


We first need to compute where the graphs of the functions intersect. Setting 
f(z) = g(x), we get 


Equation: 
f(z) = g(a) 
2 
9-(3)° = 6-2 
9-2 = 6-¢ 
36-22 = 24-42 
z*—4r—-12 = 0 
(c—6)(a+2) = 0. 
The graphs of the functions intersect when x = 6 or x = —2, so we want to 


integrate from —2 to 6. Since f(x) > g(x) for —2 < x < 6, we obtain 
Equation: 


t+ fio g(x) |dx 
=f s-( )-6 afac= f [s- 2 +2|as 


6 
_ 64 
a abek 


The area of the region is 64/3 units?. 


Note: 
Exercise: 


Problem: 

If R is the region bounded above by the graph of the function f(x) = x and below 
by the graph of the function g(x) = 2+, find the area of region R. 

Solution: 


3 
10 unit? 


Hint 


Use the process from [link]. 


Areas of Compound Regions 


So far, we have required f(x) > g(a) over the entire interval of interest, but what if we 
want to look at regions bounded by the graphs of functions that cross one another? In 
that case, we modify the process we just developed by using the absolute value function. 


Note: 

Finding the Area of a Region between Curves That Cross 

Let f(a) and g(x) be continuous functions over an interval |a, b]. Let R denote the 
region between the graphs of f(x) and g(x), and be bounded on the left and right by 
the lines x = a and x = b, respectively. Then, the area of R is given by 


Equation: 


b 
A= / I(x) — 9(2)|de. 


In practice, applying this theorem requires us to break up the interval [a, b] and evaluate 
several integrals, depending on which of the function values is greater over a given part 
of the interval. We study this process in the following example. 


Example: 
Exercise: 


Problem: 
Finding the Area of a Region Bounded by Functions That Cross 


If R is the region between the graphs of the functions f(a) = sin x and 
g(x) = cos x over the interval (0, 7], find the area of region R. 


Solution: 


The region is depicted in the following figure. 


bd 
2 


f(x) = sin x 


g(x) = cos x 


The region between two curves can be 


broken into two sub-regions. 


The graphs of the functions intersect at x = 1/4. For x € [0, 7/4], cosz > sing, 
SO 
Equation: 


|f(z) — g(x)| = |sinz — cos a2| = cos x — sin z. 
On the other hand, for x € |[7/4, 7], sin > cos x, so 
Equation: 

|f(z) — g(x)| = |sinz — cos a| = sin x — cos z. 


Then 
Equation: 


b 
a / |f(x) — g(x) |da 
my m/4 ri 
= / |sin « — cos z|dx = / (cos « — sin x)dx + / (sin z — cos x)dx 
0 0 n/4 


= |sin x + cos 2| Re + [-cos x — sin a] |7/4 


= (v2-1) + (1+ v2) =2v2. 


The area of the region is 2v/2 units”. 


Note: 
Exercise: 


Problem: 


If R is the region between the graphs of the functions f(z) = sin x and 
g(x) = cos x over the interval [7 /2, 27], find the area of region R. 


Solution: 


2+ Dy 2 units? 
Hint 


The two curves intersect at x = (57) /4. 


Example: 
Exercise: 


Problem: 
Finding the Area of a Complex Region 


Consider the region depicted in [link]. Find the area of R. 


Two integrals are 
required to calculate 
the area of this region. 


Solution: 


As with [link], we need to divide the interval into two pieces. The graphs of the 
functions intersect at x = 1 (set f(2) = g(a) and solve for x), so we evaluate two 
separate integrals: one over the interval [0, 1] and one over the interval |1, 2]. 


Over the interval [0, 1], the region is bounded above by f(x) = x? and below by 
the x-axis, so we have 
Equation: 


1 
x3 |" 
a= f ie 2 


Over the interval |1, 2], the region is bounded above by g(x) = 2 — x and below 
by the z-axis, so we have 


Equation: 
2 
ne 
a | QQ a)\de = ae - =| 
1 


Adding these areas together, we obtain 
Equation: 


1 
a 


0 


A=A,+4.= 5 


The area of the region is 5/6 units’. 


Note: 
Exercise: 


Problem: Consider the region depicted in the following figure. Find the area of R. 


Solution: 


By units2 


Hint 


The two curves intersect at x = 1. 


Regions Defined with Respect to y 


In [link], we had to evaluate two separate integrals to calculate the area of the region. 
However, there is another approach that requires only one integral. What if we treat the 
curves as functions of y, instead of as functions of x? Review [link]. Note that the left 
graph, shown in red, is represented by the function y = f(x) = x”. We could just as 
easily solve this for x and represent the curve by the function x = u(y) = ./y. (Note 
that z = —,/y is also a valid representation of the function y = f(x) = a” as a function 
of y. However, based on the graph, it is clear we are interested in the positive square 
root.) Similarly, the right graph is represented by the function y = g(x) = 2 — a, but 
could just as easily be represented by the function z = u(y) = 2 — y. When the graphs 
are represented as functions of y, we see the region is bounded on the left by the graph 
of one function and on the right by the graph of the other function. Therefore, if we 
integrate with respect to y, we need to evaluate one integral only. Let’s develop a 
formula for this type of integration. 


Let u(y) and u(y) be continuous functions over an interval [c, d] such that u(y) > v(y) 
for all y € |c, d]. We want to find the area between the graphs of the functions, as shown 
in the following figure. 


We can find the area 


between the graphs of two 
functions, u(y) and u(y). 


This time, we are going to partition the interval on the y-axis and use horizontal 
rectangles to approximate the area between the functions. So, for7 = 0,1, 2,...,n, let 
Q = {y;} be a regular partition of [c, d]. Then, for = 1, 2,...,n, choose a point 

* 
y; © [yi—1, yi], then over each interval [y;_-1, y;] construct a rectangle that extends 


horizontally from v (y; ) to u (y; ), [link](a) shows the rectangles when Y; is selected to 


be the lower endpoint of the interval and n = 10. [link](b) shows a representative 
rectangle in detail. 


Ay 


viyi) uly;} 


(b) 


(a) Approximating the area between the graphs of two 
functions, u(y) and u(y), with rectangles. (b) The area 
of a typical rectangle. 


The height of each individual rectangle is Ay and the width of each rectangle is 
U (y; ) —v (y; ). Therefore, the area between the curves is approximately 
Equation: 


This is a Riemann sum, so we take the limit as n — oo, obtaining 
Equation: 


These findings are summarized in the following theorem. 


Note: 

Finding the Area between Two Curves, Integrating along the y-axis 

Let u(y) and u(y) be continuous functions such that u(y) > u(y) for all y € |[c, dj. Let 
R denote the region bounded on the right by the graph of u(y), on the left by the graph 
of u(y), and above and below by the lines y = d and y = c, respectively. Then, the area 


of FR is given by 
d 
A / [u(y) — v(y)]dy. 


Equation: 


Example: 
Exercise: 


Problem: 
Integrating with Respect to y 


Let’s revisit [link], only this time let’s integrate with respect to y. Let R be the 
region depicted in [link]. Find the area of R by integrating with respect to y. 


g(x) = 2—x 


The area of region R 
can be calculated using 
one integral only when 

the curves are treated 

as functions of y. 


Solution: 


We must first express the graphs as functions of y. As we saw at the beginning of 
this section, the curve on the left can be represented by the function 
xz = u(y) = »/y, and the curve on the right can be represented by the function 


f= uly) —=2—4. 


Now we have to determine the limits of integration. The region is bounded below 
by the x-axis, so the lower limit of integration is y = 0. The upper limit of 
integration is determined by the point where the two graphs intersect, which is the 
point (1, 1), so the upper limit of integration is y = 1. Thus, we have 

le d as [0, ile 


Calculating the area of the region, we get 


Equation: 
d 
A= / [u(y) — v(y)]dy 


-| [(2-y) - Vly = [2y- $ - 2y8?] | 


5 
6° 


1 


0 


The area of the region is 5/6 units?. 


Note: 
Exercise: 


Problem: 
Let’s revisit the checkpoint associated with [link], only this time, let’s integrate 


with respect to y. Let R be the region depicted in the following figure. Find the 
area of R by integrating with respect to y. 


Solution: 


- units? 


Hint 


Follow the process from the previous example. 


Key Concepts 


e Just as definite integrals can be used to find the area under a curve, they can also be 
used to find the area between two curves. 

¢ To find the area between two curves defined by functions, integrate the difference 
of the functions. 

e Ifthe graphs of the functions cross, or if the region is complex, use the absolute 
value of the difference of the functions. In this case, it may be necessary to evaluate 


two or more integrals and add the results to find the area of the region. 

e Sometimes it can be easier to integrate with respect to y to find the area. The 
principles are the same regardless of which variable is used as the variable of 
integration. 


Key Equations 


e Area between two curves, integrating on the x-axis 


a= | [f(a) — g(x) |da 


e Area between two curves, integrating on the y-axis 


A= / [u(y) — v(y)|dy 


For the following exercises, determine the area of the region between the two curves in 
the given figure by integrating over the x-axis. 
Exercise: 


Problem: y = x? — 3andy=1 


Solution: 


32 


3 


Exercise: 


Problem: y = x” and y = 32 +4 


g(x) = 3x +4 


For the following exercises, split the region between the two curves into two smaller 
regions, then determine the area by integrating over the z-axis. Note that you will have 
two integrals to solve. 

Exercise: 


Problem: y = x° and y = x7 +2 


Solution: 


13 
12 


Exercise: 


Problem: y = cos @ and y = 0.5, for0 <0< a 


For the following exercises, determine the area of the region between the two curves by 
integrating over the y-axis. 
Exercise: 


Problem: x = y” and z = 9 


Solution: 


36 


Exercise: 


Problem: y = z and x = y? 


For the following exercises, graph the equations and shade the area of the region 


between the curves. Determine its area by integrating over the x-axis. 
Exercise: 


Problem: y = x? and y = —2? + 18z 


Solution: 


g(x) = —x* + 18x 


243 square units 


Exercise: 


Problem: y = =, y 


Exercise: 


2 


Problem: y = cos z and y = cos*z on x = [—7,7| 


Solution: 


Exercise: 


Problem: y = e”, y = e2”-!, andz = 0 


Exercise: 


Problem: y = e’, y=e *,x = —landz=1 


Solution: 


2(e—1)? 


Exercise: 
Problem: y = ce, y = e’, andy=e * 
Exercise: 


Problem: y = |x| and y = x? 


Solution: 


ag 

3 
For the following exercises, graph the equations and shade the area of the region 
between the curves. If necessary, break the region into sub-regions to determine its entire 


area. 
Exercise: 


Problem: y = sin (7x), y = 22, andz > 0 


Exercise: 


Problem: y = 12 — z,y = /z, andy=1 


Solution: 


34 
3 


Exercise: 
Problem: y = sin x and y = cos x over x = [—7, 71] 
Exercise: 
Problem: y = x° and y = x? — 22 over x = [—1, 1] 
Solution: 


g(x) = x* — 2x 


5 
2 


Exercise: 


Problem: y = x” + 9 and y = 10 + 2z over x = [—1,3] 


Exercise: 


Problem: y = x° + 3z and y = 4x 


Solution: 


rie 


For the following exercises, graph the equations and shade the area of the region 
between the curves. Determine its area by integrating over the y-axis. 
Exercise: 


Problem: xz = y° and x = 3y — 2 


Exercise: 


Problem: x = 2yand z = y*® — y 


Solution: 


9 
2 


Exercise: 


Problem: x = —3 + y? andz = y— y” 


Exercise: 


Problem: y” = x andz = y+ 2 


Solution: 


9 
2 


Exercise: 


Problem: x = |y| and 2x = —y? + 2 


Exercise: 
Problem: x = sin y, x = cos(2y), y = 7/2,and y = —7/2 


Solution: 


For the following exercises, graph the equations and shade the area of the region 
between the curves. Determine its area by integrating over the x-axis or y-axis, 
whichever seems more convenient. 

Exercise: 


Problem: x = y‘and x = y° 


Exercise: 


Problem: y = xe’, y = e’,x = 0, andx=1 


Solution: 
15 y = xe* 
10 
y=e& 
5 


Exercise: 


Problem: y = x°and y = «* 
Exercise: 


Problem: z = y® + 2y?+ landz = -y?+1 


Solution: 


x=-y?+1 y 


o7 
4 


Exercise: 


Problem: y = |z| andy = x? — 1 
Exercise: 


Problem: y = 4 — 3x and y = - 


Solution: 


$ — In(3) 


Exercise: 


Problem: y = sin z,x = —7/6,x2 = 77/6, and y = cos*x 


Exercise: 


Problem: y = x” — 3z + 2andy = x? — 227-242 


Solution: 


i 
2 


Exercise: 


Problem: y = 2 cos* (3x), y= —1,a = 4, andg = —4 


Exercise: 


Problem: y + y® = x and 2y = x 


Solution: 


1 


2 
Exercise: 


Problem: y = 1 — x2 andy = 2? — 1 
Exercise: 


1 


Problem: y = cos~!z,y = sin-'z,z = —1, andz = 1 


Solution: 


-2(Vi-) 


For the following exercises, find the exact area of the region bounded by the given 
equations if possible. If you are unable to determine the intersection points analytically, 
use a calculator to approximate the intersection points with three decimal places and 
determine the approximate area of the region. 

Exercise: 


Problem: [T] x = e’ andy = x — 2 
Exercise: 

Problem: [T] y = x? and y = V1 — x? 

Solution: 


1.067 


Exercise: 


Problem: [T] y = 3x7 + 82 + 9 and 3y = x + 24 


Exercise: 


Problem: [T] x = \/4 — y?2 andy? = 1+ 2? 
Solution: 


0.852 


Exercise: 


Problem: [T] z? = y° and x = 3y 

Exercise: 
Problem: [T] y = sin°x + 2,y = tanz,xz = —1.5, anda = 1.5 
Solution: 


7.923 


Exercise: 


Problem: [T] y = V1 — 22 andy? = 2? 
Exercise: 
Problem: [T] y = V1— x2 andy = 22 +2z2+1 


Solution: 


37—4 
12 


Exercise: 


Problem: [T] z = 4 — y* andz = 1+ 3y+¥y7? 


Exercise: 
Problem: [T] y = cos z, y = e*, x = —7, andz = 0 


Solution: 


1.429 
Exercise: 
Problem: 
The largest triangle with a base on the x-axis that fits inside the upper half of the 


unit circle y? + 2” = 1 is given by y= 1+ 2 and y = 1 — z. See the following 
figure. What is the area inside the semicircle but outside the triangle? 


Exercise: 


Problem: 


A factory selling cell phones has a marginal cost function 

C(x) = 0.01x? — 3x + 229, where z represents the number of cell phones, and a 
marginal revenue function given by R(a) = 429 — 2z. Find the area between the 
graphs of these curves and z = 0. What does this area represent? 


Solution: 


$33,333.33 total profit for 200 cell phones sold 
Exercise: 


Problem: 


An amusement park has a marginal cost function C2) = 1000e-* + 5, where x 
represents the number of tickets sold, and a marginal revenue function given by 
R(x) = 60 — 0.12. Find the total profit generated when selling 550 tickets. Use a 
calculator to determine intersection points, if necessary, to two decimal places. 


Exercise: 


Problem: 


The tortoise versus the hare: The speed of the hare is given by the sinusoidal 
function H(t) = 1 — cos ((at)/2) whereas the speed of the tortoise is 

T(t) = (1/2)tan~' (t/4), where t is time measured in hours and the speed is 
measured in miles per hour. Find the area between the curves from time ¢t = 0 to 
the first time after one hour when the tortoise and hare are traveling at the same 
speed. What does it represent? Use a calculator to determine the intersection points, 
if necessary, accurate to three decimal places. 


Solution: 


3.263 mi represents how far ahead the hare is from the tortoise 
Exercise: 
Problem: 


The tortoise versus the hare: The speed of the hare is given by the sinusoidal 
function H(t) = (1/2) — (1/2)cos (27t) whereas the speed of the tortoise is 


Th) = Vt, where t is time measured in hours and speed is measured in kilometers 
per hour. If the race is over in 1 hour, who won the race and by how much? Use a 
calculator to determine the intersection points, if necessary, accurate to three 
decimal places. 


For the following exercises, find the area between the curves by integrating with respect 
to x and then with respect to y. Is one method easier than the other? Do you obtain the 
same answer? 

Exercise: 


Problem: y = x” + 2x + landy = —x?— 3244 


Solution: 


343 
24 


Exercise: 


Problem: y = xz‘and x = y° 


Exercise: 


Problem: x = y* — 2 and x = 2y 


Solution: 
4/3 


For the following exercises, solve using calculus, then check your answer with geometry. 
Exercise: 


Problem: 


Determine the equations for the sides of the square that touches the unit circle on all 
four sides, as seen in the following figure. Find the area between the perimeter of 
this square and the unit circle. Is there another way to solve this without using 
calculus? 


Exercise: 
Problem: 
Find the area between the perimeter of the unit circle and the triangle created from 


y=2¢2+1,y=1—22 andy=— 3, as seen in the following figure. Is there a 
way to solve this without using calculus? 


Solution: 


32 
25 


Determining Volumes by Slicing 


e Determine the volume of a solid by integrating a cross-section (the slicing method). 
e Find the volume of a solid of revolution using the disk method. 
e Find the volume of a solid of revolution with a cavity using the washer method. 


In the preceding section, we used definite integrals to find the area between two curves. In this section, 
we use definite integrals to find volumes of three-dimensional solids. We consider three approaches— 
slicing, disks, and washers—for finding these volumes, depending on the characteristics of the solid. 


Volume and the Slicing Method 


Just as area is the numerical measure of a two-dimensional region, volume is the numerical measure of a 
three-dimensional solid. Most of us have computed volumes of solids by using basic geometric formulas. 
The volume of a rectangular solid, for example, can be computed by multiplying length, width, and 
height: V = lwh. The formulas for the volume of a sphere (V = 4ar#), a cone (V = 42rh), anda 
pyramid (V = 4Ah) have also been introduced. Although some of these formulas were derived using 
geometry alone, all these formulas can be obtained by using integration. 


We can also calculate the volume of a cylinder. Although most of us think of a cylinder as having a 
circular base, such as a soup can or a metal rod, in mathematics the word cylinder has a more general 
meaning. To discuss cylinders in this more general context, we first need to define some vocabulary. 


We define the cross-section of a solid to be the intersection of a plane with the solid. A cylinder is 
defined as any solid that can be generated by translating a plane region along a line perpendicular to the 
region, called the axis of the cylinder. Thus, all cross-sections perpendicular to the axis of a cylinder are 
identical. The solid shown in [link] is an example of a cylinder with a noncircular base. To calculate the 
volume of a cylinder, then, we simply multiply the area of the cross-section by the height of the cylinder: 
V = A-h. In the case of a right circular cylinder (soup can), this becomes V = rr2h. 


Three-dimensional cylinder Two-dimensional cross section 


Each cross-section of a particular cylinder is identical to the others. 


If a solid does not have a constant cross-section (and it is not one of the other basic solids), we may not 
have a formula for its volume. In this case, we can use a definite integral to calculate the volume of the 
solid. We do this by slicing the solid into pieces, estimating the volume of each slice, and then adding 
those estimated volumes together. The slices should all be parallel to one another, and when we put all 
the slices together, we should get the whole solid. Consider, for example, the solid S shown in [link], 
extending along the z-axis. 


A solid with a varying cross-section. 


We want to divide S into slices perpendicular to the z-axis. As we see later in the chapter, there may be 
times when we want to slice the solid in some other direction—say, with slices perpendicular to the y- 
axis. The decision of which way to slice the solid is very important. If we make the wrong choice, the 
computations can get quite messy. Later in the chapter, we examine some of these situations in detail and 
look at how to decide which way to slice the solid. For the purposes of this section, however, we use 
slices perpendicular to the x-axis. 


Because the cross-sectional area is not constant, we let A (x) represent the area of the cross-section at 
point xz. Now let P = {x, 21..., Xn} be a regular partition of [a,b], and for i = 1, 2,...n, let S; 
represent the slice of S stretching from x;_,to x;. The following figure shows the sliced solid with 
n= 3. 


The solid S' has been divided into three 
slices perpendicular to the z-axis. 


Finally, for i = 1, 2,...n, let x, be an arbitrary point in [z;_1, ;]. Then the volume of slice S; can be 


estimated by V (.9;) + A (x; ) Ax. Adding these approximations together, we see the volume of the 


entire solid S can be approximated by 
Equation: 


n 


V(S) & yA (2; )Az. 


By now, we can recognize this as a Riemann sum, and our next step is to take the limit as 7 — oo. Then 
we have 
Equation: 


b 


V(S)= Jim (2; ) Ae = [ Awaz. 


The technique we have just described is called the slicing method. To apply it, we use the following 
strategy. 


Note: 
Problem-Solving Strategy: Finding Volumes by the Slicing Method 


1. Examine the solid and determine the shape of a cross-section of the solid. It is often helpful to draw 
a picture if one is not provided. 

2. Determine a formula for the area of the cross-section. 

3. Integrate the area formula over the appropriate interval to get the volume. 


Recall that in this section, we assume the slices are perpendicular to the x-axis. Therefore, the area 
formula is in terms of x and the limits of integration lie on the z-axis. However, the problem-solving 
strategy shown here is valid regardless of how we choose to slice the solid. 


Example: 
Exercise: 


Problem: 
Deriving the Formula for the Volume of a Pyramid 


We know from geometry that the formula for the volume of a pyramid is V = = Ah. If the 
pyramid has a square base, this becomes V = sa7h, where a denotes the length of one side of the 
base. We are going to use the slicing method to derive this formula. 


Solution: 
We want to apply the slicing method to a pyramid with a square base. To set up the integral, 


consider the pyramid shown in [link], oriented along the x-axis. 
Ya y 


(b) 


(a) A pyramid with a square base is oriented along the x-axis. (b) A two-dimensional view of 
the pyramid is seen from the side. 


We first want to determine the shape of a cross-section of the pyramid. We know the base is a 
square, so the cross-sections are squares as well (step 1). Now we want to determine a formula for 
the area of one of these cross-sectional squares. Looking at [link](b), and using a proportion, since 
these are similar triangles, we have 

Equation: 


Therefore, the area of one of the cross-sectional squares is 


Equation: 


Then we find the volume of the pyramid by integrating from 0 to h (step 3): 
Equation: 


h h 
=| (=) #- fe f otds 

0 0 
=[#(524)] |, = de 


This is the formula we were looking for. 


Note: 
Exercise: 


Problem: 


Use the slicing method to derive the formula V = smh for the volume of a circular cone. 


Hint 


Use similar triangles, as in [link]. 


Solids of Revolution 


If a region in a plane is revolved around a line in that plane, the resulting solid is called a solid of 
revolution, as shown in the following figure. 


Aregion in the 


xy-plane 
x 
(a) 
y 
1 The region is 
‘ / revolved around 
' the x-axis, ... 
x 
(b) 
... producing a 


solid of revolution 


(c) 


(a) This is the region that is revolved around 
the x-axis. (b) As the region begins to revolve 
around the axis, it sweeps out a solid of 
revolution. (c) This is the solid that results 
when the revolution is complete. 


Solids of revolution are common in mechanical applications, such as machine parts produced by a lathe. 
We spend the rest of this section looking at solids of this type. The next example uses the slicing method 
to calculate the volume of a solid of revolution. 


Note: 
Use an online integral calculator to learn more. 


Example: 
Exercise: 


Problem: 
Using the Slicing Method to find the Volume of a Solid of Revolution 


Use the slicing method to find the volume of the solid of revolution bounded by the graphs of 
f (x) = 2? —4r + 5,2 =1, and z = 4, and rotated about the z-axis. 


Solution: 


Using the problem-solving strategy, we first sketch the graph of the quadratic function over the 
interval {1, 4] as shown in the following figure. 


¥ f(x) = x?- 4x + 5 


A region used to produce a solid 
of revolution. 


Next, revolve the region around the x-axis, as shown in the following figure. 


y f(x) = x*- 4x + 5 y f(x) = x?- 4x + 5 


(a) (b) 


Two views, (a) and (b), of the solid of revolution produced by revolving the region in 
[link] about the x-axis. 


Since the solid was formed by revolving the region around the z-axis, the cross-sections are circles 
(step 1). The area of the cross-section, then, is the area of a circle, and the radius of the circle is 
given by f (x). Use the formula for the area of the circle: 

Equation: 


A(x) = nr? = a[f (x)? = n(x? — 4a + 5)” (step 2). 


The volume, then, is (step 3) 
Equation: 


h 


V = [ A(e)ae 


4 4 
= / n(x? — Agr + 5) da = a ce — 8x? + 26x? — 402 + 25) dx 
1 1 
2 4, 2603 2 4 
=a(# - 204+ 22 — 2027 + 252)| = Br. 


The volume is 7872/5. 


Note: 
Exercise: 


Problem: 
Use the method of slicing to find the volume of the solid of revolution formed by revolving the 


region between the graph of the function f (x) = 1/z and the z-axis over the interval [1, 2] 
around the z-axis. See the following figure. 


(a) (b) 


Solution: 


TT 


2 
Hint 


Use the problem-solving strategy presented earlier and follow [link] to help with step 2. 


The Disk Method 


When we use the slicing method with solids of revolution, it is often called the disk method because, for 
solids of revolution, the slices used to over approximate the volume of the solid are disks. To see this, 
consider the solid of revolution generated by revolving the region between the graph of the function 

f (x) = (a — 1)? + 1 and the z-axis over the interval [—1, 3] around the z-axis. The graph of the 
function and a representative disk are shown in [link](a) and (b). The region of revolution and the 
resulting solid are shown in [link](c) and (d). 


(a) 


(c) 


i= iS 


A thin rectangle 
under a curve... 


AX) = (x- 1? +1 


The area under 
the curve.. 


f(x) = (x- 1)? +1 


...produces a disk 
when revolved 
about the x-axis. 


(b) 


(xX) = (x-1)* +1 


...produces a solid 
of revolution when 
revolved about the 
x-axis. 


(d) 


(a) A thin rectangle for approximating the area under a curve. (b) A representative disk 
formed by revolving the rectangle about the z-axis. (c) The region under the curve is 
revolved about the x-axis, resulting in (d) the solid of revolution. 


We already used the formal Riemann sum development of the volume formula when we developed the 


slicing method. We know that 


Equation: 


V= [Awe 


The only difference with the disk method is that we know the formula for the cross-sectional area ahead 


of time; it is the area of a circle. This gives the following rule. 


Note: 
Rule: The Disk Method 


Let f (xz) be continuous and nonnegative. Define R as the region bounded above by the graph of f (x), 
below by the z-axis, on the left by the line z = a, and on the right by the line z = b. Then, the volume 


of the solid of revolution formed by revolving R around the z-axis is given by 


Equation: 


v= [ a @Pee. 


The volume of the solid we have been studying ([link]) is given by 
Equation: 


V =f nf@Pee 
=f a[e-1?+t]'de=n fl [(@—1)$+2(@—1)? +1] de 


-1 -1 


16 


=*[3(e-0)° + H@-1 +a] | =2[(S+H+3)-C¥ 


Let’s look at some examples. 


Example: 
Exercise: 


Problem: 
Using the Disk Method to Find the Volume of a Solid of Revolution 1 


3 


1)| = An units®. 


Use the disk method to find the volume of the solid of revolution generated by rotating the region 
between the graph of f (x) = \/z and the x-axis over the interval [1, 4] around the z-axis. 


Solution: 


The graphs of the function and the solid of revolution are shown in the following figure. 


(a) (b) 


(a) The function f (x) = »/z over the interval {1, 4]. (b) The solid of revolution 
obtained by revolving the region under the graph of f (x) about the z-axis. 


We have 
Equation: 


II 
—— 
eal! 
a 
ss] 
ae 
8 
II 
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— 
8 
Q 
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The volume is (157) /2 units?. 


Note: 
Exercise: 


Problem: 


Use the disk method to find the volume of the solid of revolution generated by rotating the region 
between the graph of f (2) = /4 — a and the x-axis over the interval [0, 4] around the z-axis. 


Solution: 


87 units? 


Hint 


Use the procedure from [link]. 


So far, our examples have all concerned regions revolved around the z-axis, but we can generate a solid 
of revolution by revolving a plane region around any horizontal or vertical line. In the next example, we 
look at a solid of revolution that has been generated by revolving a region around the y-axis. The 
mechanics of the disk method are nearly the same as when the x-axis is the axis of revolution, but we 
express the function in terms of y and we integrate with respect to y as well. This is summarized in the 
following rule. 


Note: 

Rule: The Disk Method for Solids of Revolution around the y-axis 

Let g (y) be continuous and nonnegative. Define Q as the region bounded on the right by the graph of 
g (y), on the left by the y-axis, below by the line y = c, and above by the line y = d. Then, the volume 
of the solid of revolution formed by revolving @ around the y-axis is given by 

Equation: 


v= / alo (y) dy. 


The next example shows how this rule works in practice. 


Example: 
Exercise: 


Problem: 
Using the Disk Method to Find the Volume of a Solid of Revolution 2 


Let R be the region bounded by the graph of g (y) = ay 4 — yand the y-axis over the y-axis 
interval [0, 4]. Use the disk method to find the volume of the solid of revolution generated by 
rotating R around the y-axis. 


Solution: 


[link] shows the function and a representative disk that can be used to estimate the volume. Notice 
that since we are revolving the function around the y-axis, the disks are horizontal, rather than 
vertical. 


(a) (b) 


(a) Shown is a thin rectangle between the curve of the function g(y) = J 4 — yand 
the y-axis. (b) The rectangle forms a representative disk after revolution around the 
y-axis. 


The region to be revolved and the full solid of revolution are depicted in the following figure. 


(b) 


(a) The region to the left of the function g (y) = ./4 — y over the y-axis interval 
(0, 4]. (b) The solid of revolution formed by revolving the region about the y-axis. 


To find the volume, we integrate with respect to y. We obtain 
Equation: 


V = [rote 
= [oe[via y= f a-vey 


4 


=n |4y- 5 |, = 8". 


The volume is 87 units?. 


Note: 
Exercise: 


Problem: 


Use the disk method to find the volume of the solid of revolution generated by rotating the region 
between the graph of g (y) = y and the y-axis over the interval {1, 4] around the y-axis. 


Solution: 


217 units? 


Hint 


Use the procedure from [link]. 


The Washer Method 


Some solids of revolution have cavities in the middle; they are not solid all the way to the axis of 
revolution. Sometimes, this is just a result of the way the region of revolution is shaped with respect to 
the axis of revolution. In other cases, cavities arise when the region of revolution is defined as the region 
between the graphs of two functions. A third way this can happen is when an axis of revolution other 
than the z-axis or y-axis is selected. 


When the solid of revolution has a cavity in the middle, the slices used to approximate the volume are 
not disks, but washers (disks with holes in the center). For example, consider the region bounded above 
by the graph of the function f (x) = ./z and below by the graph of the function g (x) = 1 over the 
interval [1, 4]. When this region is revolved around the z-axis, the result is a solid with a cavity in the 
middle, and the slices are washers. The graph of the function and a representative washer are shown in 
{link](a) and (b). The region of revolution and the resulting solid are shown in [link](c) and (d). 


...produces a washer when 
revolved around the x-axis. 


A thin rectangle in the 
region between two curves... 


y y 
4 4 
3 3 
2 2 


(a) (b) 


When the region between ..it produces a solid of 
two curves is revolved revolution with a cavity. 
about the x-axis... 


Ny oO Be 


(c) (d) 


(a) A thin rectangle in the region between two curves. (b) A representative 
disk formed by revolving the rectangle about the x-axis. (c) The region 
between the curves over the given interval. (d) The resulting solid of 
revolution. 


The cross-sectional area, then, is the area of the outer circle less the area of the inner circle. In this case, 
Equation: 


A(x) = (Jz) —n(1)? =2(x—1). 


Then the volume of the solid is 
Equation: 


V = [ Acae 


4 4 
=i n(x —1)de = 0 | -2] | = Srunits’. 
1 1 


Generalizing this process gives the washer method. 


Note: 

Rule: The Washer Method 

Suppose f (x) and g (a) are continuous, nonnegative functions such that f (x) > g(x) over [a, 6]. Let 
R denote the region bounded above by the graph of f (x), below by the graph of g (), on the left by 
the line x = a, and on the right by the line x = b. Then, the volume of the solid of revolution formed by 
revolving R around the z-axis is given by 

Equation: 


v= fx [rey*- oy ae 


Example: 
Exercise: 


Problem: 
Using the Washer Method 


Find the volume of a solid of revolution formed by revolving the region bounded above by the 
graph of f (x) = a and below by the graph of g (a) = 1/z over the interval 1, 4] around the 
X-axis. 


Solution: 


The graphs of the functions and the solid of revolution are shown in the following figure. 


f(x) = x 


(a) (b) 


(a) The region between the graphs of the functions f (z) = x and g(x) = 1/a 
over the interval |1, 4]. (b) Revolving the region about the z-axis generates a 
solid of revolution with a cavity in the middle. 


We have 
Equation: 
: 2 2 
v =f x[(F@)*-@(@)’|ae 
a 
2 1 : x? 1 81m BiB! 
= 79 Ge = || = dx =n(¢+2]| = = units’. 
1 aL 
Note: 
Exercise: 
Problem: 


Find the volume of a solid of revolution formed by revolving the region bounded by the graphs of 

f (x) = Va and g(x) = 1/z over the interval [1, 3] around the z-axis. 

Solution: 

40" units? 

Hint 

Graph the functions to determine which graph forms the upper bound and which graph forms the lower 
bound, then use the procedure from [link]. 


As with the disk method, we can also apply the washer method to solids of revolution that result from 
revolving a region around the y-axis. In this case, the following rule applies. 


Note: 

Rule: The Washer Method for Solids of Revolution around the y-axis 

Suppose wu (y) and v (y) are continuous, nonnegative functions such that v (y) < u(y) for y € [c, d]. 
Let Q denote the region bounded on the right by the graph of u (y), on the left by the graph of v (y), 
below by the line y = c, and above by the line y = d. Then, the volume of the solid of revolution 
formed by revolving Q around the y-axis is given by 

Equation: 


v= fox [wey?- ey ae 


Rather than looking at an example of the washer method with the y-axis as the axis of revolution, we 
now consider an example in which the axis of revolution is a line other than one of the two coordinate 
axes. The same general method applies, but you may have to visualize just how to describe the cross- 
sectional area of the volume. 


Example: 
Exercise: 


Problem: 
The Washer Method with a Different Axis of Revolution 


Find the volume of a solid of revolution formed by revolving the region bounded above by 
f (xz) = 4 — 2 and below by the z-axis over the interval |0, 4] around the line y = —2. 


Solution: 


The graph of the region and the solid of revolution are shown in the following figure. 


(a) (b) 


(a) The region between the graph of the function f (2) = 4 — a and the z-axis over 
the interval {0, 4]. (b) Revolving the region about the line y = —2 generates a solid of 
revolution with a cylindrical hole through its middle. 


We can’t apply the volume formula to this problem directly because the axis of revolution is not 
one of the coordinate axes. However, we still know that the area of the cross-section is the area of 
the outer circle less the area of the inner circle. Looking at the graph of the function, we see the 
radius of the outer circle is given by f (x) + 2, which simplifies to 

Equation: 


f(z) +2=(4-2)+2=6-2. 


The radius of the inner circle is g(x) = 2. Therefore, we have 
Equation: 


V = [or [e-2°- ee 


4 4 
= xf Ge — 122+ 32) dx = [= = (yo ae 322 | = — units®. 
0 0 


Note: 
Exercise: 


Problem: 


Find the volume of a solid of revolution formed by revolving the region bounded above by the 
graph of f (x) = x + 2 and below by the z-axis over the interval [0, 3] around the line y = —1. 


Solution: 


607 units? 


Hint 


Use the procedure from [link]. 


Key Concepts 


¢ Definite integrals can be used to find the volumes of solids. Using the slicing method, we can find a 
volume by integrating the cross-sectional area. 

e For solids of revolution, the volume slices are often disks and the cross-sections are circles. The 
method of disks involves applying the method of slicing in the particular case in which the cross- 
sections are circles, and using the formula for the area of a circle. 

e Ifa solid of revolution has a cavity in the center, the volume slices are washers. With the method of 
washers, the area of the inner circle is subtracted from the area of the outer circle before integrating. 


Key Equations 


¢ Disk Method along the x-axis 


v= f ris (otac 


¢ Disk Method along the y-axis 
d 


v= | lo(w)ay 
e Washer Method 


v= f=[¢@y- owe 
Exercise: 


Problem: Derive the formula for the volume of a sphere using the slicing method. 


Exercise: 


Problem: Use the slicing method to derive the formula for the volume of a cone. 
Exercise: 


Problem: 


Use the slicing method to derive the formula for the volume of a tetrahedron with side length a. 


Exercise: 


Problem: Use the disk method to derive the formula for the volume of a trapezoidal cylinder. 
Exercise: 


Problem: 


Explain when you would use the disk method versus the washer method. When are they 
interchangeable? 


For the following exercises, draw a typical slice and find the volume using the slicing method for the 
given volume. 
Exercise: 


Problem: A pyramid with height 6 units and square base of side 2 units, as pictured here. 


iN 
Ao 
< 


Solution: 


8 units? 
Exercise: 
Problem: 


A pyramid with height 4 units and a rectangular base with length 2 units and width 3 units, as 
pictured here. 


7 
of 


3+ 


' 


Exercise: 


Problem: A tetrahedron with a base side of 4 units, as seen here. 


. 


4 


N 


Solution: 


—32_ units? 


3/2 
Exercise: 
Problem: 


A pyramid with height 5 units, and an isosceles triangular base with lengths of 6 units and 8 units, 
as seen here. 


Exercise: 


Problem: 


A cone of radius r and height h has a smaller cone of radius r/2 and height h/2 removed from the 
top, as seen here. The resulting solid is called a frustum. 


Solution: 
TH yd vite 
in hr* units 


For the following exercises, draw an outline of the solid and find the volume using the slicing method. 
Exercise: 


Problem: The base is a circle of radius a. The slices perpendicular to the base are squares. 
Exercise: 


Problem: 


The base is a triangle with vertices (0,0), (1,0), and (0, 1). Slices perpendicular to the x-axis are 
semicircles. 


Solution: 


Exercise: 
Problem: 
The base is the region under the parabola y = 1 — x? in the first quadrant. Slices perpendicular to 
the xy-plane are squares. 
Exercise: 
Problem: 


The base is the region under the parabola y = 1 — a? and above the z-axis. Slices perpendicular to 
the y-axis are squares. 


Solution: 


2 units? 
Exercise: 
Problem: 
The base is the region enclosed by y = x” and y = 9. Slices perpendicular to the x-axis are right 
isosceles triangles. The intersection of one of these slices and the base is the leg of the triangle. 
Exercise: 


Problem: 
The base is the area between y = x and y = 2?. Slices perpendicular to the x-axis are semicircles. 


Solution: 


T ree 
240 units 


For the following exercises, draw the region bounded by the curves. Then, use the disk method to find 
the volume when the region is rotated around the x-axis. 
Exercise: 


Problem: xz + y = 8,z = 0, andy = 0 


Exercise: 
Problem: y = 2x7, z = 0,x = 4, andy = 0 


Solution: 


40967 
5 


units? 


Exercise: 


Problem: y = e* + 1,2 = 0,2 = 1, andy =0 


Exercise: 


Problem: y = x*,z = 0, andy=1 


Solution: 


-02 9 02 04 06 08 1.0 1.2% 


Sn units? 


Exercise: 


Problem: y = \/z,z = 0,2 = 4, andy = 0 


Exercise: 


Problem: y = sinz, y = cosz, andz = 0 


Solution: 


- units? 


Exercise: 


Problem: y = 432 = 2, andy=3 


Exercise: 


Problem: x? — y* = 9andz + y= 9,y = Oandz = 0 


Solution: 


x+y=9 


0 2 4 6 x 


2077 units? 


For the following exercises, draw the region bounded by the curves. Then, find the volume when the 
region is rotated around the y-axis. 
Exercise: 


Problem: y = 4 — $2, 2 = 0, andy=0 


Exercise: 


Problem: y = 2x*,z = 0, = 1, andy =0 


Solution: 
tt 
4t 
y = 2x 
3+ 
2+ 
1+ 
-1-05 % o5 15 2% 
a 1 - 
An 403 
<5r units 
Exercise: 


Problem: y = 32’, z = 0, andy = 3 


Exercise: 


Problem: y = V4 — z2,y = 0, andz =0 


Solution: 


16a 


et 
3 units 


Exercise: 


1 
Vat+l1 


Problem: y = ,2=0, and¢e=3 


Exercise: 


Problem: x = sec (y) andy = 7,y = Oandz = 0 


Solution: 


7 units? 


Exercise: 


1 


zi & = 0, andr =2 


Problem: y = 


Exercise: 


Problem: y = 4—2z,y= 2, andz =0 


Solution: 


For the following exercises, draw the region bounded by the curves. Then, find the volume when the 
region is rotated around the x-axis. 
Exercise: 


Problem: y = x+2,y=2+6,x=0, andx=5 


Exercise: 


Problem: y = «” andy = x + 2 


Solution: 


Ue units? 


Exercise: 


Problem: x? = y? and x? = y* 


Exercise: 


Problem: y = 4 — x? andy = 2— 2 


Solution: 


1087 


1087 nits? 
5 units 


Exercise: 


Problem: [T] y = cosz,y =e *,x =0, anda = 1.2927 
Exercise: 


Problem: y = \/z and y = x” 


Solution: 


3m od 
To units 


Exercise: 


Problem: y = sinz, y = 5sinz,z =OQandz=7 


Exercise: 


Problem: y = V1 + x? andy = V4 — x? 


Solution: 


2/ 67 units? 


For the following exercises, draw the region bounded by the curves. Then, use the washer method to find 
the volume when the region is revolved around the y-axis. 
Exercise: 


Problem: y = \/z,z = 4, and y = 0 


Exercise: 


Problem: y = z + 2,y = 2x — 1, andz = 0 


Solution: 


3 


Q7 units 


Exercise: 


Problem: y = %/z and y = x° 


Exercise: 
Problem: z = e?¥,z = y*, y = 0, and y = In (2) 


Solution: 


4 (75-4 In° (2)) units 


Exercise: 


Problem: x = ,\/9 — y?,x =e ¥,y = 0, andy=3 
Exercise: 


Problem: 


1 


Yogurt containers can be shaped like frustums. Rotate the line y = —-x around the y-axis to find the 


volume between y = a and y = b. 


Solution: 


mr (23 3 03 
™ (6° — a*) units 
Exercise: 


Problem: 


Rotate the ellipse (x”/a?) + (y?/b”) = 1 around the x-axis to approximate the volume of a 
football, as seen here. 


Exercise: 


Problem: 


Rotate the ellipse (x? /a?) + (y?/b”) = 1 around the y-axis to approximate the volume of a 
football. 


Solution: 


2 . 
a units? 


Exercise: 
Problem: 
A better approximation of the volume of a football is given by the solid that comes from rotating 


y = sin x around the x-axis from x = 0 to x = zm. What is the volume of this football 
approximation, as seen here? 


—1.0 


Exercise: 


Problem: 


What is the volume of the Bundt cake that comes from rotating y = sin x around the y-axis from 
g=0Ntoz=7? 


Solution: 
27 units? 
For the following exercises, find the volume of the solid described. 
Exercise: 
Problem: 
The base is the region between y = x and y = 2”. Slices perpendicular to the x-axis are 
semicircles. 
Exercise: 
Problem: 


The base is the region enclosed by the generic ellipse (2”/a”) + (y*/b?) = 1. Slices 
perpendicular to the x-axis are semicircles. 


Solution: 
2 A 
Zahn units? 
Exercise: 
Problem: 


Bore a hole of radius a down the axis of a right cone and through the base of radius b, as seen here. 


Exercise: 


Problem: 


Find the volume common to two spheres of radius r with centers that are 2h apart, as shown here. 


Ei Be 


Solution: 


4 (r +h)? (6r — A) units? 


Exercise: 


Problem: Find the volume of a spherical cap of height h and radius r where h < r, as seen here. 


Exercise: 


Problem: 


Find the volume of a sphere of radius R with a cap of height h removed from the top, as seen here. 


Solution: 


4 (h + R)(h — 2R)* units? 


Glossary 


cross-section 
the intersection of a plane and a solid object 


disk method 
a special case of the slicing method used with solids of revolution when the slices are disks 


slicing method 
a method of calculating the volume of a solid that involves cutting the solid into pieces, estimating 
the volume of each piece, then adding these estimates to arrive at an estimate of the total volume; as 
the number of slices goes to infinity, this estimate becomes an integral that gives the exact value of 
the volume 


solid of revolution 
a solid generated by revolving a region in a plane around a line in that plane 


washer method 


a special case of the slicing method used with solids of revolution when the slices are washers 


Volumes of Revolution: Cylindrical Shells 


¢ Calculate the volume of a solid of revolution by using the method of 
cylindrical shells. 
¢ Compare the different methods for calculating a volume of revolution. 


In this section, we examine the method of cylindrical shells, the final 
method for finding the volume of a solid of revolution. We can use this 
method on the same kinds of solids as the disk method or the washer 
method; however, with the disk and washer methods, we integrate along the 
coordinate axis parallel to the axis of revolution. With the method of 
cylindrical shells, we integrate along the coordinate axis perpendicular to 
the axis of revolution. The ability to choose which variable of integration 
we want to use can be a significant advantage with more complicated 
functions. Also, the specific geometry of the solid sometimes makes the 
method of using cylindrical shells more appealing than using the washer 
method. In the last part of this section, we review all the methods for 
finding volume that we have studied and lay out some guidelines to help 
you determine which method to use in a given situation. 


The Method of Cylindrical Shells 


Again, we are working with a solid of revolution. As before, we define a 
region R, bounded above by the graph of a function y = f(a), below by 
the x-axis, and on the left and right by the lines x = a and x = b, 
respectively, as shown in [link](a). We then revolve this region around the 
y-axis, as Shown in [link](b). Note that this is different from what we have 
done before. Previously, regions defined in terms of functions of x were 
revolved around the x-axis or a line parallel to it. 


(a) 


(a) A region bounded by the graph of a function of x. (b) The solid of 
revolution formed when the region is revolved around the y-axis. 


As we have done many times before, partition the interval [a, b] using a 

regular partition, P = {xo,21,...,%,} and, fori = 1,2,...,n, choose a 
* 

point x; € {x;-1,x;]. Then, construct a rectangle over the interval 


[x;-1, v;] of height f(a, ) and width Az. A representative rectangle is 
shown in [link](a). When that rectangle is revolved around the y-axis, 
instead of a disk or a washer, we get a cylindrical shell, as shown in the 
following figure. 


y = f(x) 


(a) 
(a) A representative rectangle. (b) When this rectangle is revolved 


around the y-axis, the result is a cylindrical shell. (c) When we put all 
the shells together, we get an approximation of the original solid. 


To calculate the volume of this shell, consider [link]. 


Calculating the volume of the 
shell. 


The shell is a cylinder, so its volume is the cross-sectional area multiplied 
by the height of the cylinder. The cross-sections are annuli (ring-shaped 

regions—essentially, circles with a hole in the center), with outer radius x; 
and inner radius x;_1. Thus, the cross-sectional area is 7x? Wee 4: The 


height of the cylinder is f (x, ). Then the volume of the shell is 
Equation: 


Vie = f(2;) (wa? — nz} ,) 
= nf(x;) (2? — 22.) 
= mf(x,) (aj + 24-1) (xj — 241) 
a 2 


Note that x; — x;_1 = Az, so we have 


Equation: 
7 Hie es 
Vshel = 27 f(x; ) (A ; * Jae 
Furthermore, wt is both the midpoint of the interval [x;_1, x;] and the 


average radius of the shell, and we can approximate this by z,;. We then 
have 
Equation: 


* * 


Vehell ~ 2r f(x; )x, Az. 


Another way to think of this is to think of making a vertical cut in the shell 
and then opening it up to form a flat plate ((link]). 


(a) (b) 


(a) Make a vertical cut in a representative shell. (b) Open the shell up 
to form a flat plate. 


Ax 


In reality, the outer radius of the shell is greater than the inner radius, and 
hence the back edge of the plate would be slightly longer than the front 
edge of the plate. However, we can approximate the flattened shell by a flat 
plate of height f(a; ), width 27a, , and thickness Az ([link]). The volume 
of the shell, then, is approximately the volume of the flat plate. Multiplying 
the height, width, and depth of the plate, we get 

Equation: 


Vehell © f(z,) (2r2, ) Ac, 


which is the same formula we had before. 


To calculate the volume of the entire solid, we then add the volumes of all 
the shells and obtain 
Equation: 


n 


Ve Ss" (2n2; fla, )Ac). 


i=1 


Here we have another Riemann sum, this time for the function 272 f(x). 
Taking the limit as m — oo gives us 
Equation: 


V = lim (272; f(x; )Ac) = ik (Qra f(x))dax. 


n- Co 
i=1 


This leads to the following rule for the method of cylindrical shells. 


Note: 


Rule: The Method of Cylindrical Shells 

Let f(x) be continuous and nonnegative. Define R as the region bounded 
above by the graph of f(x), below by the x-axis, on the left by the line 

x = a, and on the right by the line = b. Then the volume of the solid of 
revolution formed by revolving R around the y-axis is given by 
Equation: 


b 
v= / Onn: 


Now let’s consider an example. 


Example: 
Exercise: 


Problem: 
The Method of Cylindrical Shells 1 


Define R as the region bounded above by the graph of f(x) = 1/zx 
and below by the x-axis over the interval [1, 3]. Find the volume of 
the solid of revolution formed by revolving R around the y-axis. 


Solution: 


First we must graph the region R and the associated solid of 
revolution, as shown in the following figure. 


(a) (b) 


(a) The region R under the graph of f(x) = 1/a over the 
interval [1, 3]. (b) The solid of revolution generated by revolving 
R about the y-axis. 


Then the volume of the solid is given by 


Equation: 
b 
V= / (Qra f(x) )dx 
3 
1 
“ff (o(2)) 
‘| dG 
3 
= i Qn dx = 2nx|? = 47 units?. 
i 
Note: 


Exercise: 


Problem: 


Define R as the region bounded above by the graph of f(x) = x? and 
below by the x-axis over the interval |1, 2]. Find the volume of the 
solid of revolution formed by revolving R around the y-axis. 


Solution: 


aa units? 


Hint 


Use the procedure from [link]. 


Example: 
Exercise: 


Problem: 
The Method of Cylindrical Shells 2 


Define R as the region bounded above by the graph of 

f(x) = 2x — x? and below by the z-axis over the interval (0, 2]. 
Find the volume of the solid of revolution formed by revolving R 
around the y-axis. 


Solution: 


First graph the region RF and the associated solid of revolution, as 
shown in the following figure. 


0.547 
‘7 
/ \y 
——_ - eS 
-3 -2— 
°F 
(b) 


(a) The region R under the graph of f(x) = 2x — x? over the 


interval [0, 2]. (b) The volume of revolution obtained by 
revolving FR about the y-axis. 


Then the volume of the solid is given by 
Equation: 


b 
y= / Onn eyias 
= [ (ame (20 — 2”))de = anf (20? — 2°) de 


Note: 
Exercise: 


Problem: 


Define Rf as the region bounded above by the graph of 

f(x) = 3x — x? and below by the x-axis over the interval [0, 2]. 
Find the volume of the solid of revolution formed by revolving R 
around the y-axis. 


Solution: 


87 units” 


Hint 


Use the process from [link]. 


As with the disk method and the washer method, we can use the method of 
cylindrical shells with solids of revolution, revolved around the z-axis, 
when we want to integrate with respect to y. The analogous rule for this 
type of solid is given here. 


Note: 

Rule: The Method of Cylindrical Shells for Solids of Revolution around 
the x-axis 

Let g(y) be continuous and nonnegative. Define Q as the region bounded 
on the right by the graph of g(y), on the left by the y-axis, below by the 
line y = c, and above by the line y = d. Then, the volume of the solid of 
revolution formed by revolving Q around the x-axis is given by 
Equation: 


d 
V= / (2ryg(y) dy. 


Example: 
Exercise: 


Problem: 
The Method of Cylindrical Shells for a Solid Revolved around the 
X-axis 


Define Q as the region bounded on the right by the graph of 

g(y) = 2,/y and on the left by the y-axis for y € [0,4]. Find the 
volume of the solid of revolution formed by revolving @ around the 
X-axis. 


Solution: 


First, we need to graph the region Q and the associated solid of 
revolution, as shown in the following figure. 


(a) (b) 


(a) The region Q to the left of the function g(y) over the interval 
[0, 4]. (b) The solid of revolution generated by revolving Q 
around the z-axis. 


Label the shaded region Q. Then the volume of the solid is given by 
Equation: 


d 
V= / (2ryg(y))dy 
2 | (amy (2/9) )dy = 4m / y??dy 
0 0 


4 
9 5/2 P 
= 4r| = | = 2567 units®. 
0 


Note: 
Exercise: 


Problem: 


Define Q as the region bounded on the right by the graph of 

g(y) = 3/y and on the left by the y-axis for y € [1,3]. Find the 
volume of the solid of revolution formed by revolving Q around the 
L-aXIs. 


Solution: 


127 units? 


Hint 


Use the process from [link]. 


For the next example, we look at a solid of revolution for which the graph 
of a function is revolved around a line other than one of the two coordinate 


axes. To set this up, we need to revisit the development of the method of 
cylindrical shells. Recall that we found the volume of one of the shells to be 
given by 


Equation: 
Vane = f(x; )(mx; — 1z;_,) 
= wf(a;) (0? - #24) 
= mf(x;) (vi + Bi-1) (Bi — Bi-1) 
i 2 


This was based on a shell with an outer radius of x; and an inner radius of 
x;—1. If, however, we rotate the region around a line other than the y-axis, 
we have a different outer and inner radius. Suppose, for example, that we 
rotate the region around the line x = —k, where k is some positive 
constant. Then, the outer radius of the shell is 2; + k& and the inner radius of 
the shell is x;_; + k. Substituting these terms into the expression for 
volume, we see that when a plane region is rotated around the line x = —k, 
the volume of a shell is given by 

Equation: 


Venen = 2m f(a;) (SAE ) (25 +) - (2a +4) 


= In f(a,) (2222) +k) Ac. 


Uji+zj-1 


As before, we notice that is the midpoint of the interval [x;_1, x; 


and can be approximated by x, . Then, the approximate volume of the shell 
is 
Equation: 


Vshell & 270 (2; = k) fla, Az. 


The remainder of the development proceeds as before, and we see that 
Equation: 


b 
v= / (inlet ky faax: 


We could also rotate the region around other horizontal or vertical lines, 
such as a vertical line in the right half plane. In each case, the volume 
formula must be adjusted accordingly. Specifically, the z-term in the 
integral must be replaced with an expression representing the radius of a 
shell. To see how this works, consider the following example. 


Example: 
Exercise: 


Problem: 
A Region of Revolution Revolved around a Line 


Define R as the region bounded above by the graph of f(x) = a and 
below by the x-axis over the interval [1, 2]. Find the volume of the 
solid of revolution formed by revolving R around the line z = —1. 


Solution: 


First, graph the region R and the associated solid of revolution, as 
shown in the following figure. 


a do 


! 
! 
1 
—+—Aa - -+---F-- 1 


= = 
-5 -4 -3--2— 


(a) The region R between the graph of f(a) and the x-axis over 
the interval [1, 2]. (b) The solid of revolution generated by 
revolving f around the line z = —1. 


Note that the radius of a shell is given by z + 1. Then the volume of 
the solid is given by 
Equation: 


v =f ex(e+a saz 
= [ (27 (a + 1)x)dx = on [ (ae + x) da 


2 

3 2 A 

= Qn E + = | = a units®. 
1 


Note: 
Exercise: 


Problem: 


Define R as the region bounded above by the graph of f(x) = x? and 
below by the x-axis over the interval [0, 1]. Find the volume of the 
solid of revolution formed by revolving & around the line z = —2. 


Solution: 
Aln 
6 
Hint 


units? 


Use the process from [link]. 


For our final example in this section, let’s look at the volume of a solid of 
revolution for which the region of revolution is bounded by the graphs of 
two functions. 


Example: 
Exercise: 


Problem: 
A Region of Revolution Bounded by the Graphs of Two Functions 


Define R as the region bounded above by the graph of the function 
f(x) = ./z and below by the graph of the function g(x) = 1/a over 
the interval [1, 4]. Find the volume of the solid of revolution 
generated by revolving R around the y-axis. 


Solution: 


First, graph the region R and the associated solid of revolution, as 
shown in the following figure. 


(a) The region R between the graph of f(a) and the graph of 
g(x) over the interval [1, 4]. (b) The solid of revolution 
generated by revolving R around the y-axis. 


Note that the axis of revolution is the y-axis, so the radius of a shell is 
given simply by x. We don’t need to make any adjustments to the x- 
term of our integrand. The height of a shell, though, is given by 

f(x) — 9(2), so in this case we need to adjust the f(x) term of the 
integrand. Then the volume of the solid is given by 

Equation: 


Note: 
Exercise: 


Problem: 
Define R as the region bounded above by the graph of f(x) = x and 
below by the graph of g(x) = x? over the interval [0, 1]. Find the 


volume of the solid of revolution formed by revolving A around the 
y-axis. 


Solution: 

T DAyeh 

6 units 
Hint 


Use the process from [link]. 


Which Method Should We Use? 


We have studied several methods for finding the volume of a solid of 
revolution, but how do we know which method to use? It often comes down 
to a choice of which integral is easiest to evaluate. [link] describes the 
different approaches for solids of revolution around the z-axis. It’s up to 
you to develop the analogous table for solids of revolution around the 
y-axis. 


Comparing the Methods for Finding the Volume of a Solid Revolution around the x-axis 


Compare Disk Method Washer Method Shell Method 
Volume formula b b. d 
. V= jf a[fix) 2 dx v= I a(fo)? — (g(x))?] dx v= i 2my gly) dy 
Solid No cavity in the center Cavity in the center With or without a cavity 
in the center 


y y 


Typical region 


Typical element 


Let’s take a look at a couple of additional problems and decide on the best 
approach to take for solving them. 


Example: 
Exercise: 


Problem: 
Selecting the Best Method 


For each of the following problems, select the best method to find the 
volume of a solid of revolution generated by revolving the given 
region around the x-axis, and set up the integral to find the volume 
(do not evaluate the integral). 


a. The region bounded by the graphs of y = x, y = 2 — a, and the 
L-axis. 

b. The region bounded by the graphs of y = 4x — x? and the 
£-axis. 


Solution: 


a. First, sketch the region and the solid of revolution as shown. 


(a) 


(a) The region R bounded by two lines and the x-axis. (b) 
The solid of revolution generated by revolving R about the 
x-axis. 


Looking at the region, if we want to integrate with respect to z, 
we would have to break the integral into two pieces, because we 
have different functions bounding the region over [0, 1] and 

[1, 2]. In this case, using the disk method, we would have 


Equation: 
il 2 
a= / (ra?) da + / (m(2 — x)”) de. 
0 1 


If we used the shell method instead, we would use functions of y 
to represent the curves, producing 
Equation: 


V =j) (27y [(2 — y) — y])dy 


=f (2ry [2 — 2y] dy. 


Neither of these integrals is particularly onerous, but since the 
shell method requires only one integral, and the integrand 
requires less simplification, we should probably go with the shell 
method in this case. 

. First, sketch the region and the solid of revolution as shown. 


(a) (b) 


(a) The region R between the curve and the x-axis. (b) The 
solid of revolution generated by revolving R about the 


z-axis. 


Looking at the region, it would be problematic to define a 
horizontal rectangle; the region is bounded on the left and right 
by the same function. Therefore, we can dismiss the method of 
shells. The solid has no cavity in the middle, so we can use the 
method of disks. Then 

Equation: 


4 
V= / (4a — x?) "de. 
0 


Note: 
Exercise: 


Problem: 


Select the best method to find the volume of a solid of revolution 
generated by revolving the given region around the z-axis, and set up 
the integral to find the volume (do not evaluate the integral): the 
region bounded by the graphs of y = 2 — x? and y = z?. 


Solution: 


il 


Use the method of washers; V = / 
= 


m|(2—2)? — (2?)"]de 
Hint 


Sketch the region and use [link] to decide which integral is easiest to 
evaluate. 


Key Concepts 


e The method of cylindrical shells is another method for using a definite 
integral to calculate the volume of a solid of revolution. This method is 
sometimes preferable to either the method of disks or the method of 
washers because we integrate with respect to the other variable. In 
some cases, one integral is substantially more complicated than the 
other. 

e The geometry of the functions and the difficulty of the integration are 
the main factors in deciding which integration method to use. 


Key Equations 
¢ Method of Cylindrical Shells 


b 
ve / (ohne f (a) de 


For the following exercise, find the volume generated when the region 
between the two curves is rotated around the given axis. Use both the shell 
method and the washer method. Use technology to graph the functions and 
draw a typical slice by hand. 

Exercise: 


Problem: 
[T] Over the curve of y = 3x, x2 = 0, and y = 3 rotated around the 
y-axis. 
Exercise: 
Problem: 


[T] Under the curve of y = 3x, x = 0, and x = 8 rotated around the 
y-axis. 


Solution: 


547 units? 


Exercise: 
Problem: 
[T] Over the curve of y = 3x, xz = 0, and y = 3 rotated around the 
XL-axis. 
Exercise: 
Problem: 


[T] Under the curve of y = 3x, x = 0, and x = 8 rotated around the 
X-axis. 


Solution: 


817 units? 


Exercise: 
Problem: 
[T] Under the curve of y = 2x, z = 0, and x = 2 rotated around the 
y-axis. 
Exercise: 
Problem: 


[T] Under the curve of y = 2x, z = 0, and x = 2 rotated around the 
X-axis. 


Solution: 


an units? 


For the following exercises, use shells to find the volumes of the given 
solids. Note that the rotated regions lie between the curve and the z-axis 
and are rotated around the y-axis. 
Exercise: 

Problem: y = 1 — x*,z = 0, andz = 1 


Exercise: 
Problem: y = 52°,x = 0, andz = 1 


Solution: 


Qn units? 


Exercise: 


Problem: y = +,z = 1, and z = 100 


gy? 


Exercise: 


Problem: y = V1 — x2,z = 0, andz = 1 


Solution: 
=n units? 
Exercise: 


1 


Problem: y = Ta 


e= 0. anda= 3 


Exercise: 
Problem: y = sinz”,z = 0, andz = \/7 


Solution: 


Qn units? 


Exercise: 


Problem: y = aS = 0, andz = - 


Exercise: 
Problem: y = \/x,x = 0, andz = 1 
Solution: 
Ar 


en) 
5 units 


Exercise: 


Problem: y = (1 + x)* a = 0, andz=1 


Exercise: 


Problem: y = 52° — 2x*,2 = 0, andz =2 


Solution: 


or units? 


For the following exercises, use shells to find the volume generated by 
rotating the regions between the given curve and y = 0 around the z-axis. 
Exercise: 


Problem: y = V1 — z2,z = 0, andz =1 
Exercise: 


2 


Problem: y = x*,x = 0, andz = 2 


Solution: 
32 ee) 
=" units 
Exercise: 
Problem: y = e”,x = 0, andzx = 1 
Exercise: 
Problem: y = In (x), 7 = 1, andz =e 
Solution: 
nm (e — 2) units? 
Exercise: 
Problem: z = seer =1, andy=4 


Exercise: 


Problem: x = ey = 0, andy = 2 


Solution: 
aor units? 


Exercise: 


Problem: x = cosy, y = 0, andy = 7 


Exercise: 
Problem: x = y* — 4y”,y = —1, andy = 2 


Solution: 


Stn units? 


Exercise: 


Problem: x = ye’, y = 0, andy = 2 
Exercise: 


Problem: 


= COs (y7) ,« = 0, and x = 1 (one lobe in first quadrant only) 


Solution: 


n[1—0] = 7 units? 


For the following exercises, find the volume generated when the region 
between the curves is rotated around the given axis. 
Exercise: 


Problem: 
y=3-—2,y=0,2 = 0, and x = 2 rotated around the y-axis. 


Exercise: 


Problem: y = x°, y = 0, and y = 8 rotated around the y-axis. 


Solution: 


— units? 


Exercise: 


Problem: y = x”, y = 2, rotated around the y-axis. 


Exercise: 


Problem: y = ./x,z = 0, and z = 1 rotated around the line x = 2. 


Solution: 


287 03 
15 units 


Exercise: 


Problem: y = i x = 1, and x = 2 rotated around the line x = 4. 


Exercise: 


Problem: y = ./z and y = 2? rotated around the y-axis. 


Solution: 


37 03 
10 units 


Exercise: 


Problem: y = ,/z and y = x? rotated around the line x = 2. 


Exercise: 


Problem: 


1 


2=y',c= ioe 1, and x = 2 rotated around the z-axis. 


Solution: 
oem units? 


Exercise: 


Problem: x = y? and y = z rotated around the line y = 2. 


Exercise: 


Problem: [T] Left of x = sin (zy), right of y = z, around the y-axis. 


Solution: 


0.9876 units? 


For the following exercises, use technology to graph the region. Determine 
which method you think would be easiest to use to calculate the volume 
generated when the function is rotated around the specified axis. Then, use 
your chosen method to find the volume. 

Exercise: 


Problem: [T] y = x” and y = 4z rotated around the y-axis. 
Exercise: 


Problem: 


[T] y = cos (mz), y = sin(x),x = 4, and = ? rotated around 
the y-axis. 


Solution: 


3/2 units? 


Exercise: 


Problem: 


[T] y = x” — 22,2 = 2, and x = 4 rotated around the y-axis. 
Exercise: 


Problem: 


[T] y = x? — 2x,x = 2, and z = 4 rotated around the z-axis. 


Solution: 


4967 +3 
= units 
Exercise: 


Problem: 


[T] y = 3x° — 2,y = z, and x = 2 rotated around the z-axis. 
Exercise: 


Problem: 
[T] y = 3z° — 2,y = a, and z = 2 rotated around the y-axis. 


Solution: 


3987 
15 


units? 


Exercise: 


Problem: [T] z = sin (ary?) and x = /2y rotated around the z-axis. 


Exercise: 


Problem: 
[T] z= y?,x = y? —2y+1, and z = 2 rotated around the y-axis. 


Solution: 


15.9074 units® 


For the following exercises, use the method of shells to approximate the 
volumes of some common objects, which are pictured in accompanying 
figures. 

Exercise: 


Problem: 


Use the method of shells to find the volume of a sphere of radius r. 


2 


Exercise: 


Problem: 


Use the method of shells to find the volume of a cone with radius r 
and height h. 


A 


Solution: 


znrh units? 
Exercise: 


Problem: 


Use the method of shells to find the volume of an ellipse 
(x”/a”) + (y?/b?) = 1 rotated around the z-axis. 


Exercise: 


Problem: 


Use the method of shells to find the volume of a cylinder with radius r 
and height h. 


Solution: 

ar7h units? 
Exercise: 

Problem: 


Use the method of shells to find the volume of the donut created when 
the circle 2? + y? = 4is rotated around the line z = 4. 


Exercise: 


Problem: 


Consider the region enclosed by the graphs of 
y=f(z),y=1+f(x),c2 =0,y=0, andz =a > 0. What is the 
volume of the solid generated when this region is rotated around the 
y-axis? Assume that the function is defined over the interval [0, a]. 


Solution: 


ta” units? 


Exercise: 


Problem: 


Consider the function y = f (x), which decreases from f (0) = 6 to 
f (1) = 0. Set up the integrals for determining the volume, using both 
the shell method and the disk method, of the solid generated when this 
region, with x = 0 and y = 0, is rotated around the y-axis. Prove that 
both methods approximate the same volume. Which method is easier 
to apply? (Hint: Since f (a) is one-to-one, there exists an inverse 


f-*(y)-) 
Glossary 
method of cylindrical shells 


a method of calculating the volume of a solid of revolution by dividing 
the solid into nested cylindrical shells; this method is different from 


the methods of disks or washers in that we integrate with respect to the 
opposite variable 


Physical Applications 


Determine the mass of a one-dimensional object from its linear density function. 
Determine the mass of a two-dimensional circular object from its radial density function. 
Calculate the work done by a variable force acting along a line. 

Calculate the work done in pumping a liquid from one height to another. 

Find the hydrostatic force against a submerged vertical plate. 


In this section, we examine some physical applications of integration. Let’s begin with a look at 
calculating mass from a density function. We then turn our attention to work, and close the section 
with a study of hydrostatic force. 


Mass and Density 


We can use integration to develop a formula for calculating mass based on a density function. First we 
consider a thin rod or wire. Orient the rod so it aligns with the z-axis, with the left end of the rod at 

x = a and the right end of the rod at x = b ({link]). Note that although we depict the rod with some 
thickness in the figures, for mathematical purposes we assume the rod is thin enough to be treated as a 
one-dimensional object. 


We can calculate the mass of a thin 
rod oriented along the z-axis by 
integrating its density function. 


If the rod has constant density p, given in terms of mass per unit length, then the mass of the rod is 
just the product of the density and the length of the rod: (b — a)p. If the density of the rod is not 
constant, however, the problem becomes a little more challenging. When the density of the rod varies 
from point to point, we use a linear density function, p(x), to denote the density of the rod at any 
point, x. Let p(x) be an integrable linear density function. Now, fori = 0,1,2,...,n let P = {x;} be 
a regular partition of the interval |a, b], and for 7 = 1, 2,..., choose an arbitrary point 


* 
x; € |x;~1, x;]. [link] shows a representative segment of the rod. 


A representative segment of the rod. 


The mass m, of the segment of the rod from x;_, to x; is approximated by 
Equation: 


* * 


mi © p(x; ) (vi — Bi-1) = p(x; )Az. 


Adding the masses of all the segments gives us an approximation for the mass of the entire rod: 
Equation: 


n n * 
m= So mi a S- p(x; )Az. 
i=1 i=1 


This is a Riemann sum. Taking the limit as m — oo, we get an expression for the exact mass of the 
rod: 


Equation: 
n b 
m= lim ) p(x, Ax -| p(x)dz. 
i=1 e 


We state this result in the following theorem. 


Note: 

Mass-—Density Formula of a One-Dimensional Object 

Given a thin rod oriented along the z-axis over the interval |a, b], let p(x) denote a linear density 
function giving the density of the rod at a point x in the interval. Then the mass of the rod is given by 
Equation: 


i [ p(x)dz. 


We apply this theorem in the next example. 


Example: 
Exercise: 


Problem: 
Calculating Mass from Linear Density 


Consider a thin rod oriented on the x-axis over the interval [7/2, 7]. If the density of the rod is 
given by p(x) = sin x, what is the mass of the rod? 


Solution: 


Applying [link] directly, we have 


Equation: 
Tv 
b 
n= / p(x)dx = / sin z dz = —cosz|7/. = 1. 
@ 1/2 
Note: 
Exercise: 
Problem: 


Consider a thin rod oriented on the x-axis over the interval [1, 3]. If the density of the rod is 
given by p(x) = 2x + 3, what is the mass of the rod? 


Solution: 


70/3 
Hint 


Use the process from the previous example. 


We now extend this concept to find the mass of a two-dimensional disk of radius r. As with the rod 
we looked at in the one-dimensional case, here we assume the disk is thin enough that, for 
mathematical purposes, we can treat it as a two-dimensional object. We assume the density is given in 
terms of mass per unit area (called area density), and further assume the density varies only along the 
disk’s radius (called radial density). We orient the disk in the zy-plane, with the center at the origin. 
Then, the density of the disk can be treated as a function of xz, denoted p(x). We assume p(x) is 
integrable. Because density is a function of x, we partition the interval from [0,7] along the z-axis. 
Fori = 0,1, 2,...,n, let P = {z;} be a regular partition of the interval [0,7], and fori = 1, 2,...,n, 


* 
choose an arbitrary point x; € [x;—1, x;]. Now, use the partition to break up the disk into thin (two- 
dimensional) washers. A disk and a representative washer are depicted in the following figure. 


AX 
(a) (b) 


(a) A thin disk in the xy-plane. (b) A representative washer. 


We now approximate the density and area of the washer to calculate an approximate mass, m;. Note 
that the area of the washer is given by 
Equation: 


A; = 1(zx;)" — x(a;-1)” 
=n (x; — 2;_4| 
ay et) a 
= n(x; + 24-1) Az. 


You may recall that we had an expression similar to this when we were computing volumes by shells. 


* 
As we did there, we use x; © (x; + 2;_1)/2 to approximate the average radius of the washer. We 
obtain 
Equation: 


A; = n(a; + aj-1) Au & 27a, Az. 


* 
Using (a; ) to approximate the density of the washer, we approximate the mass of the washer by 


Equation: 


Mm, © Ira, p(x, Az. 


Adding up the masses of the washers, we see the mass m of the entire disk is approximated by 
Equation: 


We again recognize this as a Riemann sum, and take the limit as n — oo. This gives us 
Equation: 


m= lim ) 2rz, p(x; Ax =} 2nrxp(x)dz. 
i=1 


We summarize these findings in the following theorem. 


Note: 

Mass—Density Formula of a Circular Object 

Let p(x) be an integrable function representing the radial density of a disk of radius r. Then the mass 
of the disk is given by 

Equation: 


m= | 2rxp(x)dx. 
0 


Example: 
Exercise: 


Problem: 
Calculating Mass from Radial Density 


Let p(x) = »/z represent the radial density of a disk. Calculate the mass of a disk of radius 4. 
Solution: 


Applying the formula, we find 
Equation: 


m =| 2nrxp(x)dx 
0 


4 4 
= if Qr2/edz = an f adr 
0 0 


— > Bale — 4a _ 1280 
= ane 2|, = F132] = 


Note: 
Exercise: 


Problem: 


Let p(x) = 3x + 2 represent the radial density of a disk. Calculate the mass of a disk of radius 
De 


Solution: 


24a 
Hint 


Use the process from the previous example. 


Work Done by a Force 


We now consider work. In physics, work is related to force, which is often intuitively defined as a 
push or pull on an object. When a force moves an object, we say the force does work on the object. In 
other words, work can be thought of as the amount of energy it takes to move an object. According to 
physics, when we have a constant force, work can be expressed as the product of force and distance. 


In the English system, the unit of force is the pound and the unit of distance is the foot, so work is 
given in foot-pounds. In the metric system, kilograms and meters are used. One newton is the force 
needed to accelerate 1 kilogram of mass at the rate of 1 m/sec*. Thus, the most common unit of work 
is the newton-meter. This same unit is also called the joule. Both are defined as kilograms times 
meters squared over seconds squared (kg -m?/ s?). 


When we have a constant force, things are pretty easy. It is rare, however, for a force to be constant. 
The work done to compress (or elongate) a spring, for example, varies depending on how far the 
spring has already been compressed (or stretched). We look at springs in more detail later in this 
section. 


Suppose we have a variable force F(x) that moves an object in a positive direction along the x-axis 

from point a to point b. To calculate the work done, we partition the interval |a, b] and estimate the 

work done over each subinterval. So, for? = 0,1, 2,...,n, let P = {x;} be a regular partition of the 

* 

interval [a, b], and for i = 1, 2,...,, choose an arbitrary point z; € {x;_1,z;]. To calculate the work 

done to move an object from point z;_; to point x;, we assume the force is roughly constant over the 
* 

interval, and use F(x; ) to approximate the force. The work done over the interval [x;_1, x;], then, is 

given by 

Equation: 


W; ~ F(x,) (xi — 24-1) = F(2,) Ac. 


Therefore, the work done over the interval [a, b] is approximately 
Equation: 


W = yw, x Yo Flee 


Taking the limit of this expression as n — oo gives us the exact value for work: 
Equation: 

* 

i 


n b 
W= ee )Az = / F(a)dz. 
Thus, we can define work as follows. 


Note: 

Definition 

If a variable force F(x) moves an object in a positive direction along the x-axis from point a to point 
b, then the work done on the object is 

Equation: 


W= [ Fees 


Note that if F is constant, the integral evaluates to F' - (b — a) = F’- d, which is the formula we stated 
at the beginning of this section. 


Now let’s look at the specific example of the work done to compress or elongate a spring. Consider a 
block attached to a horizontal spring. The block moves back and forth as the spring stretches and 
compresses. Although in the real world we would have to account for the force of friction between the 
block and the surface on which it is resting, we ignore friction here and assume the block is resting on 
a frictionless surface. When the spring is at its natural length (at rest), the system is said to be at 
equilibrium. In this state, the spring is neither elongated nor compressed, and in this equilibrium 
position the block does not move until some force is introduced. We orient the system such that z = 0 
corresponds to the equilibrium position (see the following figure). 


Equilibrium 


Compressed 


Elongated 
(Stretched) 


A block attached to a horizontal spring at 
equilibrium, compressed, and elongated. 


According to Hooke’s law, the force required to compress or stretch a spring from an equilibrium 
position is given by F'(2) = kx, for some constant k. The value of k& depends on the physical 
characteristics of the spring. The constant k is called the spring constant and is always positive. We 
can use this information to calculate the work done to compress or elongate a spring, as shown in the 
following example. 


Example: 
Exercise: 


Problem: 
The Work Required to Stretch or Compress a Spring 


Suppose it takes a force of 10 N (in the negative direction) to compress a spring 0.2 m from the 
equilibrium position. How much work is done to stretch the spring 0.5 m from the equilibrium 
position? 


Solution: 


First find the spring constant, k. When z = —0.2, we know F(x) = —10, so 
Equation: 


hie =wne 
k(—0.2) 
k = 50 


| 
_ 
So 
I 


and F(a) = 50. Then, to calculate work, we integrate the force function, obtaining 
Equation: 


b 0.5 
W= / F(x)dz = i) 50x de = 25a?|"° = 6.25. 
a 0 


The work done to stretch the spring is 6.25 J. 


Note: 
Exercise: 


Problem: 


Suppose it takes a force of 8 lb to stretch a spring 6 in. from the equilibrium position. How much 
work is done to stretch the spring 1 ft from the equilibrium position? 


Solution: 


8 ft-lb 
Hint 


Use the process from the previous example. Be careful with units. 


Work Done in Pumping 


Consider the work done to pump water (or some other liquid) out of a tank. Pumping problems are a 
little more complicated than spring problems because many of the calculations depend on the shape 
and size of the tank. In addition, instead of being concerned about the work done to move a single 
mass, we are looking at the work done to move a volume of water, and it takes more work to move the 
water from the bottom of the tank than it does to move the water from the top of the tank. 


We examine the process in the context of a cylindrical tank, then look at a couple of examples using 
tanks of different shapes. Assume a cylindrical tank of radius 4 m and height 10 m is filled to a depth 
of 8 m. How much work does it take to pump all the water over the top edge of the tank? 


The first thing we need to do is define a frame of reference. We let x represent the vertical distance 
below the top of the tank. That is, we orient the z-axis vertically, with the origin at the top of the tank 
and the downward direction being positive (see the following figure). 


How much work is needed to empty a tank partially 
filled with water? 


Using this coordinate system, the water extends from x = 2 to x = 10. Therefore, we partition the 
interval [2, 10] and look at the work required to lift each individual “layer” of water. So, for 

i= 0,1, 2,...,n, let P = {x;} be a regular partition of the interval 2, 10], and fori = 1, 2,...,n, 
choose an arbitrary point x; € [a#;~1, z;]. [link] shows a representative layer. 


A representative layer of water. 


In pumping problems, the force required to lift the water to the top of the tank is the force required to 
overcome gravity, so it is equal to the weight of the water. Given that the weight-density of water is 
9800 N/m, or 62.4 lb/ft, calculating the volume of each layer gives us the weight. In this case, we 
have 


Equation: 

V = 1(4)*Ag = 167A. 
Then, the force needed to lift each layer is 
Equation: 


F = 9800 - 167Az = 156,8007Az. 


Note that this step becomes a little more difficult if we have a noncylindrical tank. We look at a 
noncylindrical tank in the next example. 


We also need to know the distance the water must be lifted. Based on our choice of coordinate 
* 


systems, we can use Z, aS an approximation of the distance the layer must be lifted. Then the work to 
lift the 2th layer of water W; is approximately 
Equation: 


W; ~ 156,8007z, Az. 


Adding the work for each layer, we see the approximate work to empty the tank is given by 


Equation: 
W= ) W; & ) 156,8007z, Az. 
i=1 i=1 


This is a Riemann sum, so taking the limit asm — oo, we get 


Equation: 
W = lim 156,80072, Ax 
noo j=1 
10 
— 156,807 [ xdx 
2 


10 
= 156,807] =| | — 7,526,4007 ~ 23,644,883. 
2 


The work required to empty the tank is approximately 23,650,000 J. 


For pumping problems, the calculations vary depending on the shape of the tank or container. The 
following problem-solving strategy lays out a step-by-step process for solving pumping problems. 


Note: 
Problem-Solving Strategy: Solving Pumping Problems 


. Sketch a picture of the tank and select an appropriate frame of reference. 

. Calculate the volume of a representative layer of water. 

. Multiply the volume by the weight-density of water to get the force. 

. Calculate the distance the layer of water must be lifted. 

. Multiply the force and distance to get an estimate of the work needed to lift the layer of water. 

. Sum the work required to lift all the layers. This expression is an estimate of the work required 
to pump out the desired amount of water, and it is in the form of a Riemann sum. 

7. Take the limit as m — oo and evaluate the resulting integral to get the exact work required to 

pump out the desired amount of water. 


Nu BRWN 


We now apply this problem-solving strategy in an example with a noncylindrical tank. 


Example: 
Exercise: 


Problem: 
A Pumping Problem with a Noncylindrical Tank 


Assume a tank in the shape of an inverted cone, with height 12 ft and base radius 4 ft. The tank 
is full to start with, and water is pumped over the upper edge of the tank until the height of the 
water remaining in the tank is 4 ft. How much work is required to pump out that amount of 
water? 


Solution: 
The tank is depicted in [link]. As we did in the example with the cylindrical tank, we orient the 


x-axis vertically, with the origin at the top of the tank and the downward direction being 
positive (step 1). 


A water tank in the shape of 
an inverted cone. 


The tank starts out full and ends with 4 ft of water left, so, based on our chosen frame of 
reference, we need to partition the interval [0, 8]. Then, fori = 0,1, 2,...,n, let P = {x;} bea 
regular partition of the interval [0, 8], and for = 1, 2,...,, choose an arbitrary point 


x; © |@;-1, x;]. We can approximate the volume of a layer by using a disk, then use similar 
triangles to find the radius of the disk (see the following figure). 


0 


Xx 


(a) (b) 


Using similar triangles to express the radius of a disk of water. 


From properties of similar triangles, we have 


Equation: 
5 = Avil 
pen 12 3 
* 
12-2 
gy = 3 
x; 
= 4-4 


Then the volume of the disk is 
Equation: 


ey 2 
= “(1 a | Az (step 2). 


The weight-density of water is 62.4 lb/ft?, so the force needed to lift each layer is approximately 


Equation: 
* 


x; 


2 
Fi, = 62.47 (: — | Az (step 3). 


Based on the diagram, the distance the water must be lifted is approximately x, feet (step 4), so 
the approximate work needed to lift the layer is 
Equation: 


* 
L; 


2 
W; © 62.472, (: A 5 Az (step 5). 


Summing the work required to lift all the layers, we get an approximate value of the total work: 


Equation: 
n n Ey 
* ZL. 
WS ) W; ) 62.472, (: - 2 Az (step 6). 
i=1 i=1 


Taking the limit as m — oo, we obtain 
Equation: 


n * * 2 
W = lim y 62.4nz;(4- 3) Az 
n—0o 5=11 
8 2\2 
=| 62.42 (4 — =) dz 
0 3 


8 2 8 D 3 
8 8 
= 624m | x (15 - = + = Jae = 02.40 f (102 - +o \ae 


4 


8 
= 62.4n[8u? — 22° + 4] | — 10,649.61 ~ 33,456.7. 


It takes approximately 33,450 ft-lb of work to empty the tank to the desired level. 


Note: 
Exercise: 


Problem: 
A tank is in the shape of an inverted cone, with height 10 ft and base radius 6 ft. The tank is 


filled to a depth of 8 ft to start with, and water is pumped over the upper edge of the tank until 3 
ft of water remain in the tank. How much work is required to pump out that amount of water? 


Solution: 


Approximately 43,255.2 ft-lb 
Hint 


Use the process from the previous example. 


Hydrostatic Force and Pressure 


In this last section, we look at the force and pressure exerted on an object submerged in a liquid. In the 
English system, force is measured in pounds. In the metric system, it is measured in newtons. Pressure 
is force per unit area, so in the English system we have pounds per square foot (or, perhaps more 
commonly, pounds per square inch, denoted psi). In the metric system we have newtons per square 
meter, also called pascals. 


Let’s begin with the simple case of a plate of area A submerged horizontally in water at a depth s 
({link]). Then, the force exerted on the plate is simply the weight of the water above it, which is given 
by F' = pAs, where p is the weight density of water (weight per unit volume). To find the 
hydrostatic pressure—that is, the pressure exerted by water on a submerged object—we divide the 
force by the area. So the pressure is p = F'/A = ps. 


A plate submerged horizontally in water. 


By Pascal’s principle, the pressure at a given depth is the same in all directions, so it does not matter if 
the plate is submerged horizontally or vertically. So, as long as we know the depth, we know the 
pressure. We can apply Pascal’s principle to find the force exerted on surfaces, such as dams, that are 
oriented vertically. We cannot apply the formula F’ = pAs directly, because the depth varies from 


point to point on a vertically oriented surface. So, as we have done many times before, we form a 
partition, a Riemann sum, and, ultimately, a definite integral to calculate the force. 


Suppose a thin plate is submerged in water. We choose our frame of reference such that the x-axis is 
oriented vertically, with the downward direction being positive, and point z = 0 corresponding to a 
logical reference point. Let s(x) denote the depth at point x. Note we often let z = 0 correspond to 
the surface of the water. In this case, depth at any point is simply given by s(x) = x. However, in 
some cases we may want to select a different reference point for 2 = 0, so we proceed with the 
development in the more general case. Last, let w(x) denote the width of the plate at the point z. 


Assume the top edge of the plate is at point x = a and the bottom edge of the plate is at point x = b. 
Then, for i = 0,1, 2,...,”, let P = {x;} be a regular partition of the interval [a, b], and for 


i =1,2,...,n, choose an arbitrary point x; € [x;-1, x;]. The partition divides the plate into several 
thin, rectangular strips (see the following figure). 


A thin plate submerged vertically in water. 


Let’s now estimate the force on a representative strip. If the strip is thin enough, we can treat it as if it 
* 


is at a constant depth, s(x, ). We then have 
Equation: 


F, = pAs=p [w(2; Az] s(z). 


Adding the forces, we get an estimate for the force on the plate: 
Equation: 


This is a Riemann sum, so taking the limit gives us the exact force. We obtain 
Equation: 


F= lim > [w(@;)Acr s(2,) = [ pw(x)s(x)da. 


Evaluating this integral gives us the force on the plate. We summarize this in the following problem- 
solving strategy. 


Note: 
Problem-Solving Strategy: Finding Hydrostatic Force 


1. Sketch a picture and select an appropriate frame of reference. (Note that if we select a frame of 
reference other than the one used earlier, we may have to adjust [link] accordingly.) 

2. Determine the depth and width functions, s(x) and w(x). 

3. Determine the weight-density of whatever liquid with which you are working. The weight- 
density of water is 62.4 lb/ft?, or 9800 N/m. 

4. Use the equation to calculate the total force. 


Example: 
Exercise: 


Problem: 
Finding Hydrostatic Force 


A water trough 15 ft long has ends shaped like inverted isosceles triangles, with base 8 ft and 
height 3 ft. Find the force on one end of the trough if the trough is full of water. 


Solution: 


[link] shows the trough and a more detailed view of one end. 


x 


(b) 


(a) A water trough with a triangular cross-section. (b) Dimensions 
of one end of the water trough. 


Select a frame of reference with the x-axis oriented vertically and the downward direction being 
positive. Select the top of the trough as the point corresponding to x = 0 (step 1). The depth 
function, then, is s(x) = x. Using similar triangles, we see that w(x) = 8 — (8/3)z (step 2). 
Now, the weight density of water is 62.4 lb/ft? (step 3), so applying [link], we obtain 

Equation: 


F = | puln)s(e)ax 


3 8 2 8 
— / 62.4 | 8 — 3) dx = 024 | (se — —7? |dx 
0 3 0 3 


= 62.4[42? — 825] |) = 748.8. 


The water exerts a force of 748.8 lb on the end of the trough (step 4). 


Note: 
Exercise: 


Problem: 


A water trough 12 m long has ends shaped like inverted isosceles triangles, with base 6 m and 
height 4 m. Find the force on one end of the trough if the trough is full of water. 


Solution: 
156,800 N 
Hint 


Follow the problem-solving strategy and the process from the previous example. 


Example: 
Exercise: 


Problem: 
Chapter Opener: Finding Hydrostatic Force 


We now return our attention to the Hoover Dam, mentioned at the beginning of this chapter. The 
actual dam is arched, rather than flat, but we are going to make some simplifying assumptions to 
help us with the calculations. Assume the face of the Hoover Dam is shaped like an isosceles 
trapezoid with lower base 750 ft, upper base 1250 ft, and height 750 ft (see the following 
figure). 


1250 ft 


750 ft 


750 ft 


When the reservoir is full, Lake Mead’s maximum depth is about 530 ft, and the surface of the 
lake is about 10 ft below the top of the dam (see the following figure). 


10 ft 


A simplified model of the Hoover Dam with 
assumed dimensions. 


a. Find the force on the face of the dam when the reservoir is full. 

b. The southwest United States has been experiencing a drought, and the surface of Lake 
Mead is about 125 ft below where it would be if the reservoir were full. What is the force 
on the face of the dam under these circumstances? 


Solution: 


a. We begin by establishing a frame of reference. As usual, we choose to orient the z-axis 
vertically, with the downward direction being positive. This time, however, we are going to 
let = O represent the top of the dam, rather than the surface of the water. When the 
reservoir is full, the surface of the water is 10 ft below the top of the dam, so 
s(x) = x — 10 (see the following figure). 


s(x) =x — 10 


We first choose a frame of reference. 


To find the width function, we again turn to similar triangles as shown in the figure below. 


250 ft 
—— 


750 ft 


(b) 


We use similar triangles to determine a function 
for the width of the dam. (a) Assumed 
dimensions of the dam; (b) highlighting the 
similar triangles. 


From the figure, we see that w(x) = 750 + 2r. Using properties of similar triangles, we 
get r = 250 — (1/3)a. Thus, 
Equation: 


2 
w(x) = 1250 — ae (step 2). 


Using a weight-density of 62.4 lb/ft? (step 3) and applying [link], we get 
Equation: 


540 ) 540 ) 
= / 62.4 (1250 - 3] (x — 10)dx = 024 | =a [x? — 18852 + 18750|dzx 
1 10 


540 
= -62.4 (2) s — iss5zt 187502 l ~ 8,832,245,000 lb = 4,416,122.5t. 


Note the change from pounds to tons (2000 lb = 1 ton) (step 4). This changes our depth 
function, s(x), and our limits of integration. We have s(a) = 2 — 135. The lower limit of 
integration is 135. The upper limit remains 540. Evaluating the integral, we get 
Equation: 


b 
P= i pw(x)s(x)dx 
540 9 
= / 62.4 (1250 — 3°) (a — 135)dx 
1 


35 
540 540 
—62.4 (2) i; (a — 1875) (a — 135)dx = —62.4 (2) / (x? — 20102 + 253125) dz 
135 135 


540 
62.4 (2) E 100522 + 2531252 x ~ 5,015,230,000 lb = 2,507,615 t. 


Note: 
Exercise: 


Problem: 

When the reservoir is at its average level, the surface of the water is about 50 ft below where it 
would be if the reservoir were full. What is the force on the face of the dam under these 
circumstances? 


Solution: 


Approximately 7,164,520,000 Ib or 3,582,260 t 
Hint 


Change the depth function, s(a), and the limits of integration. 


Note: 
To learn more about Hoover Dam, see this article published by the History Channel. 


Key Concepts 


¢ Several physical applications of the definite integral are common in engineering and physics. 

¢ Definite integrals can be used to determine the mass of an object if its density function is known. 

e Work can also be calculated from integrating a force function, or when counteracting the force of 
gravity, as in a pumping problem. 

e Definite integrals can also be used to calculate the force exerted on an object submerged in a 
liquid. 


Key Equations 


e Mass of a one-dimensional object 


m= [olan 


¢ Mass of a circular object 
Yi 
m= i; 2nrxp(x)dx 
0 


¢ Work done on an object 


W = / F(x)dx 


e Hydrostatic force on a plate 


F= | pw(x)s(x)dx 


For the following exercises, find the work done. 
Exercise: 


Problem: 
Find the work done when a constant force F = 12 lb moves a chair from x = 0.9toz = 1.1 ft. 
Exercise: 


Problem: 


How much work is done when a person lifts a 50 lb box of comics onto a truck that is 3 ft off the 
ground? 


Solution: 


150 ft-lb 
Exercise: 
Problem: 
What is the work done lifting a 20 kg child from the floor to a height of 2 m? (Note that 1 kg 
equates to 9.8 N) 


Exercise: 


Problem: 


Find the work done when you push a box along the floor 2 m, when you apply a constant force of 
F=100N. 


Solution: 


200 J 


Exercise: 


Problem: Compute the work done for a force F = 12/x? N from z = ltox = 2m. 
Exercise: 


Problem: 


What is the work done moving a particle from z = 0 to x = 1 mif the force acting on it is 
f= 3a" Ne 


Solution: 


LJ 


For the following exercises, find the mass of the one-dimensional object. 
Exercise: 


Problem: 


A wire that is 2 ft long (starting at z = 0) and has a density function of p(x) = x? + 2z lb/ft 
Exercise: 
Problem: 


A car antenna that is 3 ft long (starting at 2 = 0) and has a density function of p(x) = 3x + 2 
Ib/ft 


Solution: 


39 
2 


Exercise: 
Problem: 
A metal rod that is 8 in. long (starting at 2 = 0) and has a density function of p (a) = e!/?* 
Ib/in. 

Exercise: 


Problem: 


A pencil that is 4 in. long (starting at z = 2) and has a density function of p(x) = 5/2 oz/in. 


Solution: 


In (243) 
Exercise: 
Problem: 
A ruler that is 12 in. long (starting at 2 = 5) and has a density function of 


p(x) = In(a) + (1/2)? oz/in. 


For the following exercises, find the mass of the two-dimensional object that is centered at the origin. 
Exercise: 


Problem: An oversized hockey puck of radius 2 in. with density function p(x) = 2? — 22+ 5 


Solution: 


3327 
15 


Exercise: 


Problem: A frisbee of radius 6 in. with density function p(x) = e~* 


Exercise: 


Problem: A plate of radius 10 in. with density function p(x) = 1+ cos (72) 


Solution: 


1007 


Exercise: 


Problem: A jar lid of radius 3 in. with density function p(x) = In(# 4+ 1) 
Exercise: 

Problem: A disk of radius 5 cm with density function p(x) = V3x 

Solution: 


207/ 15 


Exercise: 


Problem: A 12-in. spring is stretched to 15 in. by a force of 75 lb. What is the spring constant? 


Exercise: 


Problem: 


A spring has a natural length of 10 cm. It takes 2 J to stretch the spring to 15 cm. How much 
work would it take to stretch the spring from 15 cm to 20 cm? 


Solution: 


6 J 
Exercise: 


Problem: 


A 1-m spring requires 10 J to stretch the spring to 1.1 m. How much work would it take to 
stretch the spring from 1 m to 1.2 m? 


Exercise: 


Problem: 


A spring requires 5 J to stretch the spring from 8 cm to 12 cm, and an additional 4 J to stretch the 
spring from 12 cm to 14 cm. What is the natural length of the spring? 


Solution: 
5 cm 


Exercise: 


Problem: A shock absorber is compressed 1 in. by a weight of 1 t. What is the spring constant? 
Exercise: 


Problem: 


A force of F = 20x — x° N stretches a nonlinear spring by x meters. What work is required to 
stretch the spring from z = 0 to x = 2 m? 


Solution: 


36 J 
Exercise: 


Problem: 


Find the work done by winding up a hanging cable of length 100 ft and weight-density 5 Ib/ft. 


Exercise: 


Problem: For the cable in the preceding exercise, how much work is done to lift the cable 50 ft? 


Solution: 


18,750 ft-lb 


Exercise: 
Problem: 
For the cable in the preceding exercise, how much additional work is done by hanging a 200 Ib 
weight at the end of the cable? 
Exercise: 
Problem: 
[T] A pyramid of height 500 ft has a square base 800 ft by 800 ft. Find the area A at height h. If 


the rock used to build the pyramid weighs approximately w = 100 lb/ ft°, how much work did it 
take to lift all the rock? 


Solution: 
#2 x 10° ft-lb 
Exercise: 
Problem: 
[T] For the pyramid in the preceding exercise, assume there were 1000 workers each working 10 


hours a day, 5 days a week, 50 weeks a year. If the workers, on average, lifted 10 100 Ib rocks 2 
ft/hr, how long did it take to build the pyramid? 


Exercise: 
Problem: 
[T] The force of gravity on a mass m is F = — ((GMm)/z?) newtons. For a rocket of mass 
m = 1000 kg, compute the work to lift the rocket from z = 6400 to x = 6500 m. State your 


answers with three significant figures. (Note: G = 6 x 10-1’ N m?/kg? and 
M =6 x 10*kg.) 


Solution: 


8.65 x 10?7Nm 
Exercise: 
Problem: 
[T] For the rocket in the preceding exercise, find the work to lift the rocket from 2 = 6400 to 
oe —00: 
Exercise: 


Problem: 
[T] A rectangular dam is 40 ft high and 60 ft wide. Compute the total force F’ on the dam when 


a. the surface of the water is at the top of the dam and 
b. the surface of the water is halfway down the dam. 


Solution: 


a. 3,000,000 Ib, b. 749,000 Ib 
Exercise: 
Problem: 
[T] Find the work required to pump all the water out of a cylinder that has a circular base of 
radius 5 ft and height 200 ft. Use the fact that the density of water is 62 lb/ft. 
Exercise: 
Problem: 


[T] Find the work required to pump all the water out of the cylinder in the preceding exercise if 
the cylinder is only half full. 


Solution: 


23.257 million ft-lb 
Exercise: 
Problem: 
[T] How much work is required to pump out a swimming pool if the area of the base is 800 ft’, 


the water is 4 ft deep, and the top is 1 ft above the water level? Assume that the density of water 
is 62 Ib/ft?. 


Exercise: 
Problem: 


A cylinder of depth H and cross-sectional area A stands full of water at density o. Compute the 
work to pump all the water to the top. 


Solution: 


ApH? 
2 


Exercise: 
Problem: 
For the cylinder in the preceding exercise, compute the work to pump all the water to the top if 
the cylinder is only half full. 

Exercise: 


Problem: 


A cone-shaped tank has a cross-sectional area that increases with its depth: A = (rr*h’) /H a 
Show that the work to empty it is half the work for a cylinder with the same height and base. 


Solution: 


Answers may vary 


Glossary 


density function 
a density function describes how mass is distributed throughout an object; it can be a linear 
density, expressed in terms of mass per unit length; an area density, expressed in terms of mass 
per unit area; or a volume density, expressed in terms of mass per unit volume; weight-density is 
also used to describe weight (rather than mass) per unit volume 


Hooke’s law 
this law states that the force required to compress (or elongate) a spring is proportional to the 
distance the spring has been compressed (or stretched) from equilibrium; in other words, 
F = ka, where k is a constant 


hydrostatic pressure 
the pressure exerted by water on a submerged object 


work 
the amount of energy it takes to move an object; in physics, when a force is constant, work is 
expressed as the product of force and distance 


Integrals, Exponential Functions, and Logarithms 


e Write the definition of the natural logarithm as an integral. 

e Recognize the derivative of the natural logarithm. 

e Integrate functions involving the natural logarithmic function. 

e Define the number e through an integral. 

e Recognize the derivative and integral of the exponential function. 

e Prove properties of logarithms and exponential functions using integrals. 

e Express general logarithmic and exponential functions in terms of natural logarithms and 
exponentials. 


We already examined exponential functions and logarithms in earlier chapters. However, we glossed over 
some key details in the previous discussions. For example, we did not study how to treat exponential 
functions with exponents that are irrational. The definition of the number e is another area where the 
previous development was somewhat incomplete. We now have the tools to deal with these concepts in a 
more mathematically rigorous way, and we do so in this section. 


For purposes of this section, assume we have not yet defined the natural logarithm, the number e, or any 
of the integration and differentiation formulas associated with these functions. By the end of the section, 
we will have studied these concepts in a mathematically rigorous way (and we will see they are consistent 
with the concepts we learned earlier). 


We begin the section by defining the natural logarithm in terms of an integral. This definition forms the 


foundation for the section. From this definition, we derive differentiation formulas, define the number e, 
and expand these concepts to logarithms and exponential functions of any base. 


The Natural Logarithm as an Integral 


Recall the power rule for integrals: 


Equation: 
grt 
x"dz = +C,n #1. 
[ores = +0,n2 
Clearly, this does not work when n = —1, as it would force us to divide by zero. So, what do we do with 


i san 
i —dz? Recall from the Fundamental Theorem of Calculus that / — dt is an antiderivative of 1/x. 
x 1 


Therefore, we can make the following definition. 


Note: 
Definition 
For z > 0, define the natural logarithm function by 


Equation: 
x 
1 
noe || —dt. 
1 t 


For x > 1, this is just the area under the curve y = 1/t from 1 to z. For x < 1, we have 


sal Pa 
/ at == i 7h so in this case it is the negative of the area under the curve from x to 1 (see the 
1 x 


following figure). 


Area = Inx 


(a) (b) 


(a) When z > 1, the natural logarithm is the area under the curve 
y = 1/t from 1 to x. (b) When x < 1, the natural logarithm is the 
negative of the area under the curve from z to 1. 


Notice that In 1 = 0. Furthermore, the function y = 1/t > 0 for z > 0. Therefore, by the properties of 
integrals, it is clear that In @ is increasing for x > 0. 


Properties of the Natural Logarithm 


Because of the way we defined the natural logarithm, the following differentiation formula falls out 
immediately as a result of to the Fundamental Theorem of Calculus. 


Note: 

Derivative of the Natural Logarithm 

For z > 0, the derivative of the natural logarithm is given by 
Equation: 


1 
—lz=—. 
x 


dx 


Note: 
Corollary to the Derivative of the Natural Logarithm 
The function In x is differentiable; therefore, it is continuous. 


A graph of In z is shown in [link]. Notice that it is continuous throughout its domain of (0, 00). 


f(x) = Inx 


The graph of f (x) =Inz 
shows that it is a 
continuous function. 


Example: 
Exercise: 


Problem: 
Calculating Derivatives of Natural Logarithms 


Calculate the following derivatives: 
a. “In (Gee = 2) 
2 
b. — (In (32)) 
Solution: 


We need to apply the chain rule in both cases. 


ae “in (bee _ 2) = ae 


3-2 
2(In(3z))-3 2(In(3z 
b (in@s))) = Hee ee 


Note: 


Exercise: 


Problem: Calculate the following derivatives: 


5, “in (ae + x) 
b. — (In (x3))? 
Solution: 
a. “In (22? +2) = mare 
2 6In(2z? 
b. £ (in (2*))? = SS 


Hint 


Apply the differentiation formula just provided and use the chain rule as necessary. 


Note that if we use the absolute value function and create a new function In |x|, we can extend the 
domain of the natural logarithm to include x < 0. Then (d/ (dz))In |x| = 1/2. This gives rise to the 
familiar integration formula. 


Note: 

Integral of (1/u) du 

The natural logarithm is the antiderivative of the function f (u) = 1/u: 
Equation: 


[qdu=in Jul + C. 
u 


Example: 
Exercise: 


Problem: 
Calculating Integrals Involving Natural Logarithms 


z 
Calculate the integral i} dz. 
z 


4 ae 4 
Solution: 


Using u-substitution, let uw = 2? + 4. Then du = 2x dx and we have 
Equation: 


Note: 
Exercise: 


Problem: Calculate the integral i 
z3+6 


Solution: 


2 
/ spas am [oo Ol cee: 
x 


Hint 


Apply the integration formula provided earlier and use u-substitution as necessary. 


Although we have called our function a “logarithm,” we have not actually proved that any of the 
properties of logarithms hold for this function. We do so here. 


Note: 
Properties of the Natural Logarithm 
If a,b > 0 and r is a rational number, then 


ik, Ibat 1h (0) 
ii. In(ab) =Ina+Inb 
iii. In +) =Ina—Inb 


(5 
iv. n(a")=rlna 


Proof 
al 
i. By definition, In 1 = / 7 =0. 
1 


ii. We have 
Equation: 


ab a ab 
1 1 1 
In (ab) = / zit = , yu + i 7. 


Use u-substitution on the last integral in this expression. Let u = t/a. Then du = (1/a)dt. 


Furthermore, when t = a, wu = 1, and when t = ab, u = BD. So we get 


Equation: 
a 1 ab 1 a 1 ab 1 a Ii b 1 
in(ab) = [ zat | za | cats | ¢.Zat= [ pats | =du=Ina+Inb. 
1 t a t 1 t a t a 1 t 1 U 
iii. Note that 
Equation: 
d r-1 
—In (z") = Peper 
dx ar x 
Furthermore, 
Equation: 
d 
—(rlnz) = — 
qm) 


Since the derivatives of these two functions are the same, by the Fundamental Theorem of Calculus, 
they must differ by a constant. So we have 
Equation: 


In(z’) =rmz+C 


for some constant C’. Taking x = 1, we get 
Equation: 
n(i*) = rin(l)+e€ 
0 r(0)+C 
oie | 8 


Thus In (2”) = r ln z and the proof is complete. Note that we can extend this property to irrational 
values of r later in this section. 
Part iii. follows from parts ii. and iv. and the proof is left to you. 


Example: 
Exercise: 


Problem: 
Using Properties of Logarithms 


Use properties of logarithms to simplify the following expression into a single logarithm: 
Equation: 


In9—21n34 n( 5). 


Solution: 


We have 
Equation: 


1 
In9—2In3+In @ = In (3?) -2In3 + In (3"') = 2In3 — 2In3 — In3 = —In3. 


Note: 
Exercise: 


Problem: Use properties of logarithms to simplify the following expression into a single logarithm: 
Equation: 
1 
In8—In2—In (z): 
4 


Solution: 
4 ln 2 
Hint 


Apply the properties of logarithms. 


Defining the Number e 


Now that we have the natural logarithm defined, we can use that function to define the number e. 


Note: 

Definition 

The number e is defined to be the real number such that 
Equation: 


Ine=1. 


To put it another way, the area under the curve y = 1/t between ¢ = 1 and t = e is 1 ([link]). The proof 
that such a number exists and is unique is left to you. (Hint: Use the Intermediate Value Theorem to prove 


existence and the fact that In x is increasing to prove uniqueness.) 


The area under the curve from 1 
to e is equal to one. 


The number e can be shown to be irrational, although we won’t do so here (see the Student Project in 


Taylor and Maclaurin Series). Its approximate value is given by 
Equation: 


e © 2.71828182846. 


The Exponential Function 


We now turn our attention to the function e*. Note that the natural logarithm is one-to-one and therefore 
has an inverse function. For now, we denote this inverse function by exp x. Then, 
Equation: 


exp (Ina) = «fora > Oand In (exp z) = z for alla. 


The following figure shows the graphs of exp x and In z. 


The graphs of In x and exp z. 


We hypothesize that exp x = e®. For rational values of z, this is easy to show. If x is rational, then we 
have In (e*) = # Ine = a. Thus, when z is rational, e* = exp «. For irrational values of z, we simply 
define e* as the inverse function of In z. 


Note: 

Definition 

For any real number z, define y = e” to be the number for which 
Equation: 


ny — ine") — a. 


Then we have e* = exp (z) for all x, and thus 
Equation: 


e™® — x forx > OandIn(e”) =z 


for all x. 


Properties of the Exponential Function 


Since the exponential function was defined in terms of an inverse function, and not in terms of a power of 
e, we must verify that the usual laws of exponents hold for the function e*. 


Note: 
Properties of the Exponential Function 
If p and q are any real numbers and 7 is a rational number, then 


i, ePet = eP +4 

on P = 

ib fee 
e€ 


rived (ee eh 


Proof 


Note that if p and q are rational, the properties hold. However, if p or q are irrational, we must apply the 
inverse function definition of e® and verify the properties. Only the first property is verified here; the 
other two are left to you. We have 

Equation: 


In (e?e?) = In (e?) + In(e’) =p+q=In(e?"). 


Since ln x is one-to-one, then 
Equation: 


EP et avers 


As with part iv. of the logarithm properties, we can extend property iii. to irrational values of r, and we do 
so by the end of the section. 


We also want to verify the differentiation formula for the function y = e*. To do this, we need to use 
implicit differentiation. Let y= e”. Then 


Equation: 
Iny = & 
d _ od 
qmy = 72 
1 dy _ 
ya — 1 
dy _ 
de — Y- 
Thus, we see 
Equation: 
4 ox _ oe 
dx 


as desired, which leads immediately to the integration formula 
Equation: 


[eae =e 4+C. 


We apply these formulas in the following examples. 


Example: 
Exercise: 


Problem: 
Using Properties of Exponential Functions 


Evaluate the following derivatives: 


2 

# edtet 
a 
* dx 


2 
e3t 


Solution: 
We apply the chain rule as necessary. 
OC ie —, th ae Lense 
Ree Eo Sane ane (3 28) 


Gf? 8” 
are” =e 62 


Note: 
Exercise: 


Problem: Evaluate the following derivatives: 


Hint 


Use the properties of exponential functions and the chain rule as necessary. 


Example: 
Exercise: 


Problem: 
Using Properties of Exponential Functions 


Evaluate the following integral: / Qre~* da. 


Solution: 
Using u-substitution, let u = —ax?. Then du = —2z2 dz, and we have 
Equation: 
[reeds =— [eta Sei Se 4, 
Note: 
Exercise: 


4 
Problem: Evaluate the following integral: i =, de. 
e 


Solution: 
4 
[=e ve tC 
Hint 


Use the properties of exponential functions and u-substitution as necessary. 


General Logarithmic and Exponential Functions 


We close this section by looking at exponential functions and logarithms with bases other than e. 
Exponential functions are functions of the form f (x) = a”. Note that unless a = e, we still do not have 
a mathematically rigorous definition of these functions for irrational exponents. Let’s rectify that here by 
defining the function f (x) = a” in terms of the exponential function e*. We then examine logarithms 
with bases other than e as inverse functions of exponential functions. 


Note: 

Definition 

For any a > 0, and for any real number z, define y = a” as follows: 
Equation: 


Now a7” is defined rigorously for all values of x. This definition also allows us to generalize property iv. 
of logarithms and property iii. of exponential functions to apply to both rational and irrational values of r. 
It is straightforward to show that properties of exponents hold for general exponential functions defined 
in this way. 


Let’s now apply this definition to calculate a differentiation formula for a”. We have 
Equation: 


d 
— gq? = —e7me — e744 g — "Ina. 


dx dx 


The corresponding integration formula follows immediately. 


Note: 

Derivatives and Integrals Involving General Exponential Functions 
Let a > O. Then, 

Equation: 


—a* =a’*lna 


dx 
and 


Equation: 


1 
[ora = —a’tC. 
Ina 


If a £ 1, then the function a® is one-to-one and has a well-defined inverse. Its inverse is denoted by 
log,,z. Then, 
Equation: 


y = log, vif and only if x =a’. 
Note that general logarithm functions can be written in terms of the natural logarithm. Let y = log, x. 


Then, « = a’. Taking the natural logarithm of both sides of this second equation, we get 
Equation: 


Inz = In(a¥) 
Ing = ylna 
Ut oan 
log*a = ne 


Thus, we see that all logarithmic functions are constant multiples of one another. Next, we use this 
formula to find a differentiation formula for a logarithm with base a. Again, let y = log, x. Then, 
Equation: 


d 
= a (log,2) 
d_ 

dx 


(Be) 
= (ti) (na) 
ded 


= 1 
“ a¢lna* 


Note: 

Derivatives of General Logarithm Functions 
Let a > 0. Then, 

Equation: 


Example: 
Exercise: 


Problem: 
Calculating Derivatives of General Exponential and Logarithm Functions 


Evaluate the following derivatives: 


ay a (4! . 2) 
b. logs (7a? + 4) 


Solution: 
We need to apply the chain rule as necessary. 


a 4 (4¢ 2") = 3 (2%. 2") = £ (2) — +n (2) (2 + 24) 
b. + logs (72? +4) = (142) 


(7x?+4)(In 8) 


Note: 
Exercise: 


Problem: Evaluate the following derivatives: 
a. + ae 
b. logs (v2? + 1) 


Solution: 
a. £4" = 4" (In 4) (4¢°) 
d SO ma | x 
b. Glogs (v2 1) = Tn3)(e+1) 


Hint 


Use the formulas and apply the chain rule as necessary. 


Example: 
Exercise: 


Problem: 
Integrating General Exponential Functions 


3 
Evaluate the following integral: / age 


Solution: 
Use u-substitution and let uw = —3z. Then du = —3dz and we have 
Equation: 
|e = [s-2ae = - | 2%du = Sy eG 
23x In2 In 2 ; 
Note: 
Exercise: 


Problem: Evaluate the following integral: i 222” de. 


Solution: 


252° 1 3 


Hint 


Use the properties of exponential functions and u-substitution as necessary. 


Key Concepts 


The earlier treatment of logarithms and exponential functions did not define the functions precisely 
and formally. This section develops the concepts in a mathematically rigorous way. 

The cornerstone of the development is the definition of the natural logarithm in terms of an integral. 
The function e* is then defined as the inverse of the natural logarithm. 

General exponential functions are defined in terms of e”, and the corresponding inverse functions 
are general logarithms. 

Familiar properties of logarithms and exponents still hold in this more rigorous context. 


Key Equations 


For the following exercises, find the derivative =~ 


Natural logarithm function 


e1 
ine = [ —atZ 
1 ¢ 


Exponential function y = e” 
Inn (e?) = Z 


dy 
dx * 


Exercise: 


Problem: y = In (22) 


Solution: 


i 
x 


Exercise: 


Problem: y = In (2x + 1) 


Exercise: 


Problem: y = — 


Solution: 


x(In x)" 


For the following exercises, find the indefinite integral. 
Exercise: 


d 
Problem: / ay 
3t 


Exercise: 


dz 
Problem: 
1l+a 


Solution: 


Ine Dae 


For the following exercises, find the derivative dy/dz. (You can use a calculator to plot the function and 
the derivative to confirm that it is correct.) 
Exercise: 


In(z) 


Problem: [T] y = 


Exercise: 


Problem: [T] y = z In (z) 
Solution: 


In(x)+1 


Exercise: 


Problem: [T] y = log,)z 


Exercise: 


Problem: [T] y = ln (sin z) 
Solution: 


cot (x) 


Exercise: 


Problem: [T] y = ln (In z) 


Exercise: 


Problem: [T] y = 7 In (4a) 
Solution: 
7 
Exercise: 
Problem: [T] y = In ((42)") 


Exercise: 


Problem: [T] y = In (tan x) 


Solution: 


csc (a)sec £ 


Exercise: 


Problem: [T] y = In (tan (3z)) 


Exercise: 
Problem: [T] y = In (cos?z) 


Solution: 


—2tanz 


For the following exercises, find the definite or indefinite integral. 
Exercise: 


1 
Problem: i: ee 
0 


3+2 
Exercise: 
td 
Problem: i : 
9 3+2t 
Solution: 
zln (4) 
Exercise: 
2 gdx 
Problem: a: 
0 x2 +1 
Exercise: 
2 3 d 
Problem: / elisa 
0 x2 +1 
Solution: 
2 — +In(5) 


Exercise: 


Problem: [=< 
zinz 


Exercise: 


Problem: // aa a 
2, enw) 


Solution: 


In(2) 


Exercise: 


d 
Problem: [= eee 
sin x 


Exercise: 


Problem: / tan x dz 
0 


Solution: 


in (2) 


Exercise: 


Problem: / cot (3z)dz 


Exercise: 


/ (In x) "da 
Problem: — 
x 


Solution: 
3 (In z)° 


For the following exercises, compute dy/dz by differentiating In y. 
Exercise: 


Problem: y = Vz? +1 


Exercise: 


Problem: y = Vx? + 1V x? —1 


Solution: 


2x3 
wt+1V 22-1 
Exercise: 
Problem: y = e*”” 
Exercise: 
Problem: y = x !/* 
Solution: 


a—?2-(1/2) (In # — 1) 


Exercise: 


Problem: y = e(°*) 


Exercise: 
Problem: y = z 
Solution: 


ex’! 


Exercise: 


Problem: y = x‘°*) 
Exercise: 

Problem: y = \/z ¥/x */x 

Solution: 


1 


Exercise: 
Problem: y = x !/"* 


Exercise: 


Problem: y = e ™* 


Solution: 


ge 


For the following exercises, evaluate by any method. 
Exercise: 


10 dt 10x dt 
Problem: | — i — 
Be ob sa «=o 


Exercise: 


ar = 
Problem: / oe - i a 
1 xv 2 x 


Solution: 
a — In (2) 


Exercise: 


ae EE at 
Problem: ae — 
t 

x 


Exercise: 


a fat 
Problem: = — 
e t 


Solution: 
ae 
Hi 


Exercise: 
Problem: In (sec z + tan z) 


For the following exercises, use the function In «. If you are unable to find intersection points 
analytically, use a calculator. 
Exercise: 


Problem: Find the area of the region enclosed by x = 1 and y = 5 above y = Ing. 
Solution: 
e° — 6 units” 


Exercise: 


Problem: [T] Find the arc length of In x from x = 1 tox = 2. 


Exercise: 


Problem: Find the area between In x and the x-axis from x = 1toz = 2. 


Solution: 


In (4) — 1 units? 
Exercise: 


Problem: 


Find the volume of the shape created when rotating this curve from x = 1 to x = 2 around the x- 
axis, as pictured here. 


Exercise: 


Problem: 


[T] Find the surface area of the shape created when rotating the curve in the previous exercise from 
x =1to x = 2 around the x-axis. 


Solution: 


2.8656 


If you are unable to find intersection points analytically in the following exercises, use a calculator. 
Exercise: 


Problem: 


Find the area of the hyperbolic quarter-circle enclosed by x = 2 and y = 2 above y = 1/z. 


Exercise: 


Problem: [T] Find the arc length of y = 1/z from « = 1toz = 4. 
Solution: 
3.1502 

Exercise: 


Problem: Find the area under y = 1/z and above the x-axis from = 1tox = 4. 


For the following exercises, verify the derivatives and antiderivatives. 
Exercise: 


Problem: 4. In (« + 4/2 4 1) = —_ 


~ V/T+a? 

Exercise: 

Problem: “In (=) = Goa 
Exercise: 

Problem: _ In ( vee) = ie 
Exercise: 

Problem: - In (« + 4/72 a?) = wa 
Exercise: 

Probl / a In (In (Inz)) +C 

roblem: =In(In(Inz 

z In (x)In (In z) 


Exponential Growth and Decay 


e Use the exponential growth model in applications, including population growth and 
compound interest. 

e Explain the concept of doubling time. 

e Use the exponential decay model in applications, including radioactive decay and 
Newton’s law of cooling. 

e Explain the concept of half-life. 


One of the most prevalent applications of exponential functions involves growth and decay 
models. Exponential growth and decay show up in a host of natural applications. From 
population growth and continuously compounded interest to radioactive decay and Newton’s 
law of cooling, exponential functions are ubiquitous in nature. In this section, we examine 
exponential growth and decay in the context of some of these applications. 


Exponential Growth Model 


Many systems exhibit exponential growth. These systems follow a model of the form 

y = yoe™, where yo represents the initial state of the system and k is a positive constant, called 
the growth constant. Notice that in an exponential growth model, we have 

Equation: 


y! = kyoe™ = ky. 
That is, the rate of growth is proportional to the current function value. This is a key feature of 


exponential growth. [link] involves derivatives and is called a differential equation. We learn 
more about differential equations in Introduction to Differential Equations. 


Note: 

Rule: Exponential Growth Model 

Systems that exhibit exponential growth increase according to the mathematical model 
Equation: 


y = ye”, 


where yo represents the initial state of the system and k > 0 is a constant, called the growth 
constant. 


Population growth is a common example of exponential growth. Consider a population of 
bacteria, for instance. It seems plausible that the rate of population growth would be 
proportional to the size of the population. After all, the more bacteria there are to reproduce, 
the faster the population grows. [link] and [link] represent the growth of a population of 


bacteria with an initial population of 200 bacteria and a growth constant of 0.02. Notice that 
after only 2 hours (120 minutes), the population is 10 times its original size! 


y 
2000 


1500 
y = 2006902 


1000 
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0 20 40 60 80 100 120¢t 


An example of exponential 
growth for bacteria. 


Time (min) Population Size (no. of bacteria) 
10 244 
20 298 
30 364 
40 445 
50 544 
60 664 


70 811 


Time (min) Population Size (no. of bacteria) 


80 991 

90 1210 
100 1478 
110 1805 
120 2205 


Exponential Growth of a Bacterial Population 


Note that we are using a continuous function to model what is inherently discrete behavior. At 
any given time, the real-world population contains a whole number of bacteria, although the 
model takes on noninteger values. When using exponential growth models, we must always be 
careful to interpret the function values in the context of the phenomenon we are modeling. 


Example: 
Exercise: 


Problem: 
Population Growth 


Consider the population of bacteria described earlier. This population grows according to 
the function f(t) = 200e°-°**, where t is measured in minutes. How many bacteria are 
present in the population after 5 hours (300 minutes)? When does the population reach 
100,000 bacteria? 


Solution: 


We have f(t) = 200e°°”". Then 
Equation: 


(300) = 200e°7°) ~ 80,686. 


There are 80,686 bacteria in the population after 5 hours. 


To find when the population reaches 100,000 bacteria, we solve the equation 
Equation: 


100,000 = 200e°-°# 


500 = e0-02t 
In500 = 0.02¢ 
m500 
pe Or 310.73 


The population reaches 100,000 bacteria after 310.73 minutes. 


Note: 
Exercise: 


Problem: 


Consider a population of bacteria that grows according to the function f(t) = 500e°°, 
where ¢ is measured in minutes. How many bacteria are present in the population after 4 
hours? When does the population reach 100 million bacteria? 


Solution: 


There are 81,377,396 bacteria in the population after 4 hours. The population reaches 
100 million bacteria after 244.12 minutes. 


Hint 


Use the process from the previous example. 


Let’s now turn our attention to a financial application: compound interest. Interest that is not 
compounded is called simple interest. Simple interest is paid once, at the end of the specified 
time period (usually 1 year). So, if we put $1000 in a savings account earning 2% simple 
interest per year, then at the end of the year we have 

Equation: 


1000 (1 + 0.02) = $1020. 


Compound interest is paid multiple times per year, depending on the compounding period. 
Therefore, if the bank compounds the interest every 6 months, it credits half of the year’s 
interest to the account after 6 months. During the second half of the year, the account earns 
interest not only on the initial $1000, but also on the interest earned during the first half of the 
year. Mathematically speaking, at the end of the year, we have 

Equation: 


02 \? 
1000 (1 me *) = $1020.10. 


Similarly, if the interest is compounded every 4 months, we have 
Equation: 


02\° 
1000 (1 ah *) = $1020.13, 


and if the interest is compounded daily (365 times per year), we have $1020.20. If we extend 
this concept, so that the interest is compounded continuously, after t years we have 
Equation: 


nt 
1000 lim (1 =f a) ; 
n—-oCo n 


Now let’s manipulate this expression so that we have an exponential growth function. Recall 
that the number e can be expressed as a limit: 
Equation: 


1 m 
e= lim (1 + =) : 
m—>0o m 


Based on this, we want the expression inside the parentheses to have the form (1 + 1/m). Let 
n = 0.02m. Note that asn — 00, m — oo as well. Then we get 


Equation: 
02 nt 02 0.02mt 1 m7 0.02¢ 
1000 lim | 1+ oe = 1000 lim {1+ = = 1000] lim {1+ — , 
n—0o n m—00 0.02m m—0o m 


We recognize the limit inside the brackets as the number e. So, the balance in our bank account 
after t years is given by 1000e°-°**. Generalizing this concept, we see that if a bank account 
with an initial balance of $P earns interest at a rate of r%, compounded continuously, then the 
balance of the account after t years is 

Equation: 


Balance = Pe”. 


Example: 


Exercise: 


Problem: 
Compound Interest 


A 25-year-old student is offered an opportunity to invest some money in a retirement 
account that pays 5% annual interest compounded continuously. How much does the 
student need to invest today to have $1 million when she retires at age 65? What if she 
could earn 6% annual interest compounded continuously instead? 


Solution: 


We have 
Equation: 


1,000,000 Pe?®-95(40) 
P = 135,335.28. 


She must invest $135,335.28 at 5% interest. 


If, instead, she is able to earn 6%, then the equation becomes 
Equation: 


1,000,000 Pe®-06(40) 
P = 90,717.95. 


In this case, she needs to invest only $90,717.95. This is roughly two-thirds the amount 
she needs to invest at 5%. The fact that the interest is compounded continuously greatly 
magnifies the effect of the 1% increase in interest rate. 


Note: 
Exercise: 


Problem: 


Suppose instead of investing at age 25, the student waits until age 35. How much would 
she have to invest at 5%? At 6%? 


Solution: 


At 5% interest, she must invest $223,130.16. At 6% interest, she must invest 
$165,298.89. 


Hint 


Use the process from the previous example. 


If a quantity grows exponentially, the time it takes for the quantity to double remains constant. 
In other words, it takes the same amount of time for a population of bacteria to grow from 100 
to 200 bacteria as it does to grow from 10,000 to 20,000 bacteria. This time is called the 
doubling time. To calculate the doubling time, we want to know when the quantity reaches 
twice its original size. So we have 


Equation: 
2yo = yoe™ 
2 = eft 
In2 = kt 
In2 
t ae 
Note: 
Definition 


If a quantity grows exponentially, the doubling time is the amount of time it takes the quantity 
to double. It is given by 
Equation: 


In 2 
Doubling time = = 


Example: 
Exercise: 


Problem: 
Using the Doubling Time 


Assume a population of fish grows exponentially. A pond is stocked initially with 500 
fish. After 6 months, there are 1000 fish in the pond. The owner will allow his friends 
and neighbors to fish on his pond after the fish population reaches 10,000. When will the 
owner’s friends be allowed to fish? 


Solution: 


We know it takes the population of fish 6 months to double in size. So, if t represents 
time in months, by the doubling-time formula, we have 6 = (In 2) /k. Then, 


k = (In 2) /6. Thus, the population is given by y = 500e\™?)/9)*, To figure out when the 
population reaches 10,000 fish, we must solve the following equation: 
Equation: 
10,000 = 500e™?/% 
20 = ein 2/6)t 
In20 = (22)t 
t = 2) ~ 95.93. 


In2 


The owner’s friends have to wait 25.93 months (a little more than 2 years) to fish in the 
pond. 


Note: 
Exercise: 


Problem: 


Suppose it takes 9 months for the fish population in [link] to reach 1000 fish. Under these 
circumstances, how long do the owner’s friends have to wait? 


Solution: 


38.90 months 
Hint 


Use the process from the previous example. 


Exponential Decay Model 


Exponential functions can also be used to model populations that shrink (from disease, for 
example), or chemical compounds that break down over time. We say that such systems exhibit 
exponential decay, rather than exponential growth. The model is nearly the same, except there 
is a negative sign in the exponent. Thus, for some positive constant k, we have y = yoe™. 


As with exponential growth, there is a differential equation associated with exponential decay. 
We have 
Equation: 


y! = —kype = —ky. 


Note: 

Rule: Exponential Decay Model 

Systems that exhibit exponential decay behave according to the model 
Equation: 


y= ye ™, 


where yo represents the initial state of the system and k > 0 is a constant, called the decay 
constant. 


The following figure shows a graph of a representative exponential decay function. 
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An example of exponential 
decay. 


Let’s look at a physical application of exponential decay. Newton’s law of cooling says that an 
object cools at a rate proportional to the difference between the temperature of the object and 
the temperature of the surroundings. In other words, if 7’ represents the temperature of the 
object and J; represents the ambient temperature in a room, then 

Equation: 


i aka). 


Note that this is not quite the right model for exponential decay. We want the derivative to be 
proportional to the function, and this expression has the additional JT, term. Fortunately, we can 
make a change of variables that resolves this issue. Let y(t) = T(t) — T,. Then 

y(t) = T’(t) — 0 = T’(€), and our equation becomes 

Equation: 


y = —ky. 


From our previous work, we know this relationship between y and its derivative leads to 
exponential decay. Thus, 
Equation: 

—kt 
Y=Yyoe ; 


and we see that 
Equation: 
T-T, = (™h—Tije™ 
T = (h-TiJe"+T, 


where Jo represents the initial temperature. Let’s apply this formula in the following example. 


Example: 
Exercise: 


Problem: 
Newton’s Law of Cooling 


According to experienced baristas, the optimal temperature to serve coffee is between 
155°F and 175°F. Suppose coffee is poured at a temperature of 200°F, and after 2 
minutes in a 70°F room it has cooled to 180° F. When is the coffee first cool enough to 
serve? When is the coffee too cold to serve? Round answers to the nearest half minute. 


Solution: 


We have 
Equation: 


In 11 — In 13 
k 


Then, the model is 
Equation: 


(har estan 
(200 — 70)e~*?) + 70 
130e~ 74 


—2k 


In 13—1n 11 
=p 


ap = 130e"2 11-In 13/2)t a 70. 


The coffee reaches 175° F when 
Equation: 


175 


105 


21 
26 
21 
26 


In 21 — In 26 
t 


In 


The coffee can be served about 2.5 minutes after it is poured. The coffee reaches 155°F 


at 
Equation: 


155 


85 


ale 
26 


In 17 — In 26 
t 


130e"" 11—In 13/2)t 4+ 70 
130e" 11—In 13/2)é 
ein 11—In 13/2)¢ 


In ue 13 t 
In ie 13 t 
2(In 21—In 26) 


Inlicmi3 ~ 2-96. 


130e" 11—In 13/2)é 4+ 70 
130e" 11—In 13)¢ 

e(in 11—In 13)t 

In 11—In 

( 3) t 
2(In 17—In 26) 


Inlicmi3 ~ 9-09. 


The coffee is too cold to be served about 5 minutes after it is poured. 


Note: 
Exercise: 


Problem: 


Suppose the room is warmer (75°F) and, after 2 minutes, the coffee has cooled only to 
185°F. When is the coffee first cool enough to serve? When is the coffee be too cold to 
serve? Round answers to the nearest half minute. 


Solution: 


The coffee is first cool enough to serve about 3.5 minutes after it is poured. The coffee is 
too cold to serve about 7 minutes after it is poured. 


Hint 


Use the process from the previous example. 


Just as systems exhibiting exponential growth have a constant doubling time, systems 
exhibiting exponential decay have a constant half-life. To calculate the half-life, we want to 
know when the quantity reaches half its original size. Therefore, we have 

Equation: 


# = Yyoe ms 
1 kt 
= e 
—In2 = —kt 
— In2 
t= ae 


Note: This is the same expression we came up with for doubling time. 


Note: 

Definition 

If a quantity decays exponentially, the half-life is the amount of time it takes the quantity to be 
reduced by half. It is given by 

Equation: 


Half-life = = ; 


Example: 


Exercise: 


Problem: 
Radiocarbon Dating 


One of the most common applications of an exponential decay model is carbon dating. 
Carbon-14 decays (emits a radioactive particle) at a regular and consistent exponential 
rate. Therefore, if we know how much carbon was originally present in an object and how 
much carbon remains, we can determine the age of the object. The half-life of carbon-14 
is approximately 5730 years—meaning, after that many years, half the material has 
converted from the original carbon-14 to the new nonradioactive nitrogen-14. If we 
have 100 g carbon-14 today, how much is left in 50 years? If an artifact that originally 
contained 100 g of carbon now contains 10 g of carbon, how old is it? Round the answer 
to the nearest hundred years. 


Solution: 
We have 
Equation: 
In 2 
In 2 
k 5730 . 


So, the model says 
Equation: 


y _ 100e~ 2/5730)t 


In 50 years, we have 
Equation: 


100e7 (= 2/5730)(50) 
99.40. 


2 


Therefore, in 50 years, 99.40 g of carbon-14 remains. 


To determine the age of the artifact, we must solve 
Equation: 


ie 100e7 2 2/5730)t 


1 _ 4-(n2/5730)¢ 
ties 


19035. 


M 


The artifact is about 19,000 years old. 


Note: 
Exercise: 


Problem: 
If we have 100 g of carbon-14, how much is left after ¢ years? If an artifact that 


originally contained 100 g of carbon now contains 20g of carbon, how old is it? Round 
the answer to the nearest hundred years. 


Solution: 


A total of 94.13 g of carbon remains. The artifact is approximately 13,300 years old. 
Hint 


Use the process from the previous example. 


Key Concepts 


e Exponential growth and exponential decay are two of the most common applications of 
exponential functions. 

e Systems that exhibit exponential growth follow a model of the form y = yoe™. 

e In exponential growth, the rate of growth is proportional to the quantity present. In other 
words, y’ = ky. 

e Systems that exhibit exponential growth have a constant doubling time, which is given by 
(In 2) /k. 

e Systems that exhibit exponential decay follow a model of the form y = yge~™. 

e Systems that exhibit exponential decay have a constant half-life, which is given by 


(In 2) /k. 


True or False? If true, prove it. If false, find the true answer. 
Exercise: 


Problem: The doubling time for y = e“ is (In (2))/ (In (c)). 
Exercise: 


Problem: 


If you invest $500, an annual rate of interest of 3% yields more money in the first year 
than a 2.5% continuous rate of interest. 


Solution: 


True 
Exercise: 
Problem: 
If you leave a 100°C pot of tea at room temperature (25°C) and an identical pot in the 


refrigerator (5°C), with & = 0.02, the tea in the refrigerator reaches a drinkable 
temperature (70°C) more than 5 minutes before the tea at room temperature. 


Exercise: 


Problem: 


If given a half-life of t years, the constant k for y = e* is calculated by k = In (1/2)/t. 


Solution: 


In (2) 


False; k = ; 


For the following exercises, use y = yoe™. 
Exercise: 


Problem: 


If a culture of bacteria doubles in 3 hours, how many hours does it take to multiply by 10? 
Exercise: 
Problem: 


If bacteria increase by a factor of 10 in 10 hours, how many hours does it take to increase 
by 100? 


Solution: 


20 hours 
Exercise: 
Problem: 
How old is a skull that contains one-fifth as much radiocarbon as a modern skull? Note 
that the half-life of radiocarbon is 5730 years. 
Exercise: 
Problem: 
If a relic contains 90% as much radiocarbon as new material, can it have come from the 


time of Christ (approximately 2000 years ago)? Note that the half-life of radiocarbon is 
5730 years. 


Solution: 


No. The relic is approximately 871 years old. 
Exercise: 
Problem: 
The population of Cairo grew from 5 million to 10 million in 20 years. Use an exponential 
model to find when the population was 8 million. 
Exercise: 
Problem: 
The populations of New York and Los Angeles are growing at 1% and 1.4% a year, 


respectively. Starting from 8 million (New York) and 6 million (Los Angeles), when are 
the populations equal? 


Solution: 


71.92 years 
Exercise: 


Problem: 


Suppose the value of $1 in Japanese yen decreases at 2% per year. Starting from 
$1 = ¥250, when will $1 = ¥1? 


Exercise: 


Problem: 


The effect of advertising decays exponentially. If 40% of the population remembers a new 
product after 3 days, how long will 20% remember it? 


Solution: 
5 days 6 hours 27 minutes 


Exercise: 


Problem: If y = 1000 at t = 3 and y = 3000 at t = 4, what was yo att = 0? 


Exercise: 


Problem: If y = 100 at t = 4 and y = 10 at t = 8, when does y = 1? 


Solution: 


12 


Exercise: 
Problem: 
If a bank offers annual interest of 7.5% or continuous interest of 7.25%, which has a 
better annual yield? 


Exercise: 


Problem: What continuous interest rate has the same yield as an annual rate of 9%? 


Solution: 


8.618% 
Exercise: 
Problem: 
If you deposit $5000 at 8% annual interest, how many years can you withdraw $500 
(starting after the first year) without running out of money? 
Exercise: 
Problem: 


You are trying to save $50,000 in 20 years for college tuition for your child. If interest is a 
continuous 10%, how much do you need to invest initially? 


Solution: 


$6766.76 
Exercise: 
Problem: 
You are cooling a turkey that was taken out of the oven with an internal temperature of 
165°F. After 10 minutes of resting the turkey in a 70°F apartment, the temperature has 


reached 155 °F. What is the temperature of the turkey 20 minutes after taking it out of the 
oven? 


Exercise: 
Problem: 
You are trying to thaw some vegetables that are at a temperature of 1° F. To thaw 
vegetables safely, you must put them in the refrigerator, which has an ambient temperature 
of 44°F. You check on your vegetables 2 hours after putting them in the refrigerator to 


find that they are now 12°F. Plot the resulting temperature curve and use it to determine 
when the vegetables reach 33°F. 


Solution: 


9 hours 13 minutes 
Exercise: 
Problem: 
You are an archaeologist and are given a bone that is claimed to be from a Tyrannosaurus 
Rex. You know these dinosaurs lived during the Cretaceous Era (146 million years to 65 


million years ago), and you find by radiocarbon dating that there is 0.000001% the 
amount of radiocarbon. Is this bone from the Cretaceous? 


Exercise: 
Problem: 
The spent fuel of a nuclear reactor contains plutonium-239, which has a half-life of 


24,000 years. If 1 barrel containing 10 kg of plutonium-239 is sealed, how many years 
must pass until only 10g of plutonium-239 is left? 


Solution: 


239,179 years 


For the next set of exercises, use the following table, which features the world population by 
decade. 


Years since 1950 Population (millions) 
0 2,956 
10 3,039 
20 3,706 
30 4,453 
40 5,279 
50 6,083 
60 6,849 


Source: http://www.factmonster.com/ipka/A0762181.html. 


Exercise: 
Problem: 
[T] The best-fit exponential curve to the data of the form P (t) = ae™ is given by 


P (t) = 2686e°-916, Use a graphing calculator to graph the data and the exponential 
curve together. 


Exercise: 


Problem: 


[T] Find and graph the derivative y' of your equation. Where is it increasing and what is 
the meaning of this increase? 


Solution: 


Pi(t) = 43e°-91604, The population is always increasing. 
Exercise: 


Problem: 


[T] Find and graph the second derivative of your equation. Where is it increasing and 
what is the meaning of this increase? 


Exercise: 
Problem: 
[T] Find the predicted date when the population reaches 10 billion. Using your previous 
answers about the first and second derivatives, explain why exponential growth is 
unsuccessful in predicting the future. 


Solution: 


The population reaches 10 billion people in 2027. 


For the next set of exercises, use the following table, which shows the population of San 
Francisco during the 19th century. 


Years since 1850 Population (thousands) 


0 21.00 


Years since 1850 Population (thousands) 


10 56.80 
20 149.5 
30 234.0 


Source: http://www.sfgenealogy.com/sf/history/hgpop.htm. 


Exercise: 
Problem: 
[T] The best-fit exponential curve to the data of the form P (t) = ae™ is given by 


P (t) = 35.2690", Use a graphing calculator to graph the data and the exponential 
curve together. 


Exercise: 
Problem: 


[T] Find and graph the derivative y’ of your equation. Where is it increasing? What is the 
meaning of this increase? Is there a value where the increase is maximal? 


Solution: 


Pi(t) = 2.259e°°°0". The population is always increasing. 
Exercise: 
Problem: 


[T] Find and graph the second derivative of your equation. Where is it increasing? What is 
the meaning of this increase? 


Glossary 


doubling time 
if a quantity grows exponentially, the doubling time is the amount of time it takes the 
quantity to double, and is given by (In 2) /k 


exponential decay 


systems that exhibit exponential decay follow a model of the form y = yoe* 


exponential growth 
systems that exhibit exponential growth follow a model of the form y = yoe™ 


half-life 


if a quantity decays exponentially, the half-life is the amount of time it takes the quantity 
to be reduced by half. It is given by (In 2)/k 


Integration by Parts 


e Recognize when to use integration by parts. 
e Use the integration-by-parts formula to solve integration problems. 
e Use the integration-by-parts formula for definite integrals. 


By now we have a fairly thorough procedure for how to evaluate many basic integrals. However, although we can 


2 


integrate iy xsin(x*)dx by using the substitution, u = x“, something as simple looking as / xsin« dx defies us. 


Many students want to know whether there is a product rule for integration. There isn’t, but there is a technique 
based on the product rule for differentiation that allows us to exchange one integral for another. We call this 
technique integration by parts. 


The Integration-by-Parts Formula 


If, h(x) = f(x)g(a), then by using the product rule, we obtain h'(x) = f’(x)g(x) + g'(x) f(x). Although at first 
it may seem counterproductive, let’s now integrate both sides of this equation: 


[Hae = | (ol0)f'@) + f@)a'(e))ae. 


This gives us 
Equation: 


h(x) = f(e)g(e) = f o(e)s'a)de + f fle)g/(@)de. 


Now we solve for [ tes'@az : 


Equation: 


[ te)a'@ide = sle)g(x) — f ofc) eae. 


By making the substitutions w = f(a) and v = g(a), which in tum make du = f'(x)dz and dv = g'(x)dz, we 


have the more compact form 
Equation: 
[ud = w— f vdu. 


Note: 

Integration by Parts 

Let u = f(a) and v = g(a) be functions with continuous derivatives. Then, the integration-by-parts formula for 
the integral involving these two functions is: 


Equation: 
rudv=w- fodu 


The advantage of using the integration-by-parts formula is that we can use it to exchange one integral for another, 
possibly easier, integral. The following example illustrates its use. 


Example: 
Exercise: 


Problem: 
Using Integration by Parts 


Use integration by parts with u = a and dv = sina dz to evaluate i xsinaz dz. 
Solution: 


By choosing u = a, we have du = 1dz. Since dv = sin x dz, we get v = [rine dx = —cosz. It is handy 


to keep track of these values as follows: 
Equation: 


= wv dv = sinzadz 


du = ldzx v= [sine ae = —cose. 


Applying the integration-by-parts formula results in 
Equation: 


[esine dx = (x)(—cosz) — [ (cose) (1a) Substitute. 


=-—ax£c0sz + / cosx dx Simplify. 


=-—2zcosxr+sinz+C. Use [cose dx = sinz + C. 


Analysis 


At this point, there are probably a few items that need clarification. First of all, you may be curious about what 
would have happened if we had chosen u = sin and dv = z. If we had done so, then we would have 


—_ = it 2 . . . 
du = cosx dx and v = =x. Thus, after applying integration by parts, we have 
/ zsinz dz = +a"sin LS i $x" cosz dx. Unfortunately, with the new integral, we are in no better position 


than before. It is important to keep in mind that when we apply integration by parts, we may need to try several 
choices for u and dv before finding a choice that works. 


Second, you may wonder why, when we find v = / sinz dx = —cosz, we do not use v = —cosxz + K. To see 


that it makes no difference, we can rework the problem using v = —cosx + K: 
Equation: 


zsinzdx = (ax)(—cosz + K) (—cosa + K)(1dz) 


=-—acosx+ Ka + cosxz dx — Kdz 


=-acosx + Kx+sinz-—Kr+C 
=-—2zcosr+sinz+C. 


As you can See, it makes no difference in the final solution. 


Last, we can check to make sure that our antiderivative is correct by differentiating —xcosx + sinz + C: 
Equation: 


(—xcosx+sinz+C) = (-1)cosz + (—x)(—sinz) + cosx 


= xrsinz. 


Therefore, the antiderivative checks out. 


Note: 
Watch this video and visit this website for examples of integration by parts. 


Note: 
Exercise: 


Problem: Evaluate / ze” dz using the integration-by-parts formula with u = x and dv = e?*dz. 


Solution: 
/ ze**daz = +ae* — Fe +C 
Hint 


Find du and v, and use the previous example as a guide. 


The natural question to ask at this point is: How do we know how to choose u and dv? Sometimes it is a matter of 
trial and error; however, the acronym LIATE can often help to take some of the guesswork out of our choices. This 
acronym stands for Logarithmic Functions, Inverse Trigonometric Functions, Algebraic Functions, Trigonometric 
Functions, and Exponential Functions. This mnemonic serves as an aid in determining an appropriate choice for wu. 


The type of function in the integral that appears first in the list should be our first choice of w. For example, if an 
integral contains a logarithmic function and an algebraic function, we should choose u to be the logarithmic 
function, because L comes before A in LIATE. The integral in [link] has a trigonometric function (sinz) and an 
algebraic function (x). Because A comes before T in LIATE, we chose wu to be the algebraic function. When we 
have chosen u, dv is selected to be the remaining part of the function to be integrated, together with dz. 


Why does this mnemonic work? Remember that whatever we pick to be dv must be something we can integrate. 
Since we do not have integration formulas that allow us to integrate simple logarithmic functions and inverse 
trigonometric functions, it makes sense that they should not be chosen as values for du. Consequently, they should 
be at the head of the list as choices for wu. Thus, we put LI at the beginning of the mnemonic. (We could just as 
easily have started with IL, since these two types of functions won’t appear together in an integration-by-parts 
problem.) The exponential and trigonometric functions are at the end of our list because they are fairly easy to 
integrate and make good choices for dv. Thus, we have TE at the end of our mnemonic. (We could just as easily 
have used ET at the end, since when these types of functions appear together it usually doesn’t really matter which 
one is u and which one is dv. ) Algebraic functions are generally easy both to integrate and to differentiate, and 
they come in the middle of the mnemonic. 


Example: 
Exercise: 


Problem: 
Using Integration by Parts 


] 
Evaluate / ae 
ae 


Solution: 


Begin by rewriting the integral: 
Equation: 


[paca fo tmeds, 
x 


Since this integral contains the algebraic function x ° and the logarithmic function Ina, choose u = Inz, 
since L comes before A in LIATE. After we have chosen u = Inz, we must choose dv = x~ "dz. 


Next, since uw = Inz, we have du = + dz. Also, v = / xz dz = —ta-*. Summarizing, 


Equation: 


u = Ine dy = «dx 


du = +dz v= fe 8de=-40° 


Substituting into the integration-by-parts formula ([link]) gives 


Equation: 
Inz S a3 a 
|= =e ‘ng de = (Inz)(— 527) -{ Ser (Se) 
= -to"ne + f a aes Simplify. 
=—ta"Inzg—-f27+C Integrate. 


=e ae Inx = PC. Rewrite with positive intege 


Note: 
Exercise: 


Problem: Evaluate i spline Che. 


Solution: 


1) AP os 
se ine ri LC 
Hint 


Use u = Ing and dv = «dz. 
In some cases, as in the next two examples, it may be necessary to apply integration by parts more than once. 


Example: 
Exercise: 


Problem: 
Applying Integration by Parts More Than Once 


Evaluate | xe" dz. 
Solution: 


1 
Using LIATE, choose u = x? and du = e**dz. Thus, du = 2x dz and v = [eva = (J )e*. 


Therefore, 
Equation: 


Yo = 2 dv = e*dzx 


1 
du = 2zdz v= [eae = 56. 


Substituting into [link] produces 
Equation: 


[tetas = ee = [ qrcten. 
3 3 


2 
We still cannot integrate / gree de directly, but the integral now has a lower power on x. We can evaluate 


this new integral by using integration by parts again. To do this, choose u = x and dv = eee Thus, 


2 2 
on = oe and @ = i] (J eae = (Ze. Now we have 


Equation: 


du = dz v= [gett Fe 


Substituting back into the previous equation yields 


Equation: 
1 2 2 
i ze dr = 3 ze €E ze>* / 9 2) ; 


After evaluating the last integral and simplifying, we obtain 


Equation: 
1 2 2 
[ete ze ze 4 een OF 
3 9 27 
Example: 
Exercise: 
Problem: 


Applying Integration by Parts When LIATE Doesn’t Quite Work 


Evaluate i te dt. 


Solution: 
If we use a strict interpretation of the mnemonic LIATE to make our choice of u, we end up with u = ¢? and 
dv = e* dt. Unfortunately, this choice won’t work because we are unable to evaluate e! dt. However, 
since we can evaluate / te’ da, we can try choosing u = t? and dv = te’ dt. With these choices we have 
Equation: 

aa dv = te‘ dt 


du = 2tdt — [that = te" 


Thus, we obtain 
Equation: 


1 
[ Betat = ate — f Set zeae 


2. 4 
= eee - ae +C, 


Example: 


Exercise: 


Problem: 
Applying Integration by Parts More Than Once 


Evaluate i sin(Inz)dz. 


Solution: 


This integral appears to have only one function—namely, sin(In x) —however, we can always use the 
constant function 1 as the other function. In this example, let’s choose u = sin(Ina) and dv = 1dz. (The 
decision to use u = sin(Inz) is easy. We can’t choose dv = sin(Inx)dz because if we could integrate it, we 
wouldn’t be using integration by parts in the first place!) Consequently, du = (1/x)cos(Inx)dz and 


o= i 1ldx = z. After applying integration by parts to the integral and simplifying, we have 


Equation: 


[ sintne)de = xsin (Inz) — i cos (Ina)dz. 


Unfortunately, this process leaves us with a new integral that is very similar to the original. However, let’s 
see what happens when we apply integration by parts again. This time let’s choose u = cos(Inz) and 


dv = 1dz, making du = —(1/z)sin(Inz)dz and v = i 1dx = x. Substituting, we have 


Equation: 


i, sin(Inz)dx = asin (Inz) — (xcostine)— i -sin(ine)de. 


After simplifying, we obtain 
Equation: 


i sin(Inz)dz = xsin(Inz) — xcos(Inz) — | sin(Inx)dz. 


The last integral is now the same as the original. It may seem that we have simply gone in a circle, but now 
we can actually evaluate the integral. To see how to do this more clearly, substitute J = sin(Inz)dz. 


Thus, the equation becomes 
Equation: 


I = zsin(Inz) — zcos(Inz) — I. 
First, add I to both sides of the equation to obtain 
Equation: 
2I = xsin(Inz) — xcos(Inz). 


Next, divide by 2: 
Equation: 


1 1 
f= 3 tsin(Inz) = 9 tcos(Inz). 


Substituting J = it sin(In x)dz again, we have 


Equation: 


1 1 
J sintne)ae = 9 zsin(Inz) = 5 7c0s(Inz). 


From this we see that (1/2)zsin(Inz) — (1/2)acos(Inz) is an antiderivative of sin(Inz)dz. For the most 
general antiderivative, add +C: 
Equation: 


1 1 
i) sin(Inz)dx = 7 sin(Inz) - 72 cos(Inz) ac. 


Analysis 


If this method feels a little strange at first, we can check the answer by differentiation: 
Equation: 


dz 2 


(sin(Inz)) + cos(Inz) - + - +2 — ($cos(Inz) — sin(Inz) - + - +2) 


= sin(Inz). 


4 (i 2sin(Inz) — aa 
1 
i 


Note: 
Exercise: 


Problem: Evaluate i x’sing dz. 


Solution: 


—2z*cosxz + 2asinz + 2cosz+C 


Hint 


This is similar to [link]. 


Integration by Parts for Definite Integrals 


Now that we have used integration by parts successfully to evaluate indefinite integrals, we turn our attention to 
definite integrals. The integration technique is really the same, only we add a step to evaluate the integral at the 
upper and lower limits of integration. 


Note: 


Integration by Parts for Definite Integrals 
Let u = f(a) and v = g(a) be functions with continuous derivatives on [a, 6]. Then 


Equation: 
b b 
/ udv = wi? — / udu. 


Example: 
Exercise: 


Problem: 
Finding the Area of a Region 


Find the area of the region bounded above by the graph of y = tan~‘z and below by the z-axis over the 
interval [0, 1]. 


Solution: 


1 
This region is shown in [link]. To find the area, we must evaluate i tan !a dz. 
0 


y = tan 1(x) 


To find the area of the shaded region, 
we have to use integration by parts. 


For this integral, let’s choose u = tan~!z and dv = dz, thereby making du = ee and v = «. After 
applying the integration-by-parts formula ({link]) we obtain 
Equation: 
1 
Area = ztan ‘|; — / 
0 


i dx 
z2+1 


Use u-substitution to obtain 
Equation: 


Thus, 
Equation: 


1 
1 


Area = x tan ‘ax 


TT 
0 4 


1 1 
_ zine +1 _ 2s 


At this point it might not be a bad idea to do a “reality check” on the reasonableness of our solution. Since 
T= +In2 = 0.4388, and from [link] we expect our area to be slightly less than 0.5, this solution appears to 


be reasonable. 


Example: 
Exercise: 


Problem: 
Finding a Volume of Revolution 


Find the volume of the solid obtained by revolving the region bounded by the graph of f («) = e~”, the x- 
axis, the y-axis, and the line z = 1 about the y-axis. 


Solution: 


The best option to solving this problem is to use the shell method. Begin by sketching the region to be 
revolved, along with a typical rectangle (see the following graph). 
y 


We can use the shell method to find a volume of revolution. 


1 
To find the volume using shells, we must evaluate 27 ii ze “dx. To do this, let u = x anddv=e *. 
0 


These choices lead to du = dx and v = / e * = —e *. Substituting into [link], we obtain 


Equation: 


1 zu 


1 
Volume = 27 i fe, 00 — onl fee | / e-*dz) Use integration by parts. 
0 


& 0 
1 1 
= emsee |p Qme-*|- Evaluate [eva =-e? 
O 0 
=e a Evaluate and simplify. 


Analysis 


Again, it is a good idea to check the reasonableness of our solution. We observe that the solid has a volume 
slightly less than that of a cylinder of radius 1 and height of 1/e added to the volume of a cone of base radius 1 


and height of 1 — z. Consequently, the solid should have a volume a bit less than 


Equation: 
1 T 1 Dae as 
n(1y?— + (2) (a)? (1- =) =24+ 2 ~ 18177. 
(1) e 3 e 3e 3 
Since 27 — =z = 1.6603, we see that our calculated volume is reasonable. 
Note: 
Exercise: 


1/2 
Problem: Evaluate i xcosx dz. 
0 


Solution: 
aa 
Hint 


Use [link] with u = x and dv = cosz dz. 


Key Concepts 


e The integration-by-parts formula allows the exchange of one integral for another, possibly easier, integral. 
e Integration by parts applies to both definite and indefinite integrals. 


Key Equations 
e Integration by parts formula 
udv=uv— | vdu 


e Integration by parts for definite integrals 


b ; b 
i; udv=uolf — [ v du 
a a 


In using the technique of integration by parts, you must carefully choose which expression is u. For each of the 
following problems, use the guidelines in this section to choose u. Do not evaluate the integrals. 
Exercise: 


Problem: / vee*dr 


Solution: 


u=a« 


Exercise: 


Problem: [inode 


Exercise: 


Problem: / y>cos yd 


Solution: 


u=-y 


Exercise: 


Problem: / xarctanz dr 


Exercise: 
Problem: / e**sin(2ar)da 


Solution: 


wu = sin(2z) 


Find the integral by using the simplest method. Not all problems require integration by parts. 
Exercise: 


Problem: / vsinudu 


Exercise: 


Problem: pore dz (Hint: [ox dz is equivalent w fi -In(x)dz. ) 


Solution: 


-x+aelnxz+C 


Exercise: 


Problem: / xcosx dx 


Exercise: 


Problem: / tan le dx 


Solution: 


eta e=) ln(h a) ee 


Exercise: 


Problem: / xetdx 


Exercise: 


Problem: / xsin(2x)dx 


Solution: 


—Facos (2x) + +sin (2x) + C 


Exercise: 


Problem: i xe" dx 


Exercise: 


Problem: / ze “dz 


Solution: 


e*(-1-—2)+C 


Exercise: 


Problem: / xcos3x dx 


Exercise: 


Problem: / x*cosx dx 


Solution: 


2xcosx + (—2 -- «”)sine +C 


Exercise: 


Problem: zlnz dx 


Exercise: 


Problem: [ree + 1)dx 


Solution: 


Exercise: 


Problem: / xe“*dx 


Exercise: 


Problem: / e’sinz dz 


Solution: 


se” (—cosz + sinz) + C 


Exercise: 


Problem: / e*’cosx dx 


Exercise: 


Problem: / re" dx 


Solution: 


a) 


-+¢ 


Exercise: 


Problem: i xe *dzr 


Exercise: 


Problem: jf sndn(2e))ae 


Solution: 


—12cos [In(2ax)] + +ezsin (In(2z)] +C 


2 2 


Exercise: 


Problem: i: cos(Inzx)dz 


Exercise: 


Problem: : (Inx)*da 


Solution: 


2x —2alnz + x(Inz)?+C 


Exercise: 


Problem: / In(x?)dzx 


Exercise: 


Problem: / z’Inz dr 


Solution: 
(- e+ 42'Inz) +C 
9 3 


Exercise: 


Problem: / sin tx dz 


Exercise: 


Problem: [roo (2x)dx 


Solution: 


-tv1 — 42? + x cos~'(22)+C 


Exercise: 


Problem: / xarctanz dx 


Exercise: 


Problem: / x’sinz dx 


Solution: 


= (-2 4 x”) cosx + 2zsinz + C 


Exercise: 


Problem: zcosx dx 


Exercise: 


Problem: / xsina dz 


Solution: 


—2x£ (—6 - x”) cosa +3 (2 -- x*)sin x +C 


Exercise: 


Problem: [eae 


Exercise: 


Problem: / zsec ‘x dx 


Solution: 


se ( yl 3 re -seote) + 


Exercise: 


Problem: / xsec’x dz 


Exercise: 


Problem: / xcoshz dx 


Solution: 


—coshz+ zsinha+C 


Compute the definite integrals. Use a graphing utility to confirm your answers. 
Exercise: 


1 
Problem: / Inz dx 
L/e 


Exercise: 


1 
Problem: / ze "dx (Express the answer in exact form.) 
0 


Solution: 


3 
4e? 


1 
4 


Exercise: 


Problem: 


Exercise: 


Problem 


1 pee 
/ eV dx (let Uu= Vz) 
0 


: i: In(x”)dz 


Solution: 


2 


Exercise: 


Problem: 


Exercise: 


Problem: 


vis 
i xcosx dx 
0 


Tv 
' xsin x dx (Express the answer in exact form.) 
—T 


Solution: 


20 


Exercise: 


Problem 


Exercise: 


Problem: 


3 
: / In(a” + 1)da (Express the answer in exact form.) 
0 


1/2 
/ z*sin x dx (Express the answer in exact form.) 
0 


Solution: 


247 


Exercise: 


Problem: 


Exercise: 


Problem 


1 
/ x5" dx (Express the answer using five significant digits.) 
0 


: Evaluate / cos zln(sinx)dx 


Solution: 


—sin(z) + In [sin(x)|sinz + C 


Derive the following formulas using the technique of integration by parts. Assume that n is a positive integer. 
These formulas are called reduction formulas because the exponent in the x term has been reduced by one in each 
case. The second integral is simpler than the original integral. 

Exercise: 


Problem: [xreae = 2"e* — n [ade 
Exercise: 
Problem: [ vreose dx = x"sinz — n fo” sine dx 


Solution: 


Answers vary 


Exercise: 


Problem: / x”sina dx — munder 


Exercise: 


Problem: Integrate / 2xv 2x — 3dzx using two methods: 


a. Using parts, letting dv = /2x — 3dzx 
b. Substitution, letting wu = 22 — 3 


Solution: 


2 3/2 | 2 | | 3/2 
a (le) 2a)" Ch el ald 2ay aC 


State whether you would use integration by parts to evaluate the integral. If so, identify u and dv. If not, describe 
the technique used to perform the integration without actually doing the problem. 
Exercise: 


Problem: / zlnz dx 


Exercise: 


In?z 
Problem: dx 
x 


Solution: 


Do not use integration by parts. Choose u to be Ina, and the integral is of the form i udu. 


Exercise: 


Problem: / ze*dx 


Exercise: 


Problem: [re ae 


Solution: 


Do not use integration by parts. Let u = x? — 3, and the integral can be put into the form / e“du. 


Exercise: 


Problem: / x’sinz dx 


Exercise: 
Problem: [esin(e’ +2)da 


Solution: 


Do not use integration by parts. Choose u to be u = 3x° + 2 and the integral can be put into the form 


re sin(u)du. 


Sketch the region bounded above by the curve, the x-axis, and z = 1, and find the area of the region. Provide the 
exact form or round answers to the number of places indicated. 
Exercise: 


Problem: y = 2xe* (Approximate answer to four decimal places.) 


Exercise: 
Problem: y = e “sin(zx) (Approximate answer to five decimal places.) 


Solution: 


The area under graph is 0.39535. 


y 


Find the volume generated by rotating the region bounded by the given curves about the specified line. Express the 
answers in exact form or approximate to the number of decimal places indicated. 
Exercise: 


Problem: y = sinz, y = 0,2 = 22, x = 3m about the y-axis (Express the answer in exact form.) 


Exercise: 


Problem: y = e~* y = 0,2 = —1a = 0; about x = 1 (Express the answer in exact form.) 


Solution: 


27e 
Exercise: 
Problem: 
A particle moving along a straight line has a velocity of u(t) = te after t sec. How far does it travel in the 
first 2 sec? (Assume the units are in feet and express the answer in exact form.) 
Exercise: 
Problem: 


Find the area under the graph of y = sec?z from x = Oto x = 1. (Round the answer to two significant 
digits.) 


Solution: 
2.05 


Exercise: 


Problem: 


Find the area between y = (x — 2)e” and the x-axis from = 2 to x = 5. (Express the answer in exact 
form.) 


Exercise: 


Problem: Find the area of the region enclosed by the curve y = xcosz and the x-axis for 


1 <a< Br (Express the answer in exact form.) 


Solution: 


127 
Exercise: 
Problem: 
Find the volume of the solid generated by revolving the region bounded by the curve y = Ina, the x-axis, and 
the vertical line z = e? about the x-axis. (Express the answer in exact form.) 


Exercise: 


Problem: 


Find the volume of the solid generated by revolving the region bounded by the curve y = 4cosz and the x- 
axis, | <a< an about the x-axis. (Express the answer in exact form.) 


Solution: 

812 
Exercise: 

Problem: 


Find the volume of the solid generated by revolving the region in the first quadrant bounded by y = e®” and 
the x-axis, from z = 0 to x = In(7), about the y-axis. (Express the answer in exact form.) 


Glossary 


integration by parts 
a technique of integration that allows the exchange of one integral for another using the formula 


udv=uw~ f vdu 


Trigonometric Integrals 


e Solve integration problems involving products and powers of sinz and cosz. 
¢ Solve integration problems involving products and powers of tanz and secz. 
e Use reduction formulas to solve trigonometric integrals. 


In this section we look at how to integrate a variety of products of trigonometric functions. These integrals are 
called trigonometric integrals. They are an important part of the integration technique called trigonometric 
substitution, which is featured in Trigonometric Substitution. This technique allows us to convert algebraic 
expressions that we may not be able to integrate into expressions involving trigonometric functions, which we 
may be able to integrate using the techniques described in this section. In addition, these types of integrals 
appear frequently when we study polar, cylindrical, and spherical coordinate systems later. Let’s begin our 
study with products of sinz and cosz. 


Integrating Products and Powers of sinx and cosx 


A key idea behind the strategy used to integrate combinations of products and powers of sinz and cosz 


involves rewriting these expressions as sums and differences of integrals of the form | sin’xcosxz dx or 


/ cos/z sinz dz. After rewriting these integrals, we evaluate them using u-substitution. Before describing the 


general process in detail, let’s take a look at the following examples. 


Example: 
Exercise: 


Problem: 


Integrating / cos’zsinx dx 


Evaluate / cos*zsinz dz. 


Solution: 
Use u-substitution and let w = cosz. In this case, du = —sin x dz. Thus, 
Equation: 
[<2s' xsingdx =— fe du 
== zu +C 
— =cos* r+C. 
Note: 
Exercise: 


Problem: Evaluate / sin*xcosz dz. 


Solution: 
<sin’x +C 
Hint 


Let u = sinz. 


Example: 
Exercise: 


Problem: 


A Preliminary Example: Integrating / cosa sin’ dx Where k is Odd 


Evaluate / cos2xsin*z dz. 


Solution: 


3 2 


To convert this integral to integrals of the form i cos/xsin x dz, rewrite sin°x = sin’xsinz and make 


2 


the substitution sin?z = 1 — cos?z. Thus, 


Equation: 
[costesin’s dz = [oostot —cos’z)sinz dx Let u=cosz; then du = —sinz dz. 

= - fw (1 — u?)du 
= / (ut — u?) du 
See iene ee 
Hsu gw te 
= tcos°’x — Fcos*a + C. 

Note: 

Exercise: 


Problem: Evaluate i cos*z sin?2 dz. 


Solution: 
alee ee vile ee Os 
3 5 
Hint 
Write cos?z = cos2acosz = (1 — sin’x) cosa and let u = sinz. 


In the next example, we see the strategy that must be applied when there are only even powers of sinz and 
cos. For integrals of this type, the identities 


Equation: 
1 — cos (2x 
sin’ = — — —cos(2x) = ve) 
2: a 2 
and 
Equation: 
1 1 1+ cos (2x 
cos’a@ = 5 + 3 008(22) = Atos) 


are invaluable. These identities are sometimes known as power-reducing identities and they may be derived 
from the double-angle identity cos (2x) = cos?x — sin?x and the Pythagorean identity cos?a + sin?a = 1. 


Example: 
Exercise: 


Problem: 
Integrating an Even Power of sinz 


Evaluate i sin? dz. 


Solution: 


To evaluate this integral, let’s use the trigonometric identity sin?2 = $ — 5cos(2z). Thus, 
Equation: 


[sme dx =/¢ — }cos(2x)) da 


= +x — Fsin (2x) +C. 


Note: 
Exercise: 


Problem: Evaluate / cos?a dz. 


Solution: 


sx + Gsin(2z)+C 


Hint 
Equation: 


The general process for integrating products of powers of sinx and cosz is summarized in the following set of 
guidelines. 


Note: 
Problem-Solving Strategy: Integrating Products and Powers of sin x and cos x 


To integrate | cos’x sin*z dz use the following strategies: 


1. If k is odd, rewrite sin*x = sin*~!xsinz and use the identity sin?x = 1 — cos?z to rewrite sin*~!2 in 


terms of cosa. Integrate using the substitution u = cosa. This substitution makes du = —sinz dz. 

2. If j is odd, rewrite cos’ = cos’ txcosz and use the identity cos?z = 1 — sin*z to rewrite cos? ‘x in 
terms of sina. Integrate using the substitution w = sina. This substitution makes du = cosz dz. (Note: 
If both 7 and k are odd, either strategy 1 or strategy 2 may be used.) 

3. If both j and k are even, use sin?z = (1/2) — (1/2)cos(2z) and cos?x = (1/2) + (1/2)cos(2z). 
After applying these formulas, simplify and reapply strategies 1 through 3 as appropriate. 


Example: 
Exercise: 


Problem: 


Integrating i cos’z sin*« dx where k is Odd 


Evaluate / cos*zsin’ x dz. 


Solution: 


Since the power on sin z is odd, use strategy 1. Thus, 
Equation: 


cos® 


[costesin’e dx = 


xsin‘xsinz dx Break off sinz. 


cos®x(sin?z)’sinz dz Rewrite sin*¢z = (sin2x)’. 


= [oostota — cos?x)’sinx dx Substitute sin’?z = 1 — cos?z. 


= | u8(1 — u?)?(—du) Let u = cosz and du = —sinz dz. 
(—u3 ar 2u19 = ul) du Expand. 
pe hoe og Evaluate the integral. 

= aged + #-cos!g — 4; cos 3x +C. Substitute u = cosz. 


Example: 
Exercise: 


Problem: 


Integrating i cos/asin*x dx where k and j are Even 


Evaluate / sin‘e dz. 


Solution: 


Since the power on sinz is even (k = 4) and the power on cosz is even (7 = 0), we must use strategy 
3. Thus, 


Equation: 


[sinte Cc— J (sn?0)"ae Rewrite sin*ta = (sin?z)”. 
= fa = 1 cos(2x)) "dz Substitute sin’?z = + — $cos(2z). 
= ic, — 5 cos (2x) + 4cos?(2zx)) dx Expand (+ — 1 ¢os(2x))”. 
= ic. = + COs (2x) + +(s + + cos(4z)) dx. 


Since cos”(2z) has an even power, substitute cos?(2r) = + + +cos (4a): 
Equation: 


= i (2 — +cos (2x) + 7 c0s(4zx))dax Simplify. 


= 3x — 4sin(2x) + 4sin(4z)+C Evaluate the integral. 


Note: 
Exercise: 


Problem: Evaluate / cos®a dz. 


Solution: 


sing — zsin®x +! 
Hint 


2 


3 2 gz =1-sin’2. 


2 


Use strategy 2. Write cos’x = cos“xcosz and substitute cos 


Note: 
Exercise: 


Problem: Evaluate cos?(3z)dz. 


Solution: 
sx+ isin (62) +C 
Hint 


Use strategy 3. Substitute cos?(3x) = + + +cos(6z) 


In some areas of physics, such as quantum mechanics, signal processing, and the computation of Fourier 
series, it is often necessary to integrate products that include sin(az), sin(ba), cos(ax), and cos(bx). These 
integrals are evaluated by applying trigonometric identities, as outlined in the following rule. 


Note: 

Rule: Integrating Products of Sines and Cosines of Different Angles 

To integrate products involving sin(azx), sin(bx), cos(ax), and cos(bz), use the substitutions 
Equation: 


1 1 
sin (ax)sin (br) = 5 cosl(a — b)x) — 9 cos((a + b)x) 
Equation: 
: see ie 
sin (ax)cos (bx) = 3ain ((a — b)x) + 5 sin((a + b)zx) 
Equation: 


cos (az)cos (bx) = 5 cos((a — b)x) + 5cos((a + b)z) 


These formulas may be derived from the sum-of-angle formulas for sine and cosine. 


Example: 
Exercise: 


Problem: 


Evaluating i sin (ax)cos(bx)dx 


Evaluate f sin (5x)cos(3x)dz. 


Solution: 


Apply the identity sin(5a)cos(3x) = +sin(2x) — +sin(82). Thus, 


Equation: 
[es (5x)cos(3a)dz = | tsinejax + i $sin(82) dx 
= —+ cos (2x) — 7, cos (8x) + C. 
Note: 
Exercise: 


Problem: Evaluate / cos (6x)cos(5x)dz. 


Solution: 


ssing + 35 sin (1lz)+C 


Hint 


Substitute cos (6x)cos(5xz) = +cosz + +cos(11z). 


Integrating Products and Powers of tanx and secx 


Before discussing the integration of products and powers of tan and sec 2, it is useful to recall the integrals 
involving tanz and seca we have already learned: 


1. [secre dz =tanz+C 


2. [secxtanz dz =secxr+C 


3. [rane dx = In |secz|+C 


4. [seca dx = In|secaz + tanz|+C. 


For most integrals of products and powers of tanz and sec, we rewrite the expression we wish to integrate 
as the sum or difference of integrals of the form / tan/xsec?x dz or fe sec/x tana dx. As we see in the 


following example, we can evaluate these new integrals by using u-substitution. 


Example: 
Exercise: 


Problem: 


Evaluating i secixztang dx 


Evaluate i sec’rtanaz dz. 


Solution: 

Start by rewriting sec°xtanz as sec*xsecxtanz. 

Equation: 

[scctetane ie = [ sectesecetane dz lLetu=seca; then, du = secrtanz dz. 
= / u‘du Evaluate the integral. 
= sue ae Substitute secx = u. 
= ¢secha + C 
Note: 


You can read some interesting information at this website to learn about a common integral involving the 
secant. 


Note: 
Exercise: 


Problem: Evaluate i tan°’xsec?z dz. 


Solution: 


-tan®x +C 


Hint 


2 


Let u = tanz and du = sec“z. 


We now take a look at the various strategies for integrating products and powers of secz and tanz. 


Note: 


Problem-Solving Strategy: Integrating i tan*zsecia dx 
To integrate i tan’ xsec/« dz, use the following strategies: 


2 2 


1. If j is even and j > 2, rewrite sec’x = sec? ?xsec?x and use sec?a = tan?x + 1 to rewrite sec? 7x in 
terms of tanz. Let u = tanz and du = sec?z dx. 

2. If k is odd and j > 1, rewrite tan*xsec’xz = tan*-!xsec)-!xsecatanz and use tan?x = sec?z — 1 
to rewrite tan*~1z in terms of secx. Let u = sec and du = secxtanz dz. (Note: If j is even and k is 
odd, then either strategy 1 or strategy 2 may be used.) 

3. If k is odd where k > 3 and 7 = 0, rewrite 
tan’ —tan*;-a tana — tan’ --2(see-a— 1))—dan “asec 
repeat this process on the tan*~?z term. 

4. If k is even and 7 is odd, then use tan?a = sec?a — 1 to express tan*z in terms of seca. Use 


integration by parts to integrate odd powers of sec x. 


2x — tan*-2z. It may be necessary to 


2 


Example: 
Exercise: 


Problem: 


Integrating / tan*zsecix dx when j is Even 


Evaluate ii tan®xsec*a dz. 


Solution: 


Since the power on sec z is even, rewrite sec*x = sec?xsec”x and use sec 


the first sec?z in terms of tanz. Thus, 
Equation: 


27 = tan?z + 1 to rewrite 


[rantesecta dx = [rante (tan? ale 1)sec?x dx Letu=tanzand du = sec22 dx. 


= fe (u? + 1)du Expand. 
= / (u® + u®)du Evaluate the integral. 
= fu + Ful+C Substitute tanz = u. 


= gtan®z dL ytan"« 4 ©), 


Example: 
Exercise: 


Problem: 


Integrating i tan*z sec/x dx when k is Odd 


Evaluate [ tanvesecta dz. 


Solution: 


3 2 


Since the power on tan z is odd, begin by rewriting tan°xsec*x = tan‘xsec?xsecxtanz. Thus, 


Equation: 
tan>rsec’z = tan*rsec*xsecrtanz. Write tant = (tan2z)”. 
[ranvesecta = J (tante)*sec*xsecatana dx Use tan?x = sec?x — 1. 
= [secre = 1)’sec2asecatanz dx Let u = secz and du = secxtanz dz. 
= [ow —1)°wdu Expand. 
= fi (us — 2u* + u?)du Integrate. 
= su! = zy? + zu =p 1G) Substitute secz = u. 
= +tsec’x — 2sec°x + 7sec*x anion, 
Example: 
Exercise: 
Problem: 


Integrating i tan*z dz where k is Odd and k > 3 


Evaluate i tan? a dz. 


Solution: 


Begin by rewriting tan?z = tanztan’x = tanz (sec? — 1) = tanzsec*a — tanz. Thus, 
Equation: 


[rane dx = [ (tanzsec*s — tanx)dax 


[ranesec’e dx — [rane dz 


+tan?z — In|secz| + C. 


For the first integral, use the substitution u = tan. For the second integral, use the formula. 


Example: 
Exercise: 


Problem: 


Integrating / sec?x dx 


Integrate i: sec*a dz. 


Solution: 
This integral requires integration by parts. To begin, let u = seca and dv = sec” dx. These choices 


make du = secxtanz and v = tanz. Thus, 
Equation: 


[sects dx =secartanz — [ranesecetanz dx 


= secrtanz — [rane secx dz Simplify. 
= secrtanzr — / (sec?x — 1)seca dx Substitute tan2z = sec?x — 1. 
= secxrtanz + [seca dx — [secte dx Rewrite. 


= secrtanz + In|secx + tanz| — [sects dz. Evaluate / seca dz. 


We now have 
Equation: 


[osecte dx = secxtanz + In|secz + tanz| — [orcte dz. 


Since the integral i sec*« dz has reappeared on the right-hand side, we can solve for i sec’ dx by 


adding it to both sides. In doing so, we obtain 
Equation: 


2 [sects dz = secrtanz + In|secz + tanz|. 


Dividing by 2, we arrive at 
Equation: 


1 1 
[secre dz = 5 sec tane + ain |seca + tanz|+C. 


Note: 
Exercise: 


Problem: Evaluate / tan?zsec’ax dz. 


Solution: 


zsec x = 4 sec’x -L@ 


Hint 


Use [link] as a guide. 


Reduction Formulas 


Evaluating / sec”x dz for values of n where n is odd requires integration by parts. In addition, we must also 
know the value of / sec”? dz to evaluate ; sec”a dx. The evaluation of ii tan” dz also requires being 


able to integrate | tan”~?a dx. To make the process easier, we can derive and apply the following power 


reduction formulas. These rules allow us to replace the integral of a power of secz or tanz with the integral 
of a lower power of secz or tan z. 


Note: 
Rule: Reduction Formulas for i sec” x dx and i tan” x dx 


Equation: 


1 —2 
[scr dz = 1 sec” *xtanaz + ieend 1 sec” *z dx 
n— n— 


Equation: 


1 
frame dz = i tan” by — rote dz 
n av 


The first power reduction rule may be verified by applying integration by parts. The second may be verified 
by following the strategy outlined for integrating odd powers of tan z. 


Example: 
Exercise: 


Problem: 


Revisiting i sec*x dz 


Apply a reduction formula to evaluate i sec’a dx. 


Solution: 


By applying the first reduction formula, we obtain 


Equation: 
[sects eke = Ssecrtanz — [seca dx 
= fsecrtanz + +ln|secz + tanz|+C. 
Example: 
Exercise: 
Problem: 


Using a Reduction Formula 


Evaluate i; tan‘a dz. 


Solution: 


Applying the reduction formula for i tan‘ dz we have 


Equation: 


[ante dx = jtan*x = [rane dz 


= : tan?x — (tanz i tan°x dz) Apply the reduction formula to i tan?z dz. 
SA) et pp dx Simplify. 


= +tan3x —tanz+2+C. Evaluate / 1dz. 


Note: 
Exercise: 


Problem: Apply the reduction formula to / seca dz. 


Solution: 


[sect dz = Gsec*xtanz — $f sects 
Hint 


Use reduction formula 1 and let n = 5. 


Key Concepts 


e Integrals of trigonometric functions can be evaluated by the use of various strategies. These strategies 
include 


1. Applying trigonometric identities to rewrite the integral so that it may be evaluated by u-substitution 
2. Using integration by parts 


3. Applying trigonometric identities to rewrite products of sines and cosines with different arguments 
as the sum of individual sine and cosine functions 
4. Applying reduction formulas 


Key Equations 


To integrate products involving sin(az), sin(bx), cos(ax), and cos(bz), use the substitutions. 


e Sine Products 

sin (ax)sin (br) = +cos((a — b)x) — +cos((a + b)z) 
e Sine and Cosine Products 

sin (ax)cos (br) = +sin ((a — b)x) + Fsin((a + b)z) 
e Cosine Products 

cos (ax)cos (br) = +cos((a — b)x) + +cos((a + b)z) 


e Power Reduction Formula 

[ser dz = = sec" lx + nee [score dz 
e Power Reduction Formula 

[rare dz = — tan”! za [raves dz 


Fill in the blank to make a true statement. 
Exercise: 


Problem: sin?x+ ___ = 


Solution: 


cos” x 


Exercise: 


Problem: sec?z — 1 = 


Use an identity to reduce the power of the trigonometric function to a trigonometric function raised to the first 
power. 
Exercise: 


Problem: sin?x =___ 


Solution: 


1—cos(2z) 
2 


Exercise: 


Problem: cos?z =_ 


Evaluate each of the following integrals by u-substitution. 
Exercise: 


Problem: / sin’x cosa dx 


Solution: 


4 


si +C 


Exercise: 


Problem: [ veosesina dx 


Exercise: 


Problem: i tan°(2x)sec?(2x)dzx 


Solution: 
tat 
Fy tan®(2z) + C 
Exercise: 
Problem: [ sin" (2e)cos(20)ae 


Exercise: 


Problem: [rm (=) sec” ($)ae 


Solution: 


sec? ($) +C 


Exercise: 
2 2 
Problem: ic asec x dx 


Compute the following integrals using the guidelines for integrating powers of trigonometric functions. Use a 
CAS to check the solutions. (Note: Some of the problems may be done using techniques of integration learned 
previously.) 

Exercise: 


Problem: iy sin’x dz 


Solution: 


cosz 4 COS £+C 


Exercise: 


Problem: / cos*x dx 


Exercise: 


Problem: / sinxcosz dx 


Solution: 


+ COS?z + C or ysin’z + CO 


Exercise: 


Problem: / cos’ x dx 


Exercise: 


Problem: [ sin*zcos*e dx 


Solution: 


5 


Loose + 2cos?x 


3 COS x 


cos’a +C 


1 
7 


Exercise: 


Problem: [ sin*zcos*e dx 


Exercise: 


Problem: / Vsinxcosx dx 


Solution: 


3 


2(sinz)? +C 


Exercise: 


Problem: / Vsinzcos®a dz 


Exercise: 


Problem: [secatanz dx 


Solution: 


secxr +C 
Exercise: 
Problem: [tano)az 


Exercise: 


Problem: [rants secx dx 


Solution: 


Ssecxtanz — +In(secx + tanz) + C 


Exercise: 


Problem: : tanazsec®x dx 


Exercise: 


Problem: [secte dx 


Solution: 
tan? 


Zane + se0(e)Ptane = tane + SE + C 


Exercise: 


Problem: / cot x dx 


Exercise: 


Problem: ie cscx dx 


Solution: 


—In |cotz + cscaz| + C 


Exercise: 


t 3 
Problem: y come dx 


/secx 


For the following exercises, find a general formula for the integrals. 


Exercise: 


Problem: [sintaz cosax dx 
Solution: 


sin? (az) 
cae, ecm Oe 


Exercise: 
Problem: / sinazcosaz dz. 


Use the double-angle formulas to evaluate the following integrals. 
Exercise: 


Tv 
Problem: if sin’x dx 
0 


Solution: 
aL 
2 


Exercise: 


Tv 
Problem: ‘i sin’z dx 
0 


Exercise: 


Problem: / cos?3a dx 


Solution: 


£4 4 sin(6z)+C 


Exercise: 


Problem: [ sin?xcos*e dx 


Exercise: 


Problem: [sine dx + [ooste dz 


Solution: 


zr+C 


Exercise: 
Problem: [inte cos”(2x)dzx 


For the following exercises, evaluate the definite integrals. Express answers in exact form whenever possible. 
Exercise: 


2r 
Problem: / cosxsin22 dx 
0 


Solution: 


0 


Exercise: 


Problem: / sin3azsin5zx dx 
0 


Exercise: 


Problem: / cos(99x)sin(101x)dx 
0 


Solution: 


0 


Exercise: 


Problem: / cos”(3x)dax 

Exercise: 
Ps 

Problem: / sin xsin(2zx)sin(3z)dx 
0 


Solution: 


0 


Exercise: 


4n 
Problem: / cos(x/2)sin(«/2)dx 
0 


Exercise: 


7/3 cos*x 
Problem: / dx (Round this answer to three decimal places.) 
/6 sinz 


Solution: 


Approximately 0.239 


Exercise: 


1/3 
Problem: /sec2x —1dz 
—n/3 


Exercise: 


r/2 0 ———_— 
Problem: i V1 — cos(2x) dx 
0 


Solution: 


V2 


Exercise: 


Problem: 


Find the area of the region bounded by the graphs of the equations 
y = sina, y = sin’z, z = 0, and z = oe 


Exercise: 


Problem: 


Find the area of the region bounded by the graphs of the equations 


y = cos’z,y = sin’z,x2 = —fF,andz = f. 


Solution: 


1.0 
Exercise: 


Problem: 


A particle moves in a straight line with the velocity function v(t) = sin(wt)cos? (wt). Find its position 
function « = f(t) if f(0) = 0. 


Exercise: 


2 3 


Problem: Find the average value of the function f(a) = sin“acos*z over the interval {[—7r, 7]. 


Solution: 


0 


For the following exercises, solve the differential equations. 


Exercise: 
~ YY _ gin? ‘ 
Problem: [=~ = sin*z. The curve passes through point (0, 0). 
Exercise: 


Problem: 4 = sin* (70) 


Solution: 

30 — ZF sin(276) + Se sin(476) +C= f(z) 
Exercise: 

Problem: Find the length of the curve y = In(cscx), | <a < F. 
Exercise: 

Problem: Find the length of the curve y = In(sinx), 3 <a# < 5 


Solution: 


In (v3) 


Exercise: 


Problem: Find the volume generated by revolving the curve y = cos(3z) about the x-axis, 0 < @ < re 


For the following exercises, use this information: The inner product of two functions f and g over [{a, 6] is 
b 

defined by f(x) - g(x) = (f,g) = / f - gdx. Two distinct functions f and g are said to be orthogonal if 

(f,9) = 0. 


Exercise: 


Problem: Show that {sin(2z), cos(3x)} are orthogonal over the interval [—7r, 7]. 


Solution: 


i, sin(2x)cos(3z)dz = 0 
Exercise: 


Problem: Evaluate / sin(mz)cos(nz)dz. 


—T 


Exercise: 


Ae 


Problem: Integrate y' = \/tanzsec 
Solution: 
/tan(z)z (Si + 2secx*tanz) + C = f(z) 


For each pair of integrals, determine which one is more difficult to evaluate. Explain your reasoning. 
Exercise: 


Problem: / sin*’® x cosx dz or sin?xcos?ax dx 


Exercise: 


Problem: [taniasec%e dx or f tan’*zseca dx 


Solution: 


The second integral is more difficult because the first integral is simply a u-substitution type. 


Glossary 


power reduction formula 
a rule that allows an integral of a power of a trigonometric function to be exchanged for an integral 
involving a lower power 


trigonometric integral 
an integral involving powers and products of trigonometric functions 


Trigonometric Substitution 


e Solve integration problems involving the square root of a sum or difference of two squares. 


In this section, we explore integrals containing expressions of the form Va? — x2, Va? + x2, and Vz? — a2, 
where the values of a are positive. We have already encountered and evaluated integrals containing some 
expressions of this type, but many still remain inaccessible. The technique of trigonometric substitution comes in 
very handy when evaluating these integrals. This technique uses substitution to rewrite these integrals as 
trigonometric integrals. 


Integrals Involving Va? — x? 


Before developing a general strategy for integrals containing Vaz — x”, consider the integral / J 9 — xdz. 


This integral cannot be evaluated using any of the techniques we have discussed so far. However, if we make the 
substitution z = 3sin0, we have dx = 3cos6d0. After substituting into the integral, we have 


Equation: 
[vs —22dz = / /9 — (3sin6)?3cos6dé. 


After simplifying, we have 
Equation: 


/ /9 — «2dr — / 9/1 — sin?6cos0d0. 


Letting 1 — sin? = cos”6, we now have 


Equation: 
/ V9 —22dzx = / 9\/cos?0.cos 0d8. 


[versace f seas 


At this point, we can evaluate the integral using the techniques developed for integrating powers and products of 
trigonometric functions. Before completing this example, let’s take a look at the general theory behind this idea. 


Assuming that cos@ > 0, we have 
Equation: 


To evaluate integrals involving Va? — x”, we make the substitution c = asin and dx = acos@. To see that this 
actually makes sense, consider the following argument: The domain of Vaz — 22 is [—a,a]. Thus, -a <a <a. 
Consequently, —1 < * < 1. Since the range of sinx over [—(2/2), 1/2] is |[-1, 1], there is a unique angle 0 
satisfying —(7/2) < 0 < 7/2 so that sin@ = x/a, or equivalently, so that x = asin@. If we substitute 

x = asin@ into Va? — x?, we get 


Equation: 


Vae—¢% = fa? — (asin@)” Let z = asin@ where — | <0 < 4. Simplify. 


a s, a2 — asin? Factor out a?. 
7 J a?(1 — sin?6) Substitute 1 — sin?x = cos?z. 
= Va2cos26 Take the square root. 
q 
= |acos6| 
=acos@. 


Since cos# > 0 on ie <A< a and a > 0, |acos6| = acos@. We can see, from this discussion, that by making 
the substitution « = asin 9, we are able to convert an integral involving a radical into an integral involving 
trigonometric functions. After we evaluate the integral, we can convert the solution back to an expression 
involving x. To see how to do this, let’s begin by assuming that 0 < x < a. In this case, 0 < @ < 4. Since 

sin@ = ~, we can draw the reference triangle in [link] to assist in expressing the values of cos@, tan, and the 
remaining trigonometric functions in terms of x. It can be shown that this triangle actually produces the correct 
values of the trigonometric functions evaluated at @ for all 6 satisfying —-} < @ < 7. Itis useful to observe that 


the expression a? — x? actually appears as the length of one side of the triangle. Last, should 6 appear by itself, 


we use 6 = sin! (2). 


‘ x 
sind = — x 
a 


ya? — x2 


A reference triangle can help express the trigonometric 
functions evaluated at 0 in terms of x. 


The essential part of this discussion is summarized in the following problem-solving strategy. 


Note: 
Problem-Solving Strategy: Integrating Expressions Involving a2 — x2 


1. It is a good idea to make sure the integral cannot be evaluated easily in another way. For example, although 


this method can be applied to integrals of the form / 


1 x 
SSSI, / ————- dz, and 
ae = ae Va2 — x2 
/ aE ali a® — x* dz, they can each be integrated directly either by formula or by a simple u-substitution. 


2. Make the substitution z = asin@ and dz = acos6d0. Note: This substitution yields Va? — x? = acos@. 
3. Simplify the expression. 

4, Evaluate the integral using techniques from the section on trigonometric integrals. 

5. Use the reference triangle from [link] to rewrite the result in terms of z. You may also need to use some 


x 


trigonometric identities and the relationship 9 = sin! (2). 


a 


The following example demonstrates the application of this problem-solving strategy. 


Example: 
Exercise: 


Problem: 
Integrating an Expression Involving Va? — x? 


Evaluate / V9 — a dz. 


Solution: 


Begin by making the substitutions z = 3sin@ and dz = 3cos@d@. Since sin@ = 3, we can construct the 
reference triangle shown in the following figure. 


sine = > xX 


|< 


/9 — x2 


A reference triangle can be constructed for [link]. 


Thus, 
Equation: 


[ore = fo ino Pacossa 


= foe sit scosas 


Sy 


=f seosnseosas 
es 


= / 9 (+ + + cos(26)) dé 


= 26+ 4sin(26) + C 

= $6+ 4(2sin6cos0) +C 

_ 2 -lf(a« 9 a2  WV9=a? | 
Sot (3) a ge eo 
— Yaeeal (ie rV9—x | 


Example: 
Exercise: 


Problem: 


Integrating an Expression Involving Va? — x? 


Evaluate 


| V4— 22 
—— dz. 
x 


Solution: 


Substitute zc = 3sin@ and dz = 3cos6dé. 
Simplify. 
Substitute cos?6 = 1 — sin?6. 


Take the square root. 


Simplify. Since — | <0 < 4, cos@ > Oand 


|cos6| = cos0. 


Use the strategy for integrating an even pow 


of cos 0. 


Evaluate the integral. 
Substitute sin(20) = 2sin@cos0. 


Substitute sin”! (=) = @andsin#é = = Use 


the reference triangle to see that 


V9—a? 


cos@ = =a and make this substitution. 


Simplify. 


First make the substitutions ¢ = 2sin@ and dx = 2cos6d0. Since sin@ = +, we can construct the reference 


triangle shown in the following figure. 


= x 
@=5 
sin 2 


j4—x* 


A reference triangle can be constructed 
for [link]. 


Thus, 


Equation: 
Who 1/4 — (2sin6)? 4— (2sin6)” 
i Same, =| 2cos 0d0 Substitute 2 = 2sin@ and = 2cos6d0. 
x 2sind 
2cos”0 : 2 2D) Belk aee 
= - do Substitute cos“@ = 1 — sin*@ and simplify. 
sind 
2(1 — sin’0 
= [oe Substitute sin?0 = 1 — cos26. 
sind 
Separate the numerator, simplify, and use 
(2cscO — 2sin9)d0 ; 
cscO = =5. 
= 21n |csc6 — cot 6| + 2cos0+C Evaluate the integral. 


Use the reference triangle to rewrite the 


= 2In|2 ae 1 J/4—22+C 


expression in terms of x and simplify. 


In the next example, we see that we sometimes have a choice of methods. 


Example: 
Exercise: 


Problem: 
Integrating an Expression Involving a? — x* Two Ways 


Evaluate / aV1 — x? dz two ways: first by using the substitution u = 1 — x? and then by using a 


trigonometric substitution. 


Solution: 

Method 1 

Let u = 1 — a? and hence x? = 1 — u. Thus, du = —2zdz. In this case, the integral becomes 
Equation: 

i eV/1—2dx =-+ / a?/1 — «?(—2adz) Make the substitution. 
=-5 / (1 — u)/udu Expand the expression. 
=-35 / (ul? — ui?) du Evaluate the integral. 
=-35 ( “ us/? : u5/?) tC Rewrite in terms of zx. 


Rey eee (leer eno 


Method 2 


Let x = sin@. In this case, dx = cos@d0. Using this substitution, we have 
Equation: 


[evrre =f sx%0ea0i 


= / (1 — cos?6) cos?6sin 0d0 Let wu = cos@. Thus, du = —sin dé. 
= / (u4 — u)du 
= =u — jue +C Substitute cos™ = u. 


Use a reference triangle to see that 


cos@ = V1 — z?. 


Note: 
Exercise: 


Problem: 


3 
dz using the appropriate trigonometric substitution (do not evaluate the 


Rewrite the integral i z 
V2 


5 = ae? 


integral). 


Solution: 


/ 125 sin°6d6 


Hint 


Substitute z = 5sin@ and dx = 5cosédé. 


Integrating Expressions Involving a2 + x? 


For integrals containing a a? + x?, let’s first consider the domain of this expression. Since V a? + 2x? is defined 
for all real values of x, we restrict our choice to those trigonometric functions that have a range of all real 
numbers. Thus, our choice is restricted to selecting either x = atan@ or x = acot0. Either of these substitutions 
would actually work, but the standard substitution is = atan6 or, equivalently, tan = x/a. With this 
substitution, we make the assumption that —(/2) < @ < 7/2, so that we also have 6 = tan~+ (a/a). The 
procedure for using this substitution is outlined in the following problem-solving strategy. 


Note: 
Problem-Solving Strategy: Integrating Expressions Involving a2 + x2 


1. Check to see whether the integral can be evaluated easily by using another method. In some cases, it is more 
convenient to use an alternative method. 
2. Substitute 2 = atan@ and dx = asec?6d0. This substitution yields 


Voce: — Jo? + (atan6)” = y/a2(1 + tan20) = Va2sec20 = |asec| = asec. (Since 
—5 <@< 4 andsec6 > 0 over this interval, |asec6| = asec. ) 

3. Simplify the expression. 

4, Evaluate the integral using techniques from the section on trigonometric integrals. 

5. Use the reference triangle from [link] to rewrite the result in terms of z. You may also need to use some 
trigonometric identities and the relationship 9 = tan”! (=). (Note: The reference triangle is based on the 
assumption that x > 0; however, the trigonometric ratios produced from the reference triangle are the same 
as the ratios for which x < 0.) 


tano = ~ 
a 


A reference triangle can be constructed to express the 
trigonometric functions evaluated at 6 in terms of x. 


Example: 
Exercise: 


Problem: 
Integrating an Expression Involving Va? + x? 


d 

Evaluate / = and check the solution by differentiating. 
14+ 2? 

Solution: 


Begin with the substitution x = tan and dx = sec?6d0. Since tan@ = z, draw the reference triangle in the 
following figure. 


tano = x = 


=) 


The reference triangle for [link]. 


Thus, 
Equation: 


/ dz 7 i sec’) 1 
J1+ x2 ~ J secé 


— i sec 0d0 


= In|secé + tand| +C 


ain |\/ Wee? + eC. 


To check the solution, differentiate: 
Equation: 


£ (In| VI+ 2? +2]) 


Substitute z = tan@ and dz = sec?6d0. This 
substitution makes V1 + a2? = sec6. Simplify. 


Evaluate the integral. 


Use the reference triangle to express the result 


in terms of zx. 


1 z 
=e (Gee +) 
= ul , etv ite? 

Vita? Vita? 
ees 
Vita? 


Since V1 + 2? + x > 0 for all values of x, we could rewrite 


In| VT a? + 2|+C=In(Vit+a? +2) +C, if desired. 


Example: 
Exercise: 


Problem: 


Evaluating 


ae 


Use the substitution x = sinh@ to evaluate 7 


Solution: 


Using a Different Substitution 


lta? 


Because sinh@ has a range of all real numbers, and 1 + sinh?@ = cosh”6, we may also use the substitution 
x = sinh{@ to evaluate this integral. In this case, dx = cosh 6d@. Consequently, 


Equation: 


/ dx coshé do Substitute x = sinhé and dx = coshéd6. 
V1 4+ 2? = 1 + sinh20 Substitute 1 + sinh?@ = cosh76. 
hd ae 
a (ecient V cosh?6 = |cosh )| 
V/ cosh? 
cosh@ , 
= dé |cosh 6| = cosh@ since cosh@ > 0 for all 0. 
|cosh )| 
coshé : : 
= i mack do Simplify. 
= / 1d0 Evaluate the integral. 
=04+C Since z = sinh@, we know @ = sinh ‘z. 
=sinh '2+C. 


Analysis 


This answer looks quite different from the answer obtained using the substitution x = tan. To see that the 
solutions are the same, set y = sinh ‘a. Thus, sinhy = «. From this equation we obtain: 
Equation: 


eY —e ¥ 


2 


= ©, 
After multiplying both sides by 2e¥ and rewriting, this equation becomes: 
Equation: 


ey — Ire¥ —1=0. 


Use the quadratic equation to solve for e?: 
Equation: 


— Wet V4e? +4 


y 
3 2 


Simplifying, we have: 
Equation: 


ef =atV/z? 41. 


Since x — Vx? +1 <0, it must be the case that e¥ = x + Vx? + 1. Thus, 
Equation: 


y=In(2+ V2? +1). 


Last, we obtain 
Equation: 


sinh tz = In (« +vV 2024 1). 


After we make the final observation that, since x + Vz? +1 > 0, 
Equation: 


In (+ 2? +1) =In| l+a74+2 


? 


we see that the two different methods produced equivalent solutions. 


Example: 
Exercise: 


Problem: 
Finding an Arc Length 


Find the length of the curve y = x” over the interval [0, >]. 
Solution: 


Because a = 2z, the arc length is given by 


Equation: 
1/2 1/2 
ih 1+ (20)*de = f V1+427dz. 
0 0 


To evaluate this integral, use the substitution z = Stand and dz = +sec”6d0. We also need to change the 
limits of integration. If 2 = 0, then 6 = 0 and if x = a then @ = 7. Thus, 
Equation: 


1/2 n/4 ‘ After substitution, 
V1+422dx = il V1 + tan?6-sec’0d0 V1 + 4x2 = tan6. Substitute 
: ; 1+ tan?0 = sec? and simplify. 
ee i re sec?d0 We derived this integral in the 
0 


4 previous section. 


1/4 
= $(FsecOtand + In |sec + tan) Evaluate and simplify. 
0 


= +(v2 + In(V2 + 1)). 


Note: 
Exercise: 


Problem: Rewrite / a*/x? + 4dz by using a substitution involving tan 0. 


Solution: 


/ 32tan°@sec*6d0 


Hint 


Use x = 2tan@ and dx = 2sec”6d0. 


Integrating Expressions Involving Vz? — a? 


The domain of the expression V2? — a? is (—oo, —a] U [a, +00). Thus, either z < —a or x > a. Hence, 

<= <-—lor = > 1. Since these intervals correspond to the range of sec @ on the set [0, =) U (, Tr], it makes 
sense to use the substitution sec@ = = or, equivalently, = asec0, where0 <0 < + or + <04< 7. The 
corresponding substitution for dx is dz = asec@tan6dé. The procedure for using this substitution is outlined in 


the following problem-solving strategy. 


Note: 
Problem-Solving Strategy: Integrals Involving Vx? — a? 


1. Check to see whether the integral cannot be evaluated using another method. If so, we may wish to consider 
applying an alternative technique. 
2. Substitute z = asec@ and dx = asecOtan6dé. This substitution yields 


Equation: 
V2 —@= / (asec)? =a? = \/a(sec?6-1) = Va2tan20 = ljatan6|. 
For z > a, |atan6| = atan@ and for x < —a, |atan6| = —atané. 
3. Simplify the expression. 


JES, 


. Evaluate the integral using techniques from the section on trigonometric integrals. 
5. Use the reference triangles from [link] to rewrite the result in terms of x. You may also need to use some 
trigonometric identities and the relationship 9 = sec! (2). (Note: We need both reference triangles, since 


the values of some of the trigonometric ratios are different depending on whether z > a or « < —a.) 


— |x? — a2 


sind = z 
a 
cos@é = — cosé = - 
2 n2 — fy2 — a2 
x*—a x*-a 
tang = ————— tana = ————— 
a a 


Use the appropriate reference triangle to express the trigonometric functions evaluated at @ in terms of x. 


Example: 
Exercise: 


Problem: 
Finding the Area of a Region 


Find the area of the region between the graph of f (x) = Vx? — 9 and the x-axis over the interval [3, 5]. 


Solution: 


First, sketch a rough graph of the region described in the problem, as shown in the following figure. 
y 


Calculating the area of the shaded region requires 
evaluating an integral with a trigonometric substitution. 


5 
We can see that the area is A = / J x* — 9dz. To evaluate this definite integral, substitute x = 3sec0 
3 


and dx = 3sec@tan 6d0. We must also change the limits of integration. If 2 = 3, then 3 = 3sec@ and hence 
9 = 0. If x = 5, then 0 = sec * (2). After making these substitutions and simplifying, we have 
Equation: 


5 
Area =| J 22 —9dx 
3 


sec~1(5/3) 
= i 9tan*Osec 0d0 Use tan” = 1 — sec?0. 
0 
sec 1(5/3) 
= i, 9(sec”@ — 1)secOd0 Expand. 
0 
sec-1(5/3) 
= | 9(sec*@ — sec@)d0 Evaluate the integral. 
0 
sec-1(5/3) 
= (4In|secé + tand| + $secdtan8) — 9In|secd + tand| Simplify. 
0 
sec~!(5/3) 


= SsecOtand — 2In|secd + tan6| wi) 
= 4. 


and tan (sec ; 


0 
= 2.3.4 4in|5+4|-(2-1-0- 2inj1 +0) 


Note: 
Exercise: 


d 
Problem: Evaluate i == Assume that x > 2. 


xe? — 4 
Solution: 
Wee se et +C 
Hint 


Substitute « = 2sec@ and dx = 2secOtan6dé. 


Key Concepts 


° For integrals involving Va? — x2, use the substitution z = asin@ and dx = acos@dé. 
¢ For integrals involving Va? + x2, use the substitution z = atan@ and dx = asec*6d6. 
¢ For integrals involving Vz? — a2, substitute 2 = asec@ and dx = asecOtan6d0. 


Simplify the following expressions by writing each one using a single trigonometric function. 
Exercise: 


Problem: 4 — 4sin?6 


Exercise: 


Problem: 9sec?@ — 9 


I 


r 
Evaluate. Use sec (sec~ : 


Solution: 


9tan20 


Exercise: 


Problem: a? + a7tan76 


Exercise: 


Problem: a? + a”sinh?6 
Solution: 


a?cosh?0 


Exercise: 
Problem: 16 cosh?6 — 16 


Use the technique of completing the square to express each trinomial as the square of a binomial. 
Exercise: 


Problem: 422 — 4x + 1 
Solution: 


a(x — 4)" 


Exercise: 


Problem: 2x? — 8x2 + 3 


Exercise: 


Problem: —x?2 — 22+ 4 
Solution: 
~(@+1)?+5 


Integrate using the method of trigonometric substitution. Express the final answer in terms of the variable. 
Exercise: 


Problem: | LAS 
V4 — 22 


Exercise: 


d. 
Problem: / eee 
x| pt = G2 
Solution: 


In|z + v a +27/+C 


Exercise: 


Problem: [vi — 2 dx 


Exercise: 


dx 
Problem: | ———— 
V1+ 9a? 


Solution: 


$n |V92? +1 +32|+C 


Exercise: 


x-dz 
Problem: | ————— 
V1 — 2? 


Exercise: 


Problem: [= 
reV/1 — x? 


Solution: 


=F 4 ¢ 


Exercise: 
d. 
Problem: / oe 
(1+ 2?) 
Exercise: 


Problem: / Ve x? + 9dz 


Solution: 
av 2249 ie ok V2249 feck | 

9| 18 t din |= rei] +e 

Exercise: 
Vax? — 25 
Problem: / oe ie 
x 

Exercise: 


6°d0 
Problem: | ———— 
V9 — 62 


Solution: 


4/9 —6? (18 + 67) +C 


Exercise: 


Problem: [| 
V 28 — x2 


Exercise: 


Problem: [ve — ¢8dxr 


Solution: 


(—1+2”) (24+32°) Vx5—28 
1523 


tC 


Exercise: 


Problem: 
(1+ «?)9”? 


Exercise: 


Problem: f ——"_ 
(a? — gu? 


Solution: 


yea 


Exercise: 


Problem: 


/ V1+22dz 
x 
Exercise: 
2d 
Problem: / pce 
Vx? —1 
Solution: 


y (In |e + Ve —1| 4 2Va?—1) +c 


Exercise: 


x2dz 
Problem: {| ——— 
z2+4 


Exercise: 


Problem: =S 
rev x2 +1 


Solution: 
VT 4g 


Exercise: 


2 
Problem: [Ss 
V14+2? 


Exercise: 
, 3/2 
Problem: / (1 — 2?)""dx 
-1 


Solution: 
7 (« (5 _ 2a”) Vl—a2tt+ Zarcsinc) +C 


In the following exercises, use the substitutions x = sinh@, cosh@, or tanh @. Express the final answers in terms 
of the variable x. 


Exercise: 
d 
Problem: / forsee 
Va? —1 
Exercise: 
d. 
Problem: / ieee 
av1— 22 
Solution: 
Inz In |1 t¥1 x?| tC 
Exercise: 
Problem: [ve —1dz 
Exercise: 


2_ J 
Problem: / eae 
x 


Solution: 
EE In |x tV/—14 a LC 
Exercise: 


Problem: / es 


1-2? 


Exercise: 


1 2 
Problem: / Vite? 4 
2 


Solution: 


aoNate® + arcsinhz +C 


Use the technique of completing the square to evaluate the following integrals. 
Exercise: 


Problem: / a 
x? — 62x 


Exercise: 


Problem: / oo 
v27+224+1 


Solution: 
1 
“Te FC 


Exercise: 


Problem: / = 4b 
V-2? +2248 


Exercise: 


1 
Problem: / —— 
V—a? + 10z 


Solution: 
2/—10+2/aln|V—10+2+72| C 
(10—2)x 
Exercise: 
1 
Problem: | —— dz 
Va? + 4a — 12 

Exercise: 


3 
Problem: Evaluate the integral without using calculus: / J 9 — x? dz. 
-3 


Solution: 


an area of a semicircle with radius 3 


Exercise: 


Problem: Find the area enclosed by the ellipse - + x Sy 
Exercise: 
Problem: 
x 
Evaluate the integral / —— using two different substitutions. First, let 2 = cos@ and evaluate using 
1— x? 


trigonometric substitution. Second, let z = sin@ and use trigonometric substitution. Are the answers the 
same? 


Solution: 


arcsin(«) + C is the common answer. 


Exercise: 
Problem: 
dx ; di , 
Evaluate the integral rm using the substitution x = sec@. Next, evaluate the same integral using 
2 
zva*—1 


the substitution « = csc@. Show that the results are equivalent. 
Exercise: 


Problem: 


x 1 
Evaluate the integral / eae dz using the form / —du. Next, evaluate the same integral using 
x u 


x = tané. Are the results the same? 
Solution: 


sn (1 + x”) + Cis the result using either method. 
Exercise: 


Problem: 


State the method of integration you would use to evaluate the integral i: av/ x? + 1dzx. Why did you choose 
this method? 
Exercise: 


Problem: 


State the method of integration you would use to evaluate the integral i. x? 1/22 — 1dz. Why did you 


choose this method? 
Solution: 


Use trigonometric substitution. Let z = sec(6). 


Exercise: 


1 edz 


Problem: Evaluate / ——- 
of) x2 a 1 


Exercise: 
Problem: 


Find the length of the arc of the curve over the specified interval: y = Ina, [1, 5]. Round the answer to three 
decimal places. 


Solution: 


4.367 
Exercise: 


Problem: 


Find the surface area of the solid generated by revolving the region bounded by the graphs of 
y—2«’,y—0,2 —0,andz = s/2 about the x-axis. (Round the answer to three decimal places). 


Exercise: 


Problem: 


The region bounded by the graph of f(x) = i re) and the x-axis between x = 0 and x = 1 is revolved about 
the x-axis. Find the volume of the solid that is generated. 


Solution: 


Solve the initial-value problem for y as a function of x. 
Exercise: 


Problem: (x? + 36) % = 1,y(6) =0 


Exercise: 
Problem: (64 — x”) a =1,4(0) =3 
Solution: 


y= en | 3/43 


Exercise: 


Problem: Find the area bounded by y = z=0,y=0,andz¢ =2. 


2 
64-42? ’ 
Exercise: 

Problem: 

An oil storage tank can be described as the volume generated by revolving the area bounded by 
y= ae: xz = 0,y = 0,2 = 2 about the x-axis. Find the volume of the tank (in cubic meters). 
Solution: 


24.6 m? 


Exercise: 


Problem: 


During each cycle, the velocity v (in feet per second) of a robotic welding device is given by v = 2t — aEP ; 


where t is time in seconds. Find the expression for the displacement s (in feet) as a function of t if s = 0 when 
t=0. 


Exercise: 


Problem: Find the length of the curve y = V 16 — x? between x = 0 and a = 2. 


Solution: 


2a 


3 


Glossary 


trigonometric substitution 


an integration technique that converts an algebraic integral containing expressions of the form Va? — x?, 
Va? + x2, or Vx? — a? into a trigonometric integral 


Other Strategies for Integration 


e Use a table of integrals to solve integration problems. 
e Use a computer algebra system (CAS) to solve integration problems. 


In addition to the techniques of integration we have already seen, several other tools are widely 
available to assist with the process of integration. Among these tools are integration tables, which 
are readily available in many books, including the appendices to this one. Also widely available are 
computer algebra systems (CAS), which are found on calculators and in many campus computer 
labs, and are free online. 


Tables of Integrals 


Integration tables, if used in the right manner, can be a handy way either to evaluate or check an 
integral quickly. Keep in mind that when using a table to check an answer, it is possible for two 
completely correct solutions to look very different. For example, in Trigonometric Substitution, we 
found that, by using the substitution x = tan6, we can arrive at 

Equation: 


z+ m+1)+C. 


ieee 


However, using x = sinhJ@, we obtained a different solution—namely, 
Equation: 


d. 
/=" = sinh xz + C. 
V1+4+ 2? 
We later showed algebraically that the two solutions are equivalent. That is, we showed that 


sinh ‘a = In (« + Vx? + 1). In this case, the two antiderivatives that we found were actually 


equal. This need not be the case. However, as long as the difference in the two antiderivatives is a 
constant, they are equivalent. 


Example: 
Exercise: 


Problem: 
Using a Formula from a Table to Evaluate an Integral 


Use the table formula 
Equation: 


/16 — e22 
to evaluate | ——————dz. 
ev 


Solution: 


If we look at integration tables, we see that several formulas contain expressions of the form 
Vv a? — u”. This expression is actually similar to /16 — e2*, where a = 4 and u = e”. Keep 
in mind that we must also have du = e* dx. Multiplying the numerator and the denominator 
of the given integral by e* should help to put this integral in a useful form. Thus, we now 
have 

Equation: 


= fae , 
e€ e€ 


a/ a2 2 


—U 
Substituting u = e® and du = e* dx produces / du. From the integration table 


We 
(#88 in Appendix A), 
Equation: 
Va? — uv? Va? — uv? 
5 i Sin MO 
U U 

Thus, 
Equation: 


edz Substitute u = e* and du = e*dz. 


(Seen jj ees 
e* a 


I 


Apply the formula using a = 4. 


U 
42_y?2 oil . x 

== sin C Substitute u = e”. 

_ _ V16-e” — os 1 (e® 

= - sin ( ji ) + C. 


Computer Algebra Systems 


If available, a CAS is a faster alternative to a table for solving an integration problem. Many such 
systems are widely available and are, in general, quite easy to use. 


Example: 


Exercise: 


Problem: 
Using a Computer Algebra System to Evaluate an Integral 


dx 
Use a computer algebra system to evaluate / ——.. Compare this result with 
x2 —4 
In vat + >| + C, a result we might have obtained if we had used trigonometric 


substitution. 
Solution: 


Using Wolfram Alpha, we obtain 
Equation: 


[FR VP 442/40 


Notice that 
Equation: 


2_4 i 
ha |= + | + Io - +C=In|V2?—4+2]—-n2+C. 


= 


Since these two antiderivatives differ by only a constant, the solutions are equivalent. We 
could have also demonstrated that each of these antiderivatives is correct by differentiating 
them. 


Note: 
You can access an integral calculator for more examples. 


Example: 
Exercise: 


Problem: 
Using a CAS to Evaluate an Integral 
Evaluate Hl sin?z dz using a CAS. Compare the result to $cos*x — cosa + C, the result 


we might have obtained using the technique for integrating odd powers of sinx discussed 
earlier in this chapter. 


Solution: 


Using Wolfram Alpha, we obtain 
Equation: 


1 
[sin’oae = acc (3x) — 9cosx) + C. 


3 


This looks quite different from +cos x — cosx + C. To see that these antiderivatives are 


equivalent, we can make use of a few trigonometric identities: 
Equation: 
zz (cos (3x) — 9cosz) = 7 (cos (a + 2x) — 9cosz) 
= 5 (cos (x)cos (2x) — sin (x) sin (2x) — 9cosz) 
= + (cosz (2cos”x — 1) — sinz (2sinzcosz) — 9cosz) 
= 75 (2cos*x — cosa — 2cosz (1 — cos’) — 9cosz) 
= 7 (4cos*x — 12coszx) 


= $cos* x — COswz. 


Thus, the two antiderivatives are identical. 


We may also use a CAS to compare the graphs of the two functions, as shown in the 
following figure. 


= x. 


y= — COSX 08 75 (cos(3x) 9cosx) 


AANVEN AIAN 
Wall 


—0.8 


The graphs of y = eos — cosz and 


US “5 (cos (3a) — ates zx) are identical. 


Note: 
Exercise: 


dx 
Problem: Use a CAS to evaluate | ————. 
Vxz+A4 
Solution: 
Possible solutions include sinh~! i) + C and In lv ee+44+ a| + C. 
Hint 


Answers may vary. 


Key Concepts 
e An integration table may be used to evaluate indefinite integrals. 
e A CAS (or computer algebra system) may be used to evaluate indefinite integrals. 
e It may require some effort to reconcile equivalent solutions obtained using different methods. 


Use a table of integrals to evaluate the following integrals. 
Exercise: 


Problem: ‘| Ls 
: V1+ 2x 


Exercise: 
Problem: [=> ae 
2497 + he 
Solution: 


5 In |x? + 2a + 2| + 2arctan (2 +1)+C 


Exercise: 
Problem: [ev 1+ 222 dz 
Exercise: 


1 
Problem: / ——dz 
V2? + 6x 


Solution: 


cosh~! (=) +C 


Exercise: 


xr 
Problem: / dx 
x+1 


Exercise: 
Problem: i a- 2" dx 


Solution: 
22-1 
2 
In2 + C 


Exercise: 


1 
Problem: / ——— dz 
Ag? + 25 


Exercise: 


dy 
Problem: ———_- 
V4—y¥? 
Solution: 


arcsin (4) +C 


Exercise: 


Problem: J sin°(22)c0s(22)de 


Exercise: 


Problem: [ esc(2wjcot(2u)aw 


Solution: 


—+esc (2w) + C 


Exercise: 


Problem: / 2%dy 


Exercise: 
1 
d 
Problem: LTO 
0 V22+8 
Solution: 
9—6/2 
Exercise: 


1/4 
Problem: i: sec”(aa)tan (mx)dax 
~1/4 


Exercise: 


1/2 x 
Problem: / tan? (= ) dx 
0 2 


Solution: 
2-4 


Exercise: 


Problem: / cos’ dx 


Exercise: 


Problem: / tan” (3x)dzx 


Solution: 
zs tan‘ (3x) — ¢tan? (3x) + $]n |sec(3x)|+C 


Exercise: 
Problem: if sin?ycos*ydy 


Use a CAS to evaluate the following integrals. Tables can also be used to verify the answers. 


Exercise: 


Problem: [T] / —_________ 
1+ sec a 


Solution: 


2cot (3) — 2csc (3) t+wt+Cd 

Exercise: 
Problem: [T — 
1/ =o 


Exercise: 


Problem: [T] a 
eae 9 4cost + 3sint 


Solution: 


ky | 2(5+4sint—3cost) | 
5 


4cost+3sint 
Exercise: 
Vx? —9 
Problem: [T] 7 Sem 
32 
Exercise: 


Problem: mf on 


Solution: 


62/6 — 3271/3 4 2,/z —6In [1+ 21/*] +C 


Exercise: 


Problem: [T] (>= 
We x—1 


Exercise: 


Problem: [T] / xsinz dz 


Solution: 
3cosz + 322sinz + 6xcosz — 6sinz + C 


—2x 
Exercise: 

Problem: [T] / cv zt —9dzx 
Exercise: 


Problem: [T] “ "de 
1l+e * 


Solution: 
) +C 


+ (2? + In 2 +e@ 
Exercise: 


/3—5 
Problem: [T] / as 
x 


Exercise: 


d 
Problem: [T] / mas 
zVz—1 


Solution: 
2arctan (vz _ 1) +C 
Exercise: 


Problem: [T] [ eco e*)az 


Use a calculator or CAS to evaluate the following integrals. 


Exercise: 
1/4 
Problem: [T] / cos(2x)dx 
0 


Solution: 


wae 


Exercise: 


1 
Problem: [T] / 2-e-? dx 
0 


Exercise: 


8 
2 
Problem: [T] i eS 
/ 


x? + 36 
Solution: 
8.0 
Exercise: 
2//3 1 
Problem: [T] i ———_ dz 
0 4 + 9x2 
Exercise: 
Problem: [T] / ——______ 
xv? + 4e +13 
Solution: 
Farctan (F(x + 2))+C 
Exercise: 
Probl T aa 
nen f= ae 


Use tables to evaluate the integrals. You may need to complete the square or change variables to 
put the integral into a form given in the table. 


Exercise: 
d 
Problem: i faeeeec aeeeae 
xz? +2” +10 
Solution: 


zarctan (44 ) nn é 


Exercise: 


d. 
Problem: [—_ 
Ja? — 6x 


Exercise: 


Problem: / =, 
Jet — 4 


Solution: 


In (c7 + V4 +e? | +C 


Exercise: 
CcOszx 
Problem: / aa — de 
sin’z + 2sinz 
Exercise: 


arctan (x?) 
Problem: / —{, da 
x 


Solution: 


Ine — Un (26 +1) - M2) 4.0 
6 


323 


Exercise: 


paciiea: i In |z|arcsin (In|z|) 4. 
x 


Use tables to perform the integration. 
Exercise: 


d 
Problem: / —“ 
Vx? +16 


Solution: 


In|z + V16 + 2?|+C 


Exercise: 


Problem: i} ae dx 
22+ 7 


Exercise: 


Problem: / a= 
1 — cos (42) 


Solution: 


—+cot(2x) +C 


Exercise: 


dx 
Problem: {| ————— 
/42+1 
Exercise: 


Problem: 


Find the area bounded by y (4 + 2527) 5,z =0,y=0,and az = 4. Use a table of 
integrals or a CAS. 


Solution: 


Sarctan 10 
Exercise: 


Problem: 


The region bounded between the curve y = ae 0.3 < x < 1.1, and the x-axis is 


revolved about the x-axis to generate a solid. Use a table of integrals to find the volume of the 
solid generated. (Round the answer to two decimal places.) 


Exercise: 


Problem: 


Use substitution and a table of integrals to find the area of the surface generated by revolving 
the curve y = e*,0 < x < 3, about the x-axis. (Round the answer to two decimal places.) 


Solution: 
1276.14 
Exercise: 
Problem: 
[T] Use an integral table and a calculator to find the area of the surface generated by revolving 
the curve y = — ,0 <a <1, about the x-axis. (Round the answer to two decimal places.) 


Exercise: 


Problem: 


[T] Use a CAS or tables to find the area of the surface generated by revolving the curve 
y = cosx,0 <x < 4, about the x-axis. (Round the answer to two decimal places.) 


Solution: 


7.21 


Exercise: 


Problem: Find the length of the curve y = ae over [0, 8]. 


Exercise: 


Problem: Find the length of the curve y = e® over [0, In(2)]. 


Solution: 
meee 24+2V2 
v5 v2 + In| 1475 | 
Exercise: 
Problem: 


Find the area of the surface formed by revolving the graph of y = 2,/z over the interval [0, 9] 
about the x-axis. 


Exercise: 


Problem: Find the average value of the function f(z) = over the interval |[—3, 3]. 


sls 
g?t+l 
Solution: 


1 ~~ 
3 arctan (3) ~ 0.416 


Exercise: 


Problem: 


Approximate the arc length of the curve y = tan (7a) over the interval [0, al . (Round the 
answer to three decimal places.) 


Glossary 


computer algebra system (CAS) 
technology used to perform many mathematical tasks, including integration 


integration table 


a table that lists integration formulas 


Numerical Integration 


e Approximate the value of a definite integral by using the midpoint and trapezoidal rules. 

e Determine the absolute and relative error in using a numerical integration technique. 

e Estimate the absolute and relative error using an error-bound formula. 

e Recognize when the midpoint and trapezoidal rules over- or underestimate the true value of an integral. 
e Use Simpson’s rule to approximate the value of a definite integral to a given accuracy. 


The antiderivatives of many functions either cannot be expressed or cannot be expressed easily in closed form (that 
is, in terms of known functions). Consequently, rather than evaluate definite integrals of these functions directly, 
we resort to various techniques of numerical integration to approximate their values. In this section we explore 
several of these techniques. In addition, we examine the process of estimating the error in using these techniques. 


The Midpoint Rule 


Earlier in this text we defined the definite integral of a function over an interval as the limit of Riemann sums. In 
b 
general, any Riemann sum of a function f(x) over an interval [a,b] may be viewed as an estimate of / f(x)dz. 
a 


Recall that a Riemann sum of a function f(a) over an interval |a, b] is obtained by selecting a partition 
Equation: 


P=] {95 Wig 83,205 On}, where a = %o-< 21 < 3 < By —b 


and a set 
Equation: 


* * * * 
S= {21, Loy. seat where z;_-1 <a, < 2; for alli. 


we * 
The Riemann sum corresponding to the partition P and the set S is given by S f(x; )Ax;, where 
i=l 
Ax; = 2%; — 2;_1, the length of the ith subinterval. 


The midpoint rule for estimating a definite integral uses a Riemann sum with subintervals of equal width and the 


* 
midpoints, m,;, of each subinterval in place of z,;. Formally, we state a theorem regarding the convergence of the 
midpoint rule as follows. 


Note: 
The Midpoint Rule 


Assume that f(a) is continuous on [a, 6]. Let n be a positive integer and Az = —- . If [a, b] is divided into n 
subintervals, each of length Az, and m, is the midpoint of the ith subinterval, set 


Equation: 
M, = ) f (m;)Az. 
i=1 


Then lim Me, = |] af (@yyekie 


As we can see in [link], if f(a) > 0 over [a, 6), then ) - f(m,)Az corresponds to the sum of the areas of 


rectangles approximating the area between the graph of f(a) and the x-axis over [a, b]. The graph shows the 
rectangles corresponding to My, for a nonnegative function over a closed interval a, b]. 


The midpoint rule approximates the area between the 
graph of f(a) and the x-axis by summing the areas of 
rectangles with midpoints that are points on f(z). 


Example: 
Exercise: 


Problem: 
Using the Midpoint Rule with /, 


1 
Use the midpoint rule to estimate | ada using four subintervals. Compare the result with the actual value 
0 


of this integral. 


Solution: 


Each subinterval has length Az = 0 _. 3 


7 ae Therefore, the subintervals consist of 
Equation: 


The midpoints of these subintervals are {z, 3, 3, qh. Thus, 


Equation: 
1 1 1 3 1 5 1 i il il 1 9 1 25 1 21 21 
M, = = 3 5 $ : = i 
: f(s) +a0($) +775) 7(Z) 4 64° 4 4 64° 4 64 64 


Since 
Equation: 


i 1 i Mil 1 
i a’*dz = — and | | = = 0.0052, 
; 3 3 64 192 


we see that the midpoint rule produces an estimate that is somewhat close to the actual value of the definite 
integral. 


Example: 
Exercise: 


Problem: 
Using the Midpoint Rule with M, 


Use Mg to estimate the length of the curve y = su" on (1, 4]. 
Solution: 


The length of y= +2” on [1, 4] is 
Equation: 


4 
Since o = 2, this integral becomes 7, V14+<27dz. 
1 


If [1, 4] is divided into six subintervals, then each subinterval has length Ax = a4 = + and the midpoints 
of the subintervals are { 3 ; 7 3 . a, 4 ; » i If we set f (x) = V1+2?, 
Equation: 
= 5) i le(7) 1 lpe(9), 1 ef). ie (i3) 1 1 Pfs 
Ms = PG cha ilar) gd (ea (ach h(a) 


1 
2 
x 5 (1.6008 + 2.0156 + 2.4622 + 2.9262 + 3.4004 + 3.8810) = 8.1431. 


Note: 
Exercise: 


2 
1 

Problem: Use the midpoint rule with n = 2 to estimate / —dz. 
i, oe 


Solution: 


24 
35 


Hint 


The Trapezoidal Rule 


We can also approximate the value of a definite integral by using trapezoids rather than rectangles. In [link], the 
area beneath the curve is approximated by trapezoids rather than by rectangles. 


a=X) xX; Xo X3 b=x, 


Trapezoids may be used to approximate the area under 
a curve, hence approximating the definite integral. 


The trapezoidal rule for estimating definite integrals uses trapezoids rather than rectangles to approximate the 
area under a curve. To gain insight into the final form of the rule, consider the trapezoids shown in [link]. We 
assume that the length of each subinterval is given by Az. First, recall that the area of a trapezoid with a height of 
h and bases of length 6; and bg is given by Area = $h(bi + by). We see that the first trapezoid has a height Ax 
and parallel bases of length f(ao) and f(x). Thus, the area of the first trapezoid in [link] is 

Equation: 


5 Aa(f(#o) + f(e1)): 


The areas of the remaining three trapezoids are 
Equation: 


= Aa( Fler) + f(02)), Ae f(a2) + flas)),and 5 Aa(f(es) + fle4)): 


Consequently, 
Equation: 


b 
J tle)ae = 5 Ae(f(20) + Fler) + 5 Ae( Fes) + Flea) + 5 Aa( fea) + Flas) + 5 Aa( flea) + fle. 


After taking out a common factor of +Az and combining like terms, we have 
Equation: 


b 
Jf Slade = 5 Ae (flo) + 2F (er) + 2f (02) + 2F (ea) + F(ea)) 


Generalizing, we formally state the following rule. 


Note: 

The Trapezoidal Rule 

Assume that f(z) is continuous over (a, 6]. Let n be a positive integer and Ax = 2. Let [a,b] be divided into n 
subintervals, each of length Az, with endpoints at P = {x9,@1,29...,2,,}. Set 

Equation: 


Tn = As (F(00) + 2f (a1) + 2f(@2) +--+ 2F (@n-1) + F(t). 


b 
Then, tim Tn =f if (@a)yeke. 


Before continuing, let’s make a few observations about the trapezoidal rule. First of all, it is useful to note that 
Equation: 


1 5 ) 
T, = 9 (bn + Ry) where In — f(x;_-1)Ax and Rn = f(x;)Ac. 
i=1 i=1 


That is, Z, and R,, approximate the integral using the left-hand and right-hand endpoints of each subinterval, 
respectively. In addition, a careful examination of [link] leads us to make the following observations about using 
the trapezoidal rules and midpoint rules to estimate the definite integral of a nonnegative function. The trapezoidal 
rule tends to overestimate the value of a definite integral systematically over intervals where the function is 
concave up and to underestimate the value of a definite integral systematically over intervals where the function is 
concave down. On the other hand, the midpoint rule tends to average out these errors somewhat by partially 
overestimating and partially underestimating the value of the definite integral over these same types of intervals. 
This leads us to hypothesize that, in general, the midpoint rule tends to be more accurate than the trapezoidal rule. 


The trapezoidal rule tends to be less accurate than the midpoint rule. 


Example: 


Exercise: 


Problem: 
Using the Trapezoidal Rule 


1 
Use the trapezoidal rule to estimate i az’ dx using four subintervals. 
0 


Solution: 
The endpoints of the subintervals consist of elements of the set P = {0, 4,4, 2,1} and Ar =+%=4, 
Thus, 
Equation: 
1 
[std = 4-4(H(0) +24 (4) +294) 424 (8) +500) 
— il | 1 | 1 | 9 | 
=7(0+2 ig 12°47 42-56 + 1) 
ia 
7 
Note: 
Exercise: 


2 
1 

Problem: Use the trapezoidal rule with n = 2 to estimate if —dzx. 
1 @& 


Solution: 


ig 
24 


Hint 


Set Ax = >. The endpoints of the subintervals are the elements of the set P = 15 3, oN 


Absolute and Relative Error 


An important aspect of using these numerical approximation rules consists of calculating the error in using them 
for estimating the value of a definite integral. We first need to define absolute error and relative error. 


Note: 

Definition 

If B is our estimate of some quantity having an actual value of A, then the absolute error is given by |A — B]. 
The relative error is the error as a percentage of the absolute value and is given by ae | = | = | - 100%. 


Example: 
Exercise: 


Problem: 


Calculating Error in the Midpoint Rule 
1 
Calculate the absolute and relative error in the estimate of / x dx using the midpoint rule, found in [link]. 
0 
Solution: 


1 
1 
The calculated value is | zdz = 3 and our estimate from the example is M4 = a. Thus, the absolute 


error is given by | ( ‘ ) ( ae ) | = +. = 0.0052. The relative error is 


64 192 
Equation: 
1/192 1 
1/192 1 0.015625 ~ 1.6%. 
1/3 64 
Example: 
Exercise: 
Problem: 


Calculating Error in the Trapezoidal Rule 


1 
Calculate the absolute and relative error in the estimate of / ada using the trapezoidal rule, found in 
0 


[link]. 


Solution: 


1 
1 
The calculated value is [ adz = 3 and our estimate from the example is T4 = 3: Thus, the absolute 


error is given by | + = =| = ae = 0.0104. The relative error is given by 
Equation: 
1/96 
sels = 0.03125 = 3.1%. 
1/3 


Note: 
Exercise: 


Problem: 


2 
1 
In an earlier checkpoint, we estimated i —dz to be Se using 7. The actual value of this integral is In2. 
1 @& 


Using 24 ~ 0.6857 and In2 ~ 0.6931, calculate the absolute error and the relative error. 
g 35 ’ 


Solution: 


0.0074, 1.1% 
Hint 


Use the previous examples as a guide. 


In the two previous examples, we were able to compare our estimate of an integral with the actual value of the 
integral; however, we do not typically have this luxury. In general, if we are approximating an integral, we are 
doing so because we cannot compute the exact value of the integral itself easily. Therefore, it is often helpful to be 
able to determine an upper bound for the error in an approximation of an integral. The following theorem provides 
error bounds for the midpoint and trapezoidal rules. The theorem is stated without proof. 


Note: 

Error Bounds for the Midpoint and Trapezoidal Rules 

Let f(x) be a continuous function over [a, b], having a second derivative f/(a) over this interval. If M is the 
maximum value of | f/(a)| over [a, b], then the upper bounds for the error in using M,, and T,, to estimate 


[ seas are 


Equation: 
M(b—a)* 
Error in M,, < Mees 
24n? 
and 
Equation: 
M(b—a)* 
Error in T,, < —-—.—.. 
12n? 


We can use these bounds to determine the value of n necessary to guarantee that the error in an estimate is less 
than a specified value. 


Example: 
Exercise: 


Problem: 
Determining the Number of Intervals to Use 


1 

What value of n should be used to guarantee that an estimate of / e® dz is accurate to within 0.01 if we 
0 

use the midpoint rule? 

Solution: 

We begin by determining the value of M, the maximum value of | f/()| over [0, 1] for f (x) = e” . Since 

f' (a) = 2xe*’, we have 

Equation: 


fl (a) =2e” + 4x7”. 


Thus, 


Equation: 

|fu(x)| = 2e” (1+ 22) <2-e-3=6e. 
From the error-bound [link], we have 
Equation: 


M(b—a)?* ~ Be(1 —0)* _ 6e 


Error in M, < 


24n2 dn? 2A?” 
Now we solve the following inequality for n: 
Equation: 
eit 
An? 


Thus, n > J ee ~ 8.24. Since n must be an integer satisfying this inequality, a choice of n = 9 would 


1 
i e* dz — Mn 
0 


We might have been tempted to round 8.24 down and choose n = 8, but this would be incorrect because we must 
have an integer greater than or equal to 8.24. We need to keep in mind that the error estimates provide an upper 
bound only for the error. The actual estimate may, in fact, be a much better approximation than is indicated by the 
error bound. 


guarantee that << {OHO 


Analysis 


Note: 
Exercise: 


1 
Problem: Use [link] to find an upper bound for the error in using My, to estimate / «dz. 
0 


Solution: 


ale 
192 


Hint 


Gi @) = 2, 80 Ml = 2. 


Simpson’s Rule 


With the midpoint rule, we estimated areas of regions under curves by using rectangles. In a sense, we 
approximated the curve with piecewise constant functions. With the trapezoidal rule, we approximated the curve 
by using piecewise linear functions. What if we were, instead, to approximate a curve using piecewise quadratic 
functions? With Simpson’s rule, we do just this. We partition the interval into an even number of subintervals, 


v2 x2 
each of equal width. Over the first pair of subintervals we approximate / f (x)dzx with / p(x)dzx, where 
Lo Zo 


p(x) = Ax? + Br + C is the quadratic function passing through (zo, f (x0), (x1, f (x1)), and (x2, f (x2)) 
LA 


([link]). Over the next pair of subintervals we approximate f (z)dzx with the integral of another quadratic 
2 


function passing through (a2, f (x2)), (x3, f (w3)), and (x4, f (a4)). This process is continued with each 
successive pair of subintervals. 


P2{x) 


Xo xy Xp Xo x, Xo X3 X4 


With Simpson’s rule, we approximate a definite integral by integrating a piecewise quadratic function. 


To understand the formula that we obtain for Simpson’s rule, we begin by deriving a formula for this 
approximation over the first two subintervals. As we go through the derivation, we need to keep in mind the 
following relationships: 

Equation: 


f (0) = p(ao) = Azo? + Bay +C 
f (21) = p(#1) = Az,? + Ba, +C 
f (2) = p (a2) = Azy? + Baz +C 


Lq — Ly = 2Az, where Az is the length of a subinterval. 
Equation: 


: L2+ Xo 
t+ 29 = 221, since xr; = a. 


Thus, 
Equation: 


[ i Pedes i. ‘ eae 


— / (Ax? + Ba + C)dz 


r2 


4 ee + s,? + Cx Find the antiderivative. 


ea) 


= 4 (x2° ao") B (x2? x°) + C(a_ — 20) Evaluate the antiderivati 
= 4 (x2 =_ Lo) (x? + £2X%o0 + x0") 

+2 (2, = Lo) (xo + Lo) + C(x2 = Lo) 

=o (2A (x2? L2XL x0”) + 3B(a2 +20) + 6C) Factor out “75**. 

= at ((Az2” Barz +4 C) (Azo? + Bro 4 C) 

+A (x2? + 2xoX0 a0") 2B (2 + Lo) + 4C) 

= Ag. (F (a2) + f (to) + A(x 4 ao)” + 2B(t2+20)+ 4c) Rearrange the terms. 


Factor and substitute. 
f (x2) = Axy? Bro C 
f (x0) = Axo? Bro C 


= 4 (Ff (a2) + f (ao) + A(2a1)” + 2B (22) + 4c) Substitute z2 + x9 = 22}. 


Expand and substitute 


= 92 (f (wo) + 4f (#1) + f (0). f (wy) = Axy? + Bai +. 


x4 
If we approximate / f (x)dx using the same method, we see that we have 
x2 
Equation: 


[fede ~ 2 (ee) +44 (es) + F(a). 


Combining these two approximations, we get 
Equation: 


[Pf ledae = F2 (4 (eo) + Af (ex) + 2F (02) + AF (0s) + F (04) 


The pattern continues as we add pairs of subintervals to our approximation. The general rule may be stated as 
follows. 


Note: 

Simpson’s Rule 

Assume that f(x) is continuous over [a, b]. Let n be a positive even integer and Az = boa . Let [a, b] be divided 
into n subintervals, each of length Az, with endpoints at P = {x9, 41, £2,..., &n}. Set 


Equation: 


She PF (F (20) + 4f (1) + 2f (w2) + 4f (ws) + 2f (wa) +++ + 2F (@n—2) + 4 (@n-1) + f (an): 


Then, 
Equation: 


b 
lm Sn = f f (x)dz. 


Just as the trapezoidal rule is the average of the left-hand and right-hand rules for estimating definite integrals, 
Simpson’s rule may be obtained from the midpoint and trapezoidal rules by using a weighted average. It can be 
shown that So, = (3)M, + ($)Tn- 


It is also possible to put a bound on the error when using Simpson’s rule to approximate a definite integral. The 
bound in the error is given by the following rule: 


Note: 
Rule: Error Bound for Simpson’s Rule 
Let f(a) be a continuous function over [a, b| having a fourth derivative, f 4) (x), over this interval. If M is the 


b 
maximum value of | f(z) | over [a, 6], then the upper bound for the error in using S;, to estimate / f (x)dz is 


given by 
Equation: 
M(b—a)° 
Error in $,, < MOONE 
180n4 

Example: 

Exercise: 

Problem: 


Applying Simpson’s Rule 1 
1 
Use S» to approximate i a°dx. Estimate a bound for the error in $2. 
0 


Solution: 


Since [0, 1] is divided into two intervals, each subinterval has length Az = +52 = +. The endpoints of 


2 
these subintervals are {0, + Dy. If we set f (x) = x, then 


Ss= 5° 5(f(0)+4F(F) +F()) = F(04+4- = +1) = F-. Since f (x) = 0 and consequently 
M = 0, we see that 
Equation: 


0(1)° 
Error in Sy < oes =0 
180 - 24 


This bound indicates that the value obtained through Simpson’s rule is exact. A quick check will verify that, 


: 1 
in fac, [ edz = —. 
0 4 


Example: 
Exercise: 


Problem: 
Applying Simpson’s Rule 2 


Use S¢ to estimate the length of the curve y = ooo over [1, 4]. 


Solution: 


The length of y = ad over [1, 4] i ff V 1+ «x*dz. If we divide [1, 4] into six subintervals, then each 
1 
= 451 
subinterval has length Ar = == > and the endpoints of the subintervals are {1,3 mie 3, By i, A}. 
Setting f (x) = V1 + 22, 


Equation: 


$= 5-5 (40) (3) + 2f (2) 4 (5) + 2f (3) 4 (2) (0). 


After substituting, we have 
Equation: 


S¢ 


II 


% (1.4142 +4-1.80278 + 2 - 2.23607 + 4- 2.69258 + 2 - 3.16228 + 4 - 3.64005 + 4.12311) 
8.14594. 


2 


Note: 
Exercise: 


2 il 
Problem: Use 5S» to estimate it —dz. 
1 & 


Solution: 


25 
36 
Hint 


S2 = (gAz(f (xo) + 4f (x1) + f (22) 


Key Concepts 


e We can use numerical integration to estimate the values of definite integrals when a closed form of the 
integral is difficult to find or when an approximate value only of the definite integral is needed. 


e The most commonly used techniques for numerical integration are the midpoint rule, trapezoidal rule, and 
Simpson’s rule. 

e The midpoint rule approximates the definite integral using rectangular regions whereas the trapezoidal rule 
approximates the definite integral using trapezoidal approximations. 

e Simpson’s rule approximates the definite integral by first approximating the original function using piecewise 
quadratic functions. 


Key Equations 


e¢ Midpoint rule 
M, = ) f (m;)Az 


° teapesoilal rule 
Tr = Ax (f(x) + 2f (#1) + 2f(@2) + +++ +2 (@n-1) + fan) 


e Simpson’s rule 
Sn = 42 (f (zo) + 4f (#1) + 2f (wa) + 4f (ws) + 2f (wa) + 4f (es) +--+ + 2f (nz) + 4f (@n-1) + F ( 
¢ Error bound for midpoint rule 


' M(b-a)* 
Error in M,, < Ria? 


¢ Error bound for trapezoidal rule 


; M(b-a)* 
Error inT, < One ) 
e Error bound for Simpson’s rule 


; M(b—a)* 
Error in S, < iRoat 


Approximate the following integrals using either the midpoint rule, trapezoidal rule, or Simpson’s rule as 
indicated. (Round answers to three decimal places.) 
Exercise: 


2 
d 

Problem: / “; trapezoidal rule; n = 5 
ae x 


Solution: 


0.696 


Exercise: 


3 
Problem: / V4 + x3 dz; trapezoidal rule; n = 6 
0 
Exercise: 
3 
Problem: / J/4 + x3 dx; Simpson’s rule; n = 3 
0 


Solution: 


9.279 


Exercise: 


12 
Problem: / az dx; midpoint rule; n = 6 
0 


Exercise: 


1 
Problem: / sin? (r2)dz; midpoint rule; n = 3 
0 


Solution: 


0.5000 


Exercise: 


4 
Problem: Use the midpoint rule with eight subdivisions to estimate | ade. 
2 


Exercise: 


4 
Problem: Use the trapezoidal rule with four subdivisions to estimate | ada. 
2 


Solution: 

T4 = 18.75 
Exercise: 

Problem: 


4 


Find the exact value of az’ dz. Find the error of approximation between the exact value and the value 
2 
calculated using the trapezoidal rule with four subdivisions. Draw a graph to illustrate. 


Approximate the integral to three decimal places using the indicated rule. 
Exercise: 


1 
Problem: / sin” (ra) da; trapezoidal rule; n = 6 
0 


Solution: 


0.500 


Exercise: 


3 
1 
Problem: / dx; trapezoidal rule; n = 6 
0 1 = x3 
Exercise: 
3 1 
Problem: / —~ dz; Simpson’s rule; n = 3 
0 1 + x3 


Solution: 


1.1614 


Exercise: 


0.8 
Problem: / e* dz; trapezoidal rule; n = 4 
0 
Exercise: 
08 
Problem: / e * dz; Simpson’s rule; n = 4 
0 


Solution: 


0.6577 


Exercise: 


0.4 
Problem: i: sin(x”)dz; trapezoidal rule; n = 4 
0 
Exercise: 
0.4 
Problem: / sin(x*)dz; Simpson’s rule; n = 4 
0 


Solution: 


0.0213 


Exercise: 


0.5 
cosx 
Problem: i dz; trapezoidal rule; n = 4 
0 4 


Exercise: 


0.5 

cosx ‘ 

Problem: i dx; Simpson’s rule; n = 4 
01 = 


Solution: 


1.5629 
Exercise: 


Problem: 


1 
d 
Evaluate / i 5 exactly and show that the result is 7/4. Then, find the approximate value of the integral 
0 4 
using the trapezoidal rule with n = 4 subdivisions. Use the result to approximate the value of z. 


Exercise: 


4 


Problem: Approximate ——dz using the midpoint rule with four subdivisions to four decimal places. 
2 nz 


Solution: 


1.9133 


Exercise: 


4 


Problem: Approximate ie using the trapezoidal rule with eight subdivisions to four decimal places. 
2 nz 


Exercise: 


0.8 
Problem: Use the trapezoidal rule with four subdivisions to estimate ih ada to four decimal places. 
0 


Solution: 


T(4) = 0.1088 
Exercise: 


Problem: 


0.8 
Use the trapezoidal rule with four subdivisions to estimate / aide. Compare this value with the exact 
0 


value and find the error estimate. 


Exercise: 


1/2 
Problem: Using Simpson’s rule with four subdivisions, find / cos(x)dz. 
0 


Solution: 


1.0 
Exercise: 


Problem: 


1 
2 
Show that the exact value of i xe *dx = 1 — —. Find the absolute error if you approximate the integral 
0 e 
using the midpoint rule with 16 subdivisions. 
Exercise: 


Problem: 


1 
2 

Given i: ze “dx = 1— —, use the trapezoidal rule with 16 subdivisions to approximate the integral and 
0 é€ 


find the absolute error. 
Solution: 


Approximate error is 0.000325. 
Exercise: 


Problem: 


3 
Find an upper bound for the error in estimating | (5a + 4)dzx using the trapezoidal rule with six steps. 
0 


Exercise: 


Problem: 


2 1 
Find an upper bound for the error in estimating | Gan using the trapezoidal rule with seven 
4 (a—-1 


subdivisions. 
Solution: 
ae 
7938 
Exercise: 
Problem: 
3 
Find an upper bound for the error in estimating | (6x? — 1)dz using Simpson’s rule with n = 10 steps. 
0 


Exercise: 


Problem: 


5 
Find an upper bound for the error in estimating 7 i dx using Simpson’s rule with n = 10 steps. 
2 


oy =. 


Solution: 


81 
25,000 


Exercise: 


Problem: 


Tv 
Find an upper bound for the error in estimating | 2x cos(x)dzx using Simpson’s rule with four steps. 
0 


Exercise: 


Problem: 


4 
Estimate the minimum number of subintervals needed to approximate the integral | (5a? + 8)dax with an 
1 


error magnitude of less than 0.0001 using the trapezoidal rule. 


Solution: 


475 
Exercise: 


Problem: 


1 

Determine a value of n such that the trapezoidal rule will approximate | J 1 + x? dz with an error of no 
0 

more than 0.01. 


Exercise: 


Problem: 


3 
Estimate the minimum number of subintervals needed to approximate the integral i; (2n* + 4z) dx with an 
2 


error of magnitude less than 0.0001 using the trapezoidal rule. 
Solution: 


174 
Exercise: 


Problem: 


= al 
Estimate the minimum number of subintervals needed to approximate the integral i ——js with an 
3 (“@- 
error magnitude of less than 0.0001 using the trapezoidal rule. 


Exercise: 


Problem: 


Use Simpson’s rule with four subdivisions to approximate the area under the probability density function 


— _1_,-2#’/2 = = 
y= Tax © from x = Otox = 0.4. 


Solution: 


0.1544 
Exercise: 


Problem: 


Use Simpson’s rule with n = 14 to approximate (to three decimal places) the area of the region bounded by 
the graphs of y= 0,2 = 0, anda = 7/2. 


Exercise: 


Problem: 


m/2 
The length of one arch of the curve y = 3sin(2z) is given by L = / 4/ 1+ 36cos?(2z) dx. Estimate L 
0 


using the trapezoidal rule with n = 6. 
Solution: 


6.2807 
Exercise: 
Problem: 
The length of the ellipse x = acos(t), y = bsin(t),0 < t < 27 is given by 
7/20 
L= ta | V1 — e*cos?(t) dt, where e is the eccentricity of the ellipse. Use Simpson’s rule with n = 6 
0 


subdivisions to estimate the length of the ellipse when a = 2 ande = 1/3. 


Exercise: 


Problem: 


Estimate the area of the surface generated by revolving the curve y = cos(2x),0 < x < 4 about the x-axis. 
Use the trapezoidal rule with six subdivisions. 


Solution: 


4.606 
Exercise: 
Problem: 
Estimate the area of the surface generated by revolving the curve y = 2x7, 0 < x < 3 about the x-axis. Use 
Simpson’s rule with n = 6. 
Exercise: 


Problem: 

2 
t+1 
growth of the tree through the end of the second year by using Simpson’s rule, using two subintervals. (Round 
the answer to the nearest hundredth.) 


The growth rate of a certain tree (in feet) is given by y = + e-t/2, where t is time in years. Estimate the 


Solution: 


3.41 ft 
Exercise: 


Problem: 


1 
[T] Use a calculator to approximate / sin (7x)dz using the midpoint rule with 25 subdivisions. Compute 
0 


the relative error of approximation. 
Exercise: 


Problem: 


5 
[T] Given i (3a? — 2x) dx = 100, approximate the value of this integral using the midpoint rule with 16 
1 


subdivisions and determine the absolute error. 


Solution: 


Tig = 100.125; absolute error = 0.125 
Exercise: 
Problem: 
Given that we know the Fundamental Theorem of Calculus, why would we want to develop numerical 
methods for definite integrals? 
Exercise: 
Problem: 


The table represents the coordinates (, y) that give the boundary of a lot. The units of measurement are 
meters. Use the trapezoidal rule to estimate the number of square meters of land that is in this lot. 


0 125 600 95 
100 125 700 88 
200 120 800 75 
300 112 900 35 
400 90 1000 0 
500 90 

Solution: 


about 89,250 m2 
Exercise: 


Problem: 


Choose the correct answer. When Simpson’s rule is used to approximate the definite integral, it is necessary 
that the number of partitions be 


a. an even number 

b. odd number 

c. either an even or an odd number 
d. a multiple of 4 


Exercise: 


Problem: The “Simpson” sum is based on the area under a : 
Solution: 
parabola 


Exercise: 


Problem: The error formula for Simpson’s rule depends on__. 


a. f(x) 
b. f'(2) 
c F(a) 


d. the number of steps 


Glossary 


absolute error 
if B is an estimate of some quantity having an actual value of A, then the absolute error is given by |A — B| 


midpoint rule 


n 
a rule that uses a Riemann sum of the form M,, = ) f(m;)Az, where m, is the midpoint of the ith 
i=1 


b 
subinterval to approximate / f (x)dx 


numerical integration 
the variety of numerical methods used to estimate the value of a definite integral, including the midpoint rule, 
trapezoidal rule, and Simpson’s rule 


relative error 
error as a percentage of the absolute value, given by | AB | = | a2 | - 100% 


Simpson’s rule 


b 
a rule that approximates h f (x)dz using the integrals of a piecewise quadratic function. The approximation 
a 


f (wo) +4f (v1) + 2f (w2) +4f (xs) + 2f (x4) + ane 
+++ +2f (2n-2) + 4f (25-4) oF f (tn) 


trapezoidal rule a rule that approximates , f (x)dz using trapezoids 


b 
S;, to i f (x)dz is given by S;, = fe ( 


Improper Integrals 


e Evaluate an integral over an infinite interval. 
e Evaluate an integral over a closed interval with an infinite discontinuity within the interval. 
e Use the comparison theorem to determine whether a definite integral is convergent. 


Is the area between the graph of f (x) = + and the x-axis over the interval [1, +00) finite or infinite? If this same 


region is revolved about the x-axis, is the volume finite or infinite? Surprisingly, the area of the region described is 
infinite, but the volume of the solid obtained by revolving this region about the x-axis is finite. 


In this section, we define integrals over an infinite interval as well as integrals of functions containing a 
discontinuity on the interval. Integrals of these types are called improper integrals. We examine several techniques 
for evaluating improper integrals, all of which involve taking limits. 
Integrating over an Infinite Interval 
+00 t 
How should we go about defining an integral of the type f (x)dx? We can integrate / f (x)dz for any 
a a 
value of t, so it is reasonable to look at the behavior of this integral as we substitute larger values of t. [link] shows 
t 
that / f (x)dz may be interpreted as area for various values of t. In other words, we may define an improper 
a 


integral as a limit, taken as one of the limits of integration increases or decreases without bound. 


y y y 


f(x) f(x) f(x) 


a t x a t x a t x 


To integrate a function over an infinite interval, we consider the limit of the integral as the upper limit 
increases without bound. 


Note: 
Definition 


1. Let f(a) be continuous over an interval of the form [a, +oo). Then 
Equation: 


- i @ue = im [ i (@)ake. 


provided this limit exists. 
2. Let f(x) be continuous over an interval of the form (—oo, b]. Then 
Equation: 


b> — Co 


[fem = lim [ see 


provided this limit exists. 
In each case, if the limit exists, then the improper integral is said to converge. If the limit does not exist, 
then the improper integral is said to diverge. 

3. Let f(z) be continuous over (—oo, +00). Then 


Equation: 
+00 0 +00 
f(ade= f f(e)ae [ F(e)de, 
=o =C3) 0 
0 +00 
provided that ‘| f (x)dzx and f (x)dz both converge. If either of these two integrals diverge, then 
+00 i : +00 a +00 
f (x)dx diverges. (It can be shown that, in fact, f(Qde= i f (a)da + f (x) dz for 
=69) —0o —0o a 


any value of a. ) 


In our first example, we return to the question we posed at the start of this section: Is the area between the graph of 
f (x) = + and the z-axis over the interval [1, +00) finite or infinite? 


Example: 
Exercise: 


Problem: 
Finding an Area 


Determine whether the area between the graph of f (x) = + and the x-axis over the interval [1, +00) is 
finite or infinite. 


Solution: 


We first do a quick sketch of the region in question, as shown in the following graph. 


We can find the area between the curve f(x) = 1/x 
and the x-axis on an infinite interval. 


al 
We can see that the area of this region is given by A = / —dz. Then we have 
1 x 


Equation: 


= Jim —dz Rewrite the improper integral as a limit. 


too J, x 
t 
= jim In || Find the antiderivative. 
1 
= im (In |t} — In1) Evaluate the antiderivative. 
= +00. Evaluate the limit. 


Since the improper integral diverges to +-oo, the area of the region is infinite. 


Example: 
Exercise: 


Problem: 
Finding a Volume 


Find the volume of the solid obtained by revolving the region bounded by the graph of f (x) = a and the x- 
axis over the interval [1, +o) about the z-axis. 


Solution: 


The solid is shown in [link]. Using the disk method, we see that the volume V is 
Equation: 


The solid of revolution can be generated by rotating an infinite area about the x-axis. 


Then we have 
Equation: 


1 
=7 lim —dzx Rewrite as a limit. 
t++00 1 ge? 
t 
=r lim —+ Find the antiderivative. 
t—>+00 xu 
1 
=7 lim (- 7 + 1) Evaluate the antiderivative. 
t++00 
=. 


The improper integral converges to 7. Therefore, the volume of the solid of revolution is 7. 


In conclusion, although the area of the region between the x-axis and the graph of f (2) = 1/2 over the interval 
[1, +00) is infinite, the volume of the solid generated by revolving this region about the x-axis is finite. The solid 


generated is known as Gabriel’s Horn. 


Note: 
Visit this website to read more about Gabriel’s Horn. 


Example: 
Exercise: 
Problem: 
Chapter Opener: Traffic Accidents in a City 
+ 3 gee 
o ‘} 


(credit: modification of work by 
David McKelvey, Flickr) 


In the chapter opener, we stated the following problem: Suppose that at a busy intersection, traffic accidents 
occur at an average rate of one every three months. After residents complained, changes were made to the 
traffic lights at the intersection. It has now been eight months since the changes were made and there have 
been no accidents. Were the changes effective or is the 8-month interval without an accident a result of 
chance? 


Probability theory tells us that if the average time between events is k, the probability that X, the time 
between events, is between a and 6 is given by 
Equation: 


Oifz <0 


b 
P(a<a<b)= i f (x)dx where f (x) = ees >0 


Thus, if accidents are occurring at a rate of one every 3 months, then the probability that X, the time between 
accidents, is between a and 6 is given by 
Equation: 


Oifz <0 
3e-2*ifz > 0 


P(a<a<b) = [ f(a)ae where (2) - { 


+00 
To answer the question, we must compute P (X > 8) = i, 3e °*dx and decide whether it is likely that 
8 
8 months could have passed without an accident if there had been no improvement in the traffic situation. 
Solution: 


We need to calculate the probability as an improper integral: 
Equation: 


+00 
(Nee 8 if 3e3*dax 
8 


t 


= lim 3e dx 

t>++00 Jg 
: anit 

= lim —e oes 
t>+00 

= lim (—e7* + e~%4) 
t>+00 

3.8 x 107). 


The value 3.8 x 1071! represents the probability of no accidents in 8 months under the initial conditions. 
Since this value is very, very small, it is reasonable to conclude the changes were effective. 


Example: 
Exercise: 


Problem: 
Evaluating an Improper Integral over an Infinite Interval 


0 
Evaluate iH eA dx. State whether the improper integral converges or diverges. 
a5 @ 


Solution: 


0 
Begin by rewriting i may dz as a limit using [link] from the definition. Thus, 
ar 
Equation: 
ae at 
i dx = lim i dx Rewrite as a limit. 
=o ©? 4 w>—oo J, 244 
0 
= lim stan + = Find the antiderivative. 
t——0o 
t 
= + lim (tan~10 — tan“! 4) Evaluate the antiderivative. 
t——0o 
=7- Evaluate the limit and simplify. 


. . T 
The improper integral converges to 7. 


Example: 
Exercise: 


Problem: 
Evaluating an Improper Integral on (—0oo, +00) 


+00 
Evaluate i xe’ dx. State whether the improper integral converges or diverges. 
—oo 


Solution: 


Start by splitting up the integral: 


Equation: 
+00 0 +00 
/ ze dx = || ze dx +f ze dz. 
=o —0oo 0 
0 +00 +00 
If either i xe’ dx or [ xe’ dx diverges, then i xe’ dx diverges. Compute each integral 
—0oo 0 —oo 


separately. For the first integral, 
Equation: 


0 0 
/ ze*dx = lim xe* dx Rewrite as a limit. 


ae t+—00 t 
0 
. Use integration by parts to find the 
= lim (ae” — e”) ae een 
t—00 antiderivative. (Here u = # and dv = e%,. 
t 
= lim (-1 —te' + e') Evaluate the antiderivative. 
t+— 00 


Evaluate the limit. Note: lim te’ is 
——00 


indeterminate of the form 0 - co. Thus, 


lim teé'= lim 4 = lim = = lim —-e 


t>-0o t>—-oo © t>—oo © t>—00 


L’H6pital’s Rule. 


The first improper integral converges. For the second integral, 


Equation: 
+00 t 
i ce’dx = lim xe* dx Rewrite as a limit. 
0 t++00 0 
t 
= lim (ze* — e”) Find the antiderivative. 
t++00 
0 
= lim (te’ —e'+1) Evaluate the antiderivative. 
t++00 
= lim ((t— le’ +1) Rewrite. (te’ — e' is indeterminate.) 
t++00 
= +00. Evaluate the limit. 
+00 +00 
Thus, / xe’ dx diverges. Since this integral diverges, i xe’ dx diverges as well. 
0 =e9 
Note: 
Exercise: 
+00 
Problem: Evaluate i) e “dx. State whether the improper integral converges or diverges. 
=3 
Solution: 
e®, converges 
Hint 
+00 t 
/ Oo “Ghe =. iii Ow ahe 
= t++00 -3 


Integrating a Discontinuous Integrand 


) 


Now let’s examine integrals of functions containing an infinite discontinuity in the interval over which the 
b 
integration occurs. Consider an integral of the form / f(x)dx, where f(x) is continuous over [a, b) and 
a 
discontinuous at b. Since the function f(a) is continuous over [a, t] for all values of t satisfying a < t < b, the 


t t 
integral i f(x)dz is defined for all such values of t. Thus, it makes sense to consider the values of / f(x)dx 
a b t a 
as t approaches b for a < t < b. That is, we define / f(a)dz = jim / f(«)dz, provided this limit exists. 

a TOE a 


t 
[link] illustrates ih f(«)dz as areas of regions for values of t approaching b. 


! ' ' 
! ' ' 
' ' ' 
! ' ' 
! ! 1 
' ' ' 
' ' ' 
' ' ' 
! ! ' 
! ! ! 
' ' ' 
! ! ' 
! ! ' 
b b b 


As t approaches b from the left, the value of the area from a to t approaches the area from a to b. 


b 
We use a similar approach to define / f(x)dx, where f(x) is continuous over (a, b] and discontinuous at a. We 
a 


now proceed with a formal definition. 


Note: 
Definition 


= 


. Let f(x) be continuous over [a, b). Then, 
Equation: 


[ f(w)de = lim i f(a) de. 


. Let f(x) be continuous over (a, b]. Then, 
Equation: 


N 


b b 
/ f(a)de = tim f fiejdc. 


In each case, if the limit exists, then the improper integral is said to converge. If the limit does not exist, then 
the improper integral is said to diverge. 

. If f(x) is continuous over [a, b] except at a point c in (a, 6), then 
Equation: 


ics) 


/ Fone [ soars f oe 


c b b 
provided both i f(x)dzx and / f(x)dx converge. If either of these integrals diverges, then / f(x)dx 


diverges. 


The following examples demonstrate the application of this definition. 


Example: 
Exercise: 


Problem: 
Integrating a Discontinuous Integrand 


4 
1 
Evaluate i dz, if possible. State whether the integral converges or diverges. 
0 4=>% 


Solution: 
The function f (x) = = is continuous over [0, 4) and discontinuous at 4. Using [Link] from the 
4 
definition, rewrite i dz as a limit: 
0 —2 
Equation: 
mel asl 
/ dx = lim ii dx Rewrite as a limit. 
0 V4—2 4" Jo V4—2 
t 
= im (-2v 4 — z) Find the antiderivative. 
ee 


0 


lI 


Jim (-2v 4—t+ 4) Evaluate the antiderivative. 
are 
4, Evaluate the limit. 


The improper integral converges. 


Example: 
Exercise: 


Problem: 
Integrating a Discontinuous Integrand 


2 
Evaluate / xzlnadz. State whether the integral converges or diverges. 
0 


Solution: 


Since f («) = xInz is continuous over (0, 2] and is discontinuous at zero, we can rewrite the integral in 
limit form using [link]: 


Equation: 
2 2 
ii zinzdx = lim zlnxdx Rewrite as a limit. 
0 t0t Ji 
2 
ae ( A Ae 1 2) Evaluate zlnzdz using integration by parts 
t>0+ 
0 with u = Inz and dv = x dx. 
= lim (2In2 1 4 t?lnt 4 ; Ee Evaluate the antiderivative. 
t>0+ 
Evaluate the limit. jim t?Int is indeterminate. 
- 
= 2In2—1. To evaluate it, rewrite as a quotient and apply 


L’H6pital’s rule. 


The improper integral converges. 


Example: 
Exercise: 


Problem: 
Integrating a Discontinuous Integrand 


1 
Evaluate | ye. State whether the improper integral converges or diverges. 
=i oe 


Solution: 


Since f (x) = 1/ a° is discontinuous at zero, using [link], we can write 


Equation: 
1 0 1 
1 1 1 
Sie = =~ da + | — dz 
iE oe [, oe oo 
0 
If either of the two integrals diverges, then the original integral diverges. Begin with / —; dx : 
=i os 
Equation: 
sat al 
/ —z dz = lim —, dx Rewrite as a limit. 
=i t0- fJ_, 23 
t 
= lim (-sz) Find the antiderivative. 
t30- be 
-1 
= lim (-sz + 5) Evaluate the antiderivative. 
t>07- 


= +00. Evaluate the limit. 


Ue le 
—_dzx diverges, —~ dz diverges. 
3 4 23 


0 


0 
iL 
Therefore, / —~dzx diverges. Since i 
1 x3 =i @ 


Note: 
Exercise: 


2 
1 

Problem: Evaluate | —dz. State whether the integral converges or diverges. 
(ee 


Solution: 
+oo, diverges 


Hint 


2 
1 

Write / —dz in limit form using [link]. 
0 


A Comparison Theorem 


It is not always easy or even possible to evaluate an improper integral directly; however, by comparing it with 
another carefully chosen integral, it may be possible to determine its convergence or divergence. To see this, 
consider two continuous functions f(x) and g(x) satisfying 0 < f(x) < g(x) for x > a ({link]). In this case, we 
may view integrals of these functions over intervals of the form [a, t] as areas, so we have the relationship 
Equation: 


0< [sera < | ola)de fort > a 


If0 < f(x) < g(x) for x > a, then fort > a, 
i i 


fla)de < f g(x)dx. 


a a 


Thus, if 
Equation: 


ee Me) = ns a f (a)dx = +00, 


then 


+00 
i; g(x)dx = jim 1, f 91 x)dx = +00 as well. That is, if the area of the region between the graph of f(z) 


and the x-axis over a" +-oo) is infinite, then the area of the region between the graph of g(a) and the x-axis over 
[a, +00) is infinite too. 


On the other hand, if 


i g(x)dx = jim [91 x)dx = L for some real number J, then 


+00 t t 
i. f (x)dz = Jim if f (x)dx must converge to some value less than or equal to L, since / f (x)dx 
+00 


t 
increases as t increases and f f (x)dx < LD forallt >a. 
a 


If the area of the region between the graph of g(a) and the x-axis over [a, +00) is finite, then the area of the region 
between the graph of f(a) and the x-axis over [a, +00) is also finite. 


These conclusions are summarized in the following theorem. 


Note: 
A Comparison Theorem 
Let f(z) and g(x) be continuous over [a, +oo). Assume that 0 < f(x) < g(x) forx >a. 


+00 t +00 
itt f f(a)de =, lim ui Ff ( (2)de = +00, then gee = jim 1 [9 x)dx = +00. 


+00 
ii. it | g(zjda = im. [a z)dx = L, where L is a real number, then 


a 
+00 


ij eke = jim i f (x)dx = M for some real number M < L. 


a 


Example: 
Exercise: 


Problem: 
Applying the Comparison Theorem 


+00 
Use a comparison to show that / —,, dz converges. 
LE 
1 


Solution: 


We can see that 
Equation: 


1 


we 


1 
0< —==0 ", 
s z 


+00 +00 1 +00 
so if ii e “dz converges, then so does / —~ dz. To evaluate i e °dz, first rewrite it as a 
1 1 rE 1 


limit: 
Equation: 


+00 t 
/ e "dx = lim e "dx 
1 


+00 +00 
Since / e “dz converges, so does / 
1 1 


ea 


Example: 
Exercise: 


Problem: 
Applying the Comparison Theorem 
+00 
Use the comparison theorem to show that / —> de diverges for all p < 1. 
1 4 0 


Solution: 


+00 
For p < 1,1/x < 1/(x?) over [1, +00). In [link], we showed that —dz = +o0. Therefore, 
1 at 


+00 il 
i, —dz diverges for all p < 1. 
1 xP 


Note: 
Exercise: 


+00 
AD 
Problem: Use a comparison to show that A — dz diverges. 
AD 
€ 


Solution: 


“Oo! Oo) 
1 1 
since [ =dz — --oo, / Sens diverges. 
é x 3 x 


Note: 

Laplace Transforms 

In the last few chapters, we have looked at several ways to use integration for solving real-world problems. For 
this next project, we are going to explore a more advanced application of integration: integral transforms. 
Specifically, we describe the Laplace transform and some of its properties. The Laplace transform is used in 
engineering and physics to simplify the computations needed to solve some problems. It takes functions expressed 
in terms of time and transforms them to functions expressed in terms of frequency. It turns out that, in many 
cases, the computations needed to solve problems in the frequency domain are much simpler than those required 
in the time domain. 

The Laplace transform is defined in terms of an integral as 

Equation: 


LAA} = Fl) = f° eer(eae 


Note that the input to a Laplace transform is a function of time, f(t), and the output is a function of frequency, 
F(s). Although many real-world examples require the use of complex numbers (involving the imaginary number 


i = —1), in this project we limit ourselves to functions of real numbers. 
Let’s start with a simple example. Here we calculate the Laplace transform of f(t) = t. We have 
Equation: 


(oe) 
L{t}= / te “dt. 
0 


This is an improper integral, so we express it in terms of a limit, which gives 
Equation: 


co z 
Lt / ten/dt = linn} chew ate 
0 


aN 
2700 0 


Now we use integration by parts to evaluate the integral. Note that we are integrating with respect to t, so we treat 
the variable s as a constant. We have 
Equation: 


Then we obtain 
Equation: 


il, 
De 
33 


on 


z 
lim te “dt 


z 
Se 6 te stililic Ely —st 
Zz 00 0 tim || ao [bee a 
z 
= lim [ Ze-s2 4 De0s) 4 a edt 
fe [i Ze 40] Lf |/'] 
"2-400 S. Aik 3 0 
li |e = alae ll 
= Tim [— er] — Jim [ge] + jim 
SUS se 
Zi 
=i. 


Calculate the Laplace transform of f(t) = 1. 
Calculate the Laplace transform of f(t) = e~*. 

Calculate the Laplace transform of f(t) = t”. (Note, you will have to integrate by parts twice.) 

Laplace transforms are often used to solve differential equations. Differential equations are not covered in 
detail until later in this book; but, for now, let’s look at the relationship between the Laplace transform of a 
function and the Laplace transform of its derivative. 

Let’s start with the definition of the Laplace transform. We have 

Equation: 


z 


ie RAGA i . eh bdo — tira ; e * f(t)dt. 


200 


z 
. Use integration by parts to evaluate lim i! e * f(t)dt. (Let u = f(t) and dv = e “dt. ) 
0 


After integrating by parts and evaluating the limit, you should see that 


Equation: 

Leo} = 29 + Ain Er'@y]. 
Then, 
Equation: 


L{f'(t)} = sL {f(t)} — f(0). 


Thus, differentiation in the time domain simplifies to multiplication by s in the frequency domain. 
The final thing we look at in this project is how the Laplace transforms of f(t) and its antiderivative are 


t 
related. Leta(t) = [ f(u)du. Then, 
0 
Equation: 
z 


Loy [ eatoae tinh ; e *'g(t)dt. 


2-700 


z 
. Use integration by parts to evaluate lim i e *'g(t)dt. (Let u = g(t) and dv = e “dt. Note, by the way, 
2700 
0 


that we have defined g(t), du = f(t)dt. ) 
As you might expect, you should see that 
Equation: 


L{g(t)} = ~- Lf}. 


Integration in the time domain simplifies to division by s in the frequency domain. 


Key Concepts 


e Integrals of functions over infinite intervals are defined in terms of limits. 

e Integrals of functions over an interval for which the function has a discontinuity at an endpoint may be 
defined in terms of limits. 

e The convergence or divergence of an improper integral may be determined by comparing it with the value of 
an improper integral for which the convergence or divergence is known. 


Key Equations 


e Improper integrals 


ph f (x)dz = lim, ip f (a)dx 


nb b 
[. f (x)dz = dim, [ f (x)dx 


+00 


+00 0 
fede= [flare [Fleder 


Evaluate the following integrals. If the integral is not convergent, answer “divergent.” 
Exercise: 


# dx 
Problem: os 
2 (x —3) 
Solution: 
divergent 
Exercise: 


ia 1 
Problem: / —— dx 
0 4 + x? 


Exercise: 


2 
1 
Problem: / ————-dz 
0 V4— 22 


Solution: 


SE 


Exercise: 


Problem: / , dx 
1 


Exercise: 


Problem: / xe "dz 
1 


Solution: 
2 
é 


Exercise: 


Problem: / a 


Exercise: 


Problem: 


co 
1 
Without integrating, determine whether the integral / —— dz converges or diverges by comparing 
1 re+1 


the function f(z) = Tae with g(x) = Ts 
Solution: 
Converges 

Exercise: 


[oe] 
Problem: Without integrating, determine whether the integral / —— dx converges or diverges. 
1 e+ 1 


Determine whether the improper integrals converge or diverge. If possible, determine the value of the integrals that 
converge. 
Exercise: 


lo) 
Problem: / e *cosxdzx 
0 


Solution: 


Converges to 1/2. 


Exercise: 
© Inz 
Problem —dzx 
1 x 
Exercise: 


1 
Problem: ' Ae 
0 We 


Solution: 


-4 


Exercise: 


Problem 


Exercise: 


Problem: 


Solution: 


Tv 


Exercise: 


Problem 


Exercise: 


Problem: 


Solution: 


diverges 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


diverges 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


1.5. 
Exercise: 
2 dx 
Problem: / == 
o£? 
Exercise: 
2 
dx 
Problem: / a 
1 v 
Solution: 
diverges 
Exercise: 


1 
Problem: // 5A 
0 V1l—2 


Exercise: 


a 
Problem: / dx 
0 A a 1 


Solution: 


diverges 
Exercise: 
5 
Problem: // —z dx 
1 x 


Exercise: 


aa: 
Problem: / ——j dz 
3 (x —4) 


Solution: 
diverges 
Determine the convergence of each of the following integrals by comparison with the given integral. If the integral 


converges, find the number to which it converges. 
Exercise: 


Ps dE : ° dx 
Problem: ———; compare with —. 
1 w*+4e 1 @ 


Exercise: 


© dz 


od 
Problem: / fees compare with / : 
t -4fak 1 2/fa 


Solution: 


Both integrals diverge. 


Evaluate the integrals. If the integral diverges, answer “diverges.” 
Exercise: 


© dz 
Problem — 
1 « 
Exercise: 
1 
dx 
Problem: / — 
0 & 
Solution: 
diverges 
Exercise: 


1 
Problem: / a 
0 vl-2z 


Exercise: 


1 
Problem: / as 
0 1 = 2 


Solution: 


diverges 


Exercise: 


o d. 
Problem: | 


x 
x2+1 


Exercise: 


1 dx 
Problem: ——__—. 
=f aA = 2 


Solution: 


Tv 


Exercise: 


1 
Problem: / nes 
0 


Exercise: 


Problem: / In(a)dax 
0 


Solution: 


0.0 


Exercise: 


Problem: / ze “dx 
0 


Exercise: 
“ x 
Problem: —__—___dz 


Solution: 


0.0 


Exercise: 
lo <) 
Problem: i e “dz 
0 


Evaluate the improper integrals. Each of these integrals has an infinite discontinuity either at an endpoint or at an 
interior point of the interval. 


Exercise: 
9 d 
Problem: / ca 
0 V9-2 
Solution: 
6.0 
Exercise: 
lod 
Problem: / ee 
97. 2/ 3 
Exercise: 


7 dx 
Problem: ed 
0 V9—2? 


Solution: 


rls 


Exercise: 


Problem: / — 
6 tt? — 36 


Exercise: 


4 
Problem: / «ln(4a)dx 
0 


Solution: 


8In(16) — 4 


Exercise: 


3 
Problem: / ee 
0 V9— 2? 


Exercise: 


Problem: Evaluate . (Be careful!) (Express your answer using three decimal places.) 


[ dx 
5 V1l—2? 
Solution: 


1.047 


Exercise: 


4 
dx 
Problem: Evaluate / ————. (Express the answer in exact form.) 
1 V22—1 


Exercise: 
lo) 
d. 
Problem: Evaluate / a 
2 ( 2 = pe 2 
Solution: 
= a2 
a 
Exercise: 


Problem: Find the area of the region in the first quadrant between the curve y = e ° and the x-axis. 


Exercise: 
Problem: Find the area of the region bounded by the curve y = a the x-axis, and on the left by x = 1. 


Solution: 


7.0 


Exercise: 


1 


Problem: Find the area under the curve y = ——,, 
(x+1) 


bounded on the left by x = 3. 


Exercise: 
Problem: Find the area under y = ceed in the first quadrant. 


Solution: 


om 


2 

Exercise: 
Problem: 
Find the volume of the solid generated by revolving about the x-axis the region under the curve y = _ from 
zt=ltor=o. 

Exercise: 


Problem: 


Find the volume of the solid generated by revolving about the y-axis the region under the curve y = 6e 2" in 
the first quadrant. 


Solution: 


37 
Exercise: 


Problem: 


Find the volume of the solid generated by revolving about the x-axis the area under the curve y = 3e * in the 
first quadrant. 


[o.¢) 
The Laplace transform of a continuous function over the interval [0, oo) is defined by F'(s) = / e * f(x)dx 
0 
(see the Student Project). This definition is used to solve some important initial-value problems in differential 


equations, as discussed later. The domain of F is the set of all real numbers s such that the improper integral 
converges. Find the Laplace transform F of each of the following functions and give the domain of F. 
Exercise: 


Problem: f(x) = 1 
Solution: 


1 
ree ean 


Exercise: 


Problem: f(x) = x 


Exercise: 


Problem: f(x) = cos(2x) 


Solution: 
wars >0 


Exercise: 


Problem: f(x) = e%” 


Exercise: 


Problem: Use the formula for arc length to show that the circumference of the circle x? + y? = 1 is 27. 


Solution: 


Answers will vary. 


A non-negative function is a probability density function if it satisfies the following definition: / f(t)dt =1. 
—co 


b 
The probability that a random variable x lies between a and b is given by P(a < x < b) = / f(t)dt. 


Exercise: 
Oife<0 . - . ; 
Problem: Show that f(x) = Se is a probability density function. 
Te “ifr >0 
Exercise: 
Problem: 


Find the probability that x is between 0 and 0.3. (Use the function defined in the preceding problem.) Use 
four-place decimal accuracy. 


Solution: 


0.8775 


Chapter Review Exercises 
For the following exercises, determine whether the statement is true or false. Justify your answer with a proof or a 


counterexample. 
Exercise: 


Problem: / e”sin(x)dz cannot be integrated by parts. 


Exercise: 


1 
Problem: / ie) dz cannot be integrated using partial fractions. 
x 


Solution: 


False 


Exercise: 


Problem: [n numerical integration, increasing the number of points decreases the error. 


Exercise: 


Problem: Integration by parts can always yield the integral. 
Solution: 


False 


For the following exercises, evaluate the integral using the specified method. 
Exercise: 


Problem: / z*sin(4x)dz using integration by parts 
Exercise: 


1 
Problem: / —___—— dz using trigonometric substitution 
x? /x? + 16 


Solution: 
Va? +16 
~~ [6x sa 


Exercise: 


Problem: / a In(x)dz using integration by parts 


Exercise: 
3@ : F F 
Problem: dzx using partial fractions 
x3 + 2a? — 5a —6 
Solution: 


i (4In(2 — x) + 5In(a + 1) — 9In(a# + 3))+C 


Exercise: 


5 
Problem: / —_*__de using trigonometric substitution 
(4x2 + 4)°/ 


Exercise: 


4 — sin?(z) 
Problem: / ——.———cos(x)dz using a table of integrals or a CAS 


Solution: 


4—sin? (x) 


sin(x) 


abe 


For the following exercises, integrate using whatever method you choose. 
Exercise: 


Problem: | sin?%(w)oos*(e)ae 


Exercise: 


Problem: ov x? + 2dz 


Solution: 


(a? +.2)°” (322-4) + 


Exercise: 
32? +1 
Problem: / alas dx 
vt — 243 — 22422 
Exercise: 
Solution: 


x?—2742 


@in (2322) stan! (1-2) + ftan! (2 +1)+C 


Exercise: 
1 4 
Problem: / V3 + 1624 a 7 ee dx 
x 


For the following exercises, approximate the integrals using the midpoint rule, trapezoidal rule, and Simpson’s rule 
using four subintervals, rounding to three decimals. 
Exercise: 


2 
Problem: [T] i J x + 2dx 
1 


Solution: 


My = 3.312, T4 = 3.354, S4 = 3.326 
Exercise: 
vm ape 
Problem: [T] / e Sint) dz 
0 
Exercise: 


Problem: [T] [ aC) 4 dx 


Solution: 


My = —0.982, T4 = —0.917, S4 = —0.952 


For the following exercises, evaluate the integrals, if possible. 
Exercise: 


CO 
1 
Problem: / —dz, for what values of n does this integral converge or diverge? 
1 4 0 


Exercise: 


Problem: / dx 
1 


Solution: 


approximately 0.2194 


Co 
For the following exercises, consider the gamma function given by '(a) = / e Yy* 1dy. 
0 


Exercise: 


Problem: Show that '(a) = (a — 1)I'(a — 1). 
Exercise: 
Problem: Extend to show that (a) = (a — 1)!, assuming a is a positive integer. 


The fastest car in the world, the Bugati Veyron, can reach a top speed of 408 km/h. The graph represents its 
velocity. 


420 


km/h 
nN 
Nh 
oO 


02:00 02:40 03:20 04:00 
mm:ss 


Exercise: 


Problem: 


[T] Use the graph to estimate the velocity every 20 sec and fit to a graph of the form 
v(t) = aexp”’sin(cx) + d. (Hint: Consider the time units.) 

Exercise: 
Problem: 


[T] Using your function from the previous problem, find exactly how far the Bugati Veyron traveled in the 1 
min 40 sec included in the graph. 


Solution: 


Answers may vary. Ex: 9.405 km 


Glossary 


improper integral 
an integral over an infinite interval or an integral of a function containing an infinite discontinuity on the 
interval; an improper integral is defined in terms of a limit. The improper integral converges if this limit is a 
finite real number; otherwise, the improper integral diverges 


Power Series and Functions 


e Identify a power series and provide examples of them. 

e Determine the radius of convergence and interval of convergence of a 
power series. 

e Use a power series to represent a function. 


A power series is a type of series with terms involving a variable. More 
specifically, if the variable is x, then all the terms of the series involve 
powers of x. As a result, a power series can be thought of as an infinite 
polynomial. Power series are used to represent common functions and also 
to define new functions. In this section we define power series and show 
how to determine when a power series converges and when it diverges. We 
also show how to represent certain functions using power series. 


Form of a Power Series 


A series of the form 
Equation: 


CO 
S Cha” =co tee +eor?+---, 
n=—0 


where x is a variable and the coefficients c, are constants, is known as a 
power series. The series 
Equation: 


CO 
It+aeta?+-.-=S 2" 
n=0 


is an example of a power series. Since this series is a geometric series with 
ratio r = x, we know that it converges if |x| < 1 and diverges if |x| > 1. 


Note: 

Definition 

A series of the form 
Equation: 


CO 
y Cnt" = ceo tea +cox74+--: 


n=0 


is a power series centered at x = 0. A series of the form 
Equation: 


ale Serta <apete—aP ee: 


n=0 


is a power Series centered at x = a. 


To make this definition precise, we stipulate that x° = 1 and (a — a)° = 1 
even when z = 0 and x = a, respectively. 


The series 
Equation: 
oo n 2 3 
DS i oe og ape 
and 
Equation: 
CO 
Se Lta+2Qle? 4+ 3le%4+... 
n=0 


are both power series centered at x = 0. The series 


Equation: 


=1+ + Af 
L+ (n +1)3” 2-3 3-32 4.38 


. (#-—2)" x—2 a — 2)? a —2)3 
eae _ (x—2)" | (@—2) 


is a power Series centered at x = 2. 


Convergence of a Power Series 


Since the terms in a power series involve a variable x, the series may 
converge for certain values of x and diverge for other values of x. For a 
power series centered at z = a, the value of the series at x = a is given by 
co. Therefore, a power series always converges at its center. Some power 
series converge only at that value of x. Most power series, however, 
converge for more than one value of x. In that case, the power series either 
converges for all real numbers x or converges for all x in a finite interval. 
CO 


For example, the geometric series S° x” converges for all x in the interval 
n=0 

(—1,1), but diverges for all x outside that interval. We now summarize 

these three possibilities for a general power series. 


Note: 


Convergence of a Power Series 
CO 


Consider the power series ) Cn(x — a)". The series satisfies exactly one 
n=0 


of the following properties: 


i. The series converges at x = a and diverges for all x # a. 
ii. The series converges for all real numbers x. 
iii. There exists a real number R > 0 such that the series converges if 
|x — a| < Rand diverges if |r — a| > R. At the values x where 
|x — a| = R, the series may converge or diverge. 


Proof 


Suppose that the power series is centered at a = Q. (For a Series centered at 
a value of a other than zero, the result follows by letting y = x — a and 


considering the series S Cny”. ) We must first prove the following fact: 


n=1 


CO 
If there exists a real number d ¥ 0 such that oe c,d” converges, then the 


n=0 


CO 
series x Cnx” converges absolutely for all x such that |x| < |d]. 


n=0 


CO 
Since » Cyd” converges, the nth term c,d” — 0 as n — oo. Therefore, 
n=0 
there exists an integer N such that |c,d”| < 1 for alln > N. Writing 
Equation: 


n 
y] 


cna |= le," | 


Z 
d 


we conclude that, for alln > N, 


Equation: 
x n 
ene" <3 
The series 
Equation: 


Qa] 8 


3 
n=N 


is a geometric series that converges if | a | < 1. Therefore, by the 


CO 
comparison test, we conclude that ) c, x” also converges for |x| < |d]. 
n=N 
Since we can add a finite number of terms to a convergent series, we 


CO 
conclude that S° Cnx” converges for |x| < |d]. 


n=0 


With this result, we can now prove the theorem. Consider the series 
Equation: 


CO 
y Ana” 
n=0 


and let S be the set of real numbers for which the series converges. Suppose 
that the set S = {0}. Then the series falls under case i. Suppose that the set 
S is the set of all real numbers. Then the series falls under case ii. Suppose 
that S ~ {0} and S is not the set of real numbers. Then there exists a real 
number x*+ 0 such that the series does not converge. Thus, the series 
cannot converge for any x such that |x| > |”*|. Therefore, the set S must be 
a bounded set, which means that it must have a smallest upper bound. (This 
fact follows from the Least Upper Bound Property for the real numbers, 
which is beyond the scope of this text and is covered in real analysis 
courses.) Call that smallest upper bound R. Since S 4 {0}, the number 

R > 0. Therefore, the series converges for all x such that |z| < R, and the 
series falls into case iii. 


L 


CO 
If a series > Cn(x — a)” falls into case iii. of [link], then the series 
n=0 
converges for all x such that |x — a| < R forsome R > 0, and diverges for 
all x such that |x — a| > R. The series may converge or diverge at the 
values x where |x — a| = R. The set of values x for which the series 


CO 
S° C,(x — a)” converges is known as the interval of convergence. Since 
n=0 
the series diverges for all values x where |x — a| > R, the length of the 


interval is 2R, and therefore, the radius of the interval is R. The value R is 
CO 


called the radius of convergence. For example, since the series ys co 

n=0 
converges for all values x in the interval (—1, 1) and diverges for all values 
x such that || > 1, the interval of convergence of this series is (—1, 1). 
Since the length of the interval is 2, the radius of convergence is 1. 


Note: 
Definition 
CO 
Consider the power series S° Cn(x — a)". The set of real numbers x 
n=0 


where the series converges is the interval of convergence. If there exists a 
real number R > 0 such that the series converges for |x — a| < Rand 
diverges for |x — a| > R, then R is the radius of convergence. If the series 
converges only at x = a, we Say the radius of convergence is R = 0. If the 


series converges for all real numbers x, we say the radius of convergence is 
R = oo ([link]). 


Diverges Converges  Diverges 


2a 
ee 


x 
a 


(a) 


Converges 


Diverges Converges Diverges 


(Cc) 


CO 

For a series >» C(x — a)” graph (a) shows a radius 
n=0 

of convergence at R = 0, graph (b) shows a radius of 

convergence at R = oo, and graph (c) shows a radius 

of convergence at R. For graph (c) we note that the 
series May or may not converge at the endpoints 

e=a+Handz=a-—R. 


To determine the interval of convergence for a power series, we typically 


apply the ratio test. In [link], we show the three different possibilities 
illustrated in [link]. 


Example: 
Exercise: 


Problem: 
Finding the Interval and Radius of Convergence 


For each of the following series, find the interval and radius of 
convergence. 


Solution: 


a. To check for convergence, apply the ratio test. We have 


Equation: 
ghtl 
= lim | 
. gre n! 
= jim | Gar 
i: gntt n! 
= il | cent ee 
— ov < x 
= Im |ah 
ma Pa eerie 
= el fee 
=a Meee | 


for all values of x. Therefore, the series converges for all real 
numbers x. The interval of convergence is (—oo, oo) and the 
radius of convergence is R = oo. 

b. Apply the ratio test. For « 4 0, we see that 


Equation: 


(n+1)!artt 


nian 


p= 


tim |(n + 1)a 


|x| lim (n + 1) 


= OO. 


Therefore, the series diverges for all x ~ 0. Since the series is 
centered at x = O, it must converge there, so the series converges 
only for « # 0. The interval of convergence is the single value 

x = 0 and the radius of convergence is R = 0. 

. In order to apply the ratio test, consider 


Equation: 
(eae 
fs , n+1 
p = lim |“23 
n—- co oS 
(n+1)3” 
=e pre a) eee 
noo | (n+2)3"41 — (z—2)” 
; —2)(n+1) 
= lit eee 
n—- oo 3(n+2) 
_ |e-2! 
Se 


The ratio p < lif |a — 2| < 3. Since |a — 2| < 3 implies that 
—3 < x—2< 3, the series converges absolutely if 

—1 <a <5. Theratio p > 1 if |x — 2| > 3. Therefore, the 
series diverges if x < —lorz > 5. The ratio test is inconclusive 
ito — 1. Thetrato:p = 1 it and only it.g¢ = —lorc = 5. We 
need to test these values of x separately. For x = —1, the series 
is given by 

Equation: 


Since this is the alternating harmonic series, it converges. Thus, 
the series converges at x = —1. For x = 5, the series is given by 
Equation: 


This is the harmonic series, which is divergent. Therefore, the 
power series diverges at x = 5. We conclude that the interval of 
convergence is |—1, 5) and the radius of convergence is R = 3. 


Note: 
Exercise: 


Problem: 
oo n 
Find the interval and radius of convergence for the series ) : 


n=1 


> 


Solution: 


The interval of convergence is |—1, 1). The radius of convergence is 
Hace 


Hint 


Apply the ratio test to check for absolute convergence. 


Representing Functions as Power Series 


Being able to represent a function by an “infinite polynomial” is a powerful 
tool. Polynomial functions are the easiest functions to analyze, since they 
only involve the basic arithmetic operations of addition, subtraction, 
multiplication, and division. If we can represent a complicated function by 
an infinite polynomial, we can use the polynomial representation to 
differentiate or integrate it. In addition, we can use a truncated version of 
the polynomial expression to approximate values of the function. So, the 
question is, when can we represent a function by a power series? 


Consider again the geometric series 
Equation: 


CO 
It+ata?+e3+---=S a". 
n=0 


Recall that the geometric series 
Equation: 


atar+ar*+are+--- 


converges if and only if |r| < 1. In that case, it converges to 


il 
1-2 


a 
1l-—r 
and we write 


Therefore, if |a| < 1, the series in [link] converges to 
Equation: 


1 
Lee ee se for |x| < 1. 
= 


As a result, we are able to represent the function f (x) = a by the power 


series 
Equation: 


l+aeta?+a?+---when |z| <1. 


We now show graphically how this series provides a representation for the 
function f (2) = 
several of the partial sums of this infinite series. 


Example: 
Exercise: 


Problem: 
Graphing a Function and Partial Sums of its Power Series 


Sketch a graph of f (x) = —— and the graphs of the corresponding 


N 

partial sums Sy (2) = oy x” for N = 2, 4,6 on the interval 
=0 

(—1, 1). Comment on ie approximation S'y as N increases. 


Solution: 


From the graph in [link] you see that as N increases, Sy becomes a 
better approximation for f (2) = “te for x in the interval (—1, 1). 
¥ 


f(x) = 


The graph shows a function and three approximations 
of it by partial sums of a power series. 


Note: 
Exercise: 


Problem: 


Sketch a graph of f (x) = —1, and the corresponding partial sums 


1-2? 


N 
oN (2) = as for N = 2,4,6 on the interval (—1, 1). 


n=0 


Solution: 


Hint 


1—72(N+1) 


ISA ie tN actos 


Next we consider functions involving an expression similar to the sum of a 
geometric series and show how to represent these functions using power 
series. 


Example: 
Exercise: 


Problem: 
Representing a Function with a Power Series 


Use a power series to represent each of the following functions f. 
Find the interval of convergence. 


a f(2)= 3 


De ees 


Solution: 


a. You should recognize this function f as the sum of a geometric 
series, because 


Equation: 
ie 
Tas 1) (ae) 
Using the fact that, for |r| < 1, 7+. is the sum of the geometric 
series 


Equation: 


CO 
y ar” =a+ar+ar*+:-, 
n=0 


we see that, for |—2°| Zea, 


Equation: 
poesia MP eae tee 
lt+2? — 1-(-2?) 
CO 
ie 
= 


Since this series converges if and only if |—x?] < 1, the interval 
of convergence is (—1, 1), and we have 
Equation: 
1 
Le 


9 


Sl tho Sa dear a 


. This function is not in the exact form of a sum of a geometric 
series. However, with a little algebraic manipulation, we can 
relate fto a geometric series. By factoring 4 out of the two terms 
in the denominator, we obtain 

Equation: 


Therefore, we have 
Equation: 


2 
The series converges as long as | (=) | < 1 (note that when 


2 7 ° ° 
| = | = | the series does not converge). Solving this 
inequality, we conclude that the interval of convergence is 


(—2, 2) and 
Equation: 
2 _ ‘5 gente 
4—g2 An+1 
n=0 
=f 4,H yey 
for ele 2: 
Note: 
Exercise: 
Problem: 
Represent the function f (x) = can using a power series and find the 


interval of convergence. 


Solution: 


0° rts 
, with interval of convergence (—2, 2) 


n=0 
Hint 


Rewrite fin the form f (x) = +2 oh for some functions g and h. 


In the remaining sections of this chapter, we will show ways of deriving 
power Series representations for many other functions, and how we can 
make use of these representations to evaluate, differentiate, and integrate 
various functions. 


Key Concepts 


e For a power series centered at x = a, one of the following three 
properties hold: 


i. The power series converges only at x = a. In this case, we say 
that the radius of convergence is R = 0. 
ii. The power series converges for all real numbers x. In this case, 
we Say that the radius of convergence is R = oo. 
iii. There is a real number R such that the series converges for 
|x — a| < Rand diverges for |x — a| > R. In this case, the 
radius of convergence is R. 


e If a power series converges on a finite interval, the series may or may 
not converge at the endpoints. 
e The ratio test may often be used to determine the radius of 
convergence. 
CO 
¢ The geometric series >; 2” = =+~ for |x| < 1 allows us to represent 
n=0 
certain functions using geometric series. 


Key Equations 


e Power series centered at x = O 


(o.@) 

Cyt” =Co tex tex? +--- 
n=0 

e Power series centered atx =a 
(e.@) 
2 

Cn(z — a)" =co tc, (x4 —a)+ce2(x—a)°+--- 

n=0 


In the following exercises, state whether each statement is true, or give an 
example to show that it is false. 


Exercise: 
CO 
Problem: If ) a,x” converges, then a,x” + 0asn — oo. 
n=1 
Solution: 


True. If a series converges then its terms tend to zero. 


Exercise: 


CO 
Problem: ) a,x" converges at x = 0 for any real numbers a,,. 


n=1 
Exercise: 


Problem: 


Given any sequence Qn, there is always some FR > OQ, possibly very 
CO 


small, such that Ss a,x” converges on (—R, R). 


n=1 
Solution: 


False. It would imply that a,,2” — 0 for |z| < R. Ifa, =n”, then 
Anx” = (nx)” does not tend to zero for any x # 0. 


Exercise: 


Problem: 


If oe a,x” has radius of convergence R > 0 and if |b,,| < |a,,| for all 


n=l 
ore) 


n, then the radius of convergence of [> b,x” is greater than or equal 
n=1 


to R. 
Exercise: 


Problem: 


CO 
Suppose that 3 An(x — 3)” converges at x = 6. At which of the 
n=0 
following points must the series also converge? Use the fact that if 
n ° ° 
Se an(x — c)” converges at x, then it converges at any point closer to 


c than x. 

ae 1 

{0 Fis emia 

C.2=3 

d.7-= 0 

e. x — 5.99 

f. x = 0.000001 
Solution: 


It must converge on (0, 6] and hence at: a. 2 = 1;b. 4 = 2;c. 2 = 3; 
d.x = 0;e. x = 5.99; and f. x = 0.000001. 


Exercise: 


Problem: 


CO 
Suppose that > a,(x +1)” converges at 2 = —2. At which of the 
n=0 
following points must the series also converge? Use the fact that if 
SS a,(x — c)” converges at x, then it converges at any point closer to 


c than x. 


a= 2 
b.ax=-l 

aot ==3 
d= 0 

e. x = 0.99 

f. c = 0.000001 


a 


In the following exercises, suppose that — lasn— oo. Find the 


On+1 
n 


radius of convergence for each series. 
Exercise: 


CO 
Problem: ys An2” 2” 
n=0 


Solution: 


CR ae 
Ay,2"x™ 


a 


= 2|z| 


An+1 
n 


+ 2|x|soR = + 
Exercise: 


n 


OO Ank 
Problem: » of 
n=0 


Exercise: 


n 


On Tt 
Problem: ye ene Se. 


n 
n=0 € 
Solution: 
m\ntl ntl 
An+1\~e x Tx 7 TX 
an(=) en e€ An e 7 
Exercise: 


aS 6 Fe (ered Oe 
Problem: ys ieee 


n=0 


Exercise: 


Problem: a Gi, (=1)"2"" 


n=0 


Solution: 


Gait (ayes 


An(—1)"22" - jx" 


Guth | —y jz?|soR=1 


Exercise: 


Problem: ) a,,(—4)”"x” 


fore) 
n=0 


In the following exercises, find the radius of convergence R and interval of 
convergence for > Qnx"” with the given coefficients ay. 
Exercise: 


Problem: ys, (22) 


n=1 nm 


Solution: 
An = ~ so * —; 22.80 R = +. When x = 4 the series is 
harmonic and diverges. When x = os the series is alternating 


harmonic and converges. The interval of convergence is 
I= [-s >) 
ee 
Exercise: 


CO ger 
Problem: » (—1)”—— 
2 


Exercise: 


Snax” 
Problem: ay: oi 
n=1 
Solution: 
An = gr So “= —> 5 so R = 2. When x = +2 the series diverges 
by the divergence test. The interval of convergence is [ = (—2, 2). 


Exercise: 


n 


(oe) 
NU 
Problem: ) = 
e 
n=1 


Exercise: 


Ong” 
Problem: ye an 
nm=1 


Solution: 


i= = so R = 2. When z = +2 the series diverges by the 
divergence test. The interval of convergence is J = (—2, 2). 


Exercise: 


ee) kexk 
Problem: Sy ; 
a1 © 


Exercise: 


k 


CoO fk 
x 
Problem: ) - = 
k=1 k 


Solution: 


k ° . 
a, = 2 so R= +. When x = ++ the series is an absolutely 
k T T 


convergent p-series. The interval of convergence is J = [- = =| ; 
Exercise: 
CO ge” 
Problem: ) — 
n! 
n=1 
Exercise: 


n 


= 10" 
Problem: oy * 


n=1 nm 


Solution: 


— 10% anit _ 102 
Og aes = ae 0 < 1 so the series converges for all x by 


the ratio test and J = (—oo, co). 


Exercise: 


Problem: S (— 
n=1 


In the following exercises, find the radius of convergence of each series. 


Exercise: 


2 (kl)? a* 
Problem: a 
2 GR) 


Solution: 


_ (ey? Qk+1 __ (k+1)° i -_ 
Oh =" ony 20 roa (Qk+2)(2k41) ” 4 %° R=4 


Exercise: 


(2n)!a” 
Problem: Se Tan 
Exercise: 


as k! : 
Problem: Ss Ges A) 


Solution: 


= k! Qp41 _ k+l al. =3 
Ok = 735. Qk) 8° a, = ee 7? 7 SON =2 


Exercise: 


Exercise: 


ae a” n , 
Problem: h = —+ 
em: > a where (7) = arth 


n 

Solution: 

C= aid = foray En = ata + 7soR=4 
Exercise: 


(oe) 
Problem: ) sin?nax” 


n=1 


In the following exercises, use the ratio test to determine the radius of 
convergence of each series. 
Exercise: 


ore) ! 3 
Problem: 3 oo x” 
n)! 


n=1 


Solution: 
nit: —- (n+1)° 1 = 
a ~— (3n+3)(3n+2)(3n+1) ae a7 °° R= 27 


Exercise: 


=. 28"(n!)? 
(3n)! 


Problem: a 


n=1 


Exercise: 


ay! 
Problem: y — 7" 
n” 
n=l 


Solution: 
== onl Qn41 __ (n+l)! n =. ft? oli = 
One 8P a nl (ney a) a e soR=e 
Exercise: 


Problem: Si 0) xz” 


CO 


In the following exercises, given that es = s: x” with convergence in 
n=0 

(—1, 1), find the power series for each function with the given center a, and 

identify its interval of convergence. 


Exercise: 
Problem: f (x) = =a = 1 (Aint: -- a =o ) 
Solution: 


Exercise: 


Problem: f (x) = =+>;a = 0 
Exercise: 
Problem: f(z) = ==7;a=0 


Solution: 


2°"t! on I = (—1,1) 


Ms 


ll 
co 


n 


Exercise: 

Problem: f (x) = ie =a0 
Exercise: 

Problem: f (x) = =7;a = 0 


Solution: 


Exercise: 


Problem: f (xz) = =4-;a=1 


Exercise: 
Problem: f (x) = —;-;a = 0. 


Solution: 


Exercise: 


Problem: f (x) = ora = 


Exercise: 
Problem: f (x) = <a =O 


Solution: 


CO 


Sa Oi es 1) 


n=0 
Exercise: 


2 


Problem: f (x) = => 


“a= 2 


Use the next exercise to find the radius of convergence of the given series in 
the subsequent exercises. 
Exercise: 


Problem: 
Explain why, if |a,|'/” + r > 0, then ja,z"|1/" > |a|r <1 
whenever |z| < 4 and, therefore, the radius of convergence of 


CO 
) an,cw” is R= = 
n=1 


Solution: 


la,z”|'/” = |a,|!/” |a| > |z|r as n 3 oo and |x|r < 1 when 
CO 


|x| < +. Therefore, pS GQ,” converges when |x| < = by the nth 


n=1 
root test. 
Exercise: 
(o.@) er 
Problem: ) — 
n” 
n=1 
Exercise: 


Problem: a ( ) x 
rae 2k+3 


Solution: 


_1\k 
n= ($55) so (ax)"* + 1 <1s0R=2 


Exercise: 


00 aan k 
Problem: a (sa) a 
7 ke +3 


Exercise: 


Problem: = (ae _ 1) a” 


n=1 
Solution: 
j= Coe = 1)" SO faye + 0soR=co 


Exercise: 


Problem: 


Suppose that p (x ay a,x" such that a,, = 0 if nis odd. Explain 
n=0 
why p(x) = —p(—2). 
Exercise: 
Problem: 
Suppose that p (x 3 An,x” such that a, = 0 if nis even. Explain 
n=0 


why p(x) = p(—2). 


Solution: 
We can rewrite p (x = Qon4122""! and p(x) = p(—2) since 
n=0 
gent ae ( —z) 2n+1 
Exercise: 
Problem: 
Suppose that p(x) = SS Qnx" converges on (—1, 1]. Find the 
n=0 


interval of convergence of p(Az). 
Exercise: 


Problem: 


Suppose that p(x) = > Qnx" converges on (—1, 1]. Find the 
n=0 
interval of convergence of p (2x — 1). 


Solution: 


If x € [0,1], then y = 2% — 1 € [—1,1] so 


p(2a —1) = p(y) = Se Any" converges. 
n=0 


CO 
In the following exercises, suppose that p (x) = S° Anx” satisfies 
n=0 


lim at = 1] where a,, > 0 for each n. State whether each series 
n CO n 


converges on the full interval (—1, 1), or if there is not enough information 
to draw a conclusion. Use the comparison test when appropriate. 
Exercise: 


CO 
Problem: es Ante” 


n=0 


Exercise: 


CO 
Problem: 2 Ay, 07" 


n=0 
Solution: 


Converges on (—1, 1) by the ratio test 


Exercise: 


Problem: yy Cs (Hina: Yea +vz?) 
n=0 


Exercise: 


Problem: 


CO 
ye anv" (Hint: Let b, = a, if k = n? for some n, otherwise 
n=0 


b, = 0.) 
Solution: 


Consider the series > bpx* where b; = a, if k = n? and b; = 0 
otherwise. Then 6, < a, and so the series converges on (—1, 1) by the 
comparison test. 


Exercise: 


Problem: 


Suppose that p (a) is a polynomial of degree N. Find the radius and 


n 


interval of convergence of oy DLs 


n=l 
Exercise: 
Problem: 
N 
[T] Plot the graphs of ot. and of the partial sums Sy = ey x” for 
n=0 
n = 10, 20, 30 on the interval |—0.99, 0.99]. Comment on the 
approximation of a by Sy near x = —1 and near x = 1 as N 
increases. 


Solution: 


—1 -0.5 0.5 1%* 


The approximation is more accurate near 7 = —1. The partial sums 
follow ate more closely as N increases but are never accurate near 


x = 1 since the series diverges there. 
Exercise: 


Problem: 


[T] Plot the graphs of —In (1 — x) and of the partial sums 


N n 
Sv= >> *~ for = 10, 50, 100 on the interval [—0.99, 0.99]. 

n=1 n 
Comment on the behavior of the sums near x = —1 and near x = las 
N increases. 

Exercise: 
Problem: 
Nan 
[T] Plot the graphs of the partial sums S,, = S° ne for 
n=l n 

n = 10,50, 100 on the interval [—0.99, 0.99]. Comment on the 
behavior of the sums near x = —1 and near x = 1 as N increases. 


Solution: 


The approximation appears to stabilize quickly near both x = +1. 


Exercise: 
Problem: 
N 
[T] Plot the graphs of the partial sums Sy = > sinnzx” for 
n = 10,50, 100 on the interval [—0.99, 08) Comment on the 
behavior of the sums near 2 = —1 and near x = 1 as N increases. 
Exercise: 
Problem: 
N ont 
[T] Plot the graphs of the partial sums Sy = 2 ("taal for 


n = 3,5, 10 on the interval [—27, 277]. Comment on how these plots 
approximate sin z as N increases. 


Solution: 


The polynomial curves have roots close to those of sinz up to their 
degree and then the polynomials diverge from sin z. 


Exercise: 
Problem: 
N an 
[T] Plot the graphs of the partial sums Sy = oS (—1)” * — for 
mer (2n)! 


n = 3,5, 10 on the interval [—27, 277]. Comment on how these plots 
approximate cosz as N increases. 


Glossary 


interval of convergence 
the set of real numbers x for which a power series converges 


power series 


CO 
a series of the form ) C,x” is a power series centered at x = 0; a 


n=0 
fore) 


series of the form ) Cn(x — a)” is a power series centered at r = a 


n=0 


radius of convergence 
if there exists a real number R > 0 such that a power series centered at 
x = aconverges for |x — a| < Rand diverges for |x — a| > R, then 
R is the radius of convergence; if the power series only converges at 
x = a, the radius of convergence is R = 0; if the power series 
converges for all real numbers x, the radius of convergence is R = oo 


Properties of Power Series 


e Combine power series by addition or subtraction. 

e Create a new power series by multiplication by a power of the variable or a constant, or by substitution. 
Multiply two power series together. 

Differentiate and integrate power series term-by-term. 


In the preceding section on power series and functions we showed how to represent certain functions using power 
series. In this section we discuss how power series can be combined, differentiated, or integrated to create new 
power series. This capability is particularly useful for a couple of reasons. First, it allows us to find power series 
representations for certain elementary functions, by writing those functions in terms of functions with known 


power series. For example, given the power series representation for f (x) = —. we can find a power series 
1 


representation for f’ (x) = Ga" Second, being able to create power series allows us to define new functions 
—z£ 


that cannot be written in terms of elementary functions. This capability is particularly useful for solving 
differential equations for which there is no solution in terms of elementary functions. 


Combining Power Series 


If we have two power Series with the same interval of convergence, we can add or subtract the two series to create 
a new power series, also with the same interval of convergence. Similarly, we can multiply a power series by a 
power of x or evaluate a power series at x” for a positive integer m to create a new power series. Being able to do 
this allows us to find power series representations for certain functions by using power series representations of 


other functions. For example, since we know the power series representation for f (x) = —, we can find power 
series representations for related functions, such as 
Equation: 
32 d 1 
y= and y = ‘ 
1-2? (x — 1) (a — 3) 


In [link] we state results regarding addition or subtraction of power series, composition of a power series, and 
multiplication of a power series by a power of the variable. For simplicity, we state the theorem for power series 
centered at x = 0. Similar results hold for power series centered at z = a. 


Note: 
Combining Power Series 


co co 
Suppose that the two power series SS Cnx” and S> d,x” converge to the functions f and g, respectively, on a 
n=0 n—0 
common interval I. 


Co 
i. The power series » (cnz” + d,x”) converges to f + gon I. 
n=0 


co 
ii. For any integer m > 0 and any real number b, the power series bi bx™c, x” converges to br f (x) on I. 


n=0 


co 
iii. For any integer m > 0 and any real number b, the series SS Cn(bx™)” converges to f (bx™) for all x such 
n=0 
that bx” is in I. 


Proof 


We prove i. in the case of the series S (c,2” + d,x”). Suppose that x Cy,” and S d,x” converge to the 
n=0 n=0 n=0 
functions f and g, respectively, on the interval I. Let x be a point in J and let Sy (x) and Ty (x) denote the Nth 


partial sums of the series > Cn@” and » d,x”, respectively. Then the sequence {Sy (a) } converges to f (x) 


and the sequence {Ty («)} converges to g (a). Furthermore, the Nth partial sum of y (cnv” + dyx”) is 


n=0 
Equation: 
N N N 
ye (Cnt” +dyz”") = S> Cha” + » dnx” 
n=0 n=0 n=0 
= Sn (x) +TnN (@): 

Because 
Equation: 


jim (Sy (2) + Ty (x)) = Jim Sy (x) + jim Tr (2) 


we conclude that the series SS (cnz” + d,2x"”) converges to f (x) + g(z). 
n=0 


We examine products of power series in a later theorem. First, we show several applications of [link] and how to 
find the interval of convergence of a power series given the interval of convergence of a related power series. 


Example: 
Exercise: 


Problem: 
Combining Power Series 


Suppose that > Qnx” is a power series whose interval of convergence is (—1, 1), and suppose that 
n=0 


3 b,x” is a power series whose interval of convergence is (—2, 2). 
n=0 
co 
a. Find the interval of convergence of the series SS (Gee” se O40”). 
n=0 


le,2) 
b. Find the interval of convergence of the series SS Ga ae, 
n=0 


Solution: 


co co 


a. Since the interval (—1, 1) is a common interval of convergence of the series Sy a,x” and SS Dea ue 


n=0 n=0 
[o.e) 
the interval of convergence of the series SS (a,2” + 6,2") is (—1, 1). 
n=0 
co 
b. Since Ne Qyx" is a power series centered at zero with radius of convergence 1, it converges for all x in 
n=0 
the interval (—1, 1). By [link], the series 
Equation: 


Sy Go fe s~ Gene 
n=0 n=O 


converges if 3x is in the interval (—1, 1). Therefore, the series converges for all x in the interval 


(—33): 


Note: 
Exercise: 


Problem: 


co 
Suppose that Ss a,x” has an interval of convergence of (—1, 1). Find the interval of convergence of 
n=0 


Sa(F)" 


n=0 

Solution: 

Interval of convergence is (—2, 2). 
Hint 


Find the values of x such that 4 is in the interval (—1, 1). 


In the next example, we show how to use [link] and the power series for a function f to construct power series for 
functions related to f. Specifically, we consider functions related to the function f (x) = wt and we use the fact 


that 
Equation: 


1 [o.¢) 
Toe 1 baterte3+... 
n=0 


for |x| < 1. 


Example: 


Exercise: 
Problem: 
Constructing Power Series from Known Power Series 


Use the power series representation for f (x) = si combined with [link] to construct a power series for 


each of the following functions. Find the interval of convergence of the power series. 


a f(z) = 75 
bf (@) = Genes) 


Solution: 


a. First write f (x) as 


Equation: 
1 
= de || = ||- 
fe) = 8 (Ty) 
Using the power series representation for f (x) = “& and parts ii. and iii. of [link], we find that a 
power series representation for f is given by 
Equation: 
co co 
SS 32(—2*)" = Se 3a 
n=0 n=0 


Since the interval of convergence of the series for a is (—1, 1), the interval of convergence for this 


new series is the set of real numbers x such that |x?| < 1. Therefore, the interval of convergence is 


(—1, 1). 
b. To find the power series representation, use partial fractions to write f (x) = nea as the sum of 
two fractions. We have 
Equation: 
1 _ -1/2 , 1/2 
(c=1)\(=3) w eb 4 23 
2 1/2 
— =e 3-a 
_ Wp 1/6 
~ I-a 1-2 
First, using part ii. of [link], we obtain 
Equation: 
1/2 “1 
= —2x" for |x| < 1. 
il ee », 2 le| 


Then, using parts ii. and iii. of [link], we have 
Equation: 


1/6 1 pe\n 
eae for |x| < 3. 


n—=0 


Since we are combining these two power series, the interval of convergence of the difference must be 
the smaller of these two intervals. Using this fact and part i. of [link], we have 
Equation: 


where the interval of convergence is (—1, 1). 


Note: 
Exercise: 


Problem: 


Use the series for f (x) = —— on |z| < 1 to construct a series for ( , 


is T=2)@=3)" Determine the interval of 


convergence. 


Solution: 


oo 1 
> (-1 ar Seal le The interval of convergence is (—1, 1). 


1 


C=C as the difference of two fractions. 


Use partial fractions to rewrite 


In [link], we showed how to find power series for certain functions. In [link] we show how to do the opposite: 
given a power series, determine which function it represents. 


Example: 
Exercise: 


Problem: 
Finding the Function Represented by a Given Power Series 


[oe] 
Consider the power series ye 2”2”. Find the function f represented by this series. Determine the interval of 
n=0 
convergence of the series. 


Solution: 


Writing the given series as 
Equation: 


we can recognize this series as the power series for 
Equation: 


1 
arr 


Since this is a geometric series, the series converges if and only if |2a| < 1. Therefore, the interval of 
convergence is (—>, 5). 


Note: 
Exercise: 
Problem: 
co 
Find the function represented by the power series ae ae Determine its interval of convergence. 
n=0 
Solution: 


Hee) zh. The interval of convergence is (—3, 3). 
Hint 


Write 3. @" = (s)". 


Recall the questions posed in the chapter opener about which is the better way of receiving payouts from lottery 
winnings. We now revisit those questions and show how to use series to compare values of payments over time 
with a lump sum payment today. We will compute how much future payments are worth in terms of today’s 
dollars, assuming we have the ability to invest winnings and earn interest. The value of future payments in terms of 
today’s dollars is known as the present value of those payments. 


Example: 
Exercise: 


Problem: 
Chapter Opener: Present Value of Future Winnings 


- ) ~ 


(credit: modification of work by 
Robert Huffstutter, Flickr) 


Suppose you win the lottery and are given the following three options: (1) Receive 20 million dollars today; 
(2) receive 1.5 million dollars per year over the next 20 years; or (3) receive 1 million dollars per year 
indefinitely (being passed on to your heirs). Which is the best deal, assuming that the annual interest rate is 
5%? We answer this by working through the following sequence of questions. 


a. How much is the 1.5 million dollars received annually over the course of 20 years worth in terms of 
today’s dollars, assuming an annual interest rate of 5%? 

b. Use the answer to part a. to find a general formula for the present value of payments of C dollars 

received each year over the next n years, assuming an average annual interest rate r. 

Find a formula for the present value if annual payments of C dollars continue indefinitely, assuming an 

average annual interest rate r. 

Use the answer to part c. to determine the present value of 1 million dollars paid annually indefinitely. 

Use your answers to parts a. and d. to determine which of the three options is best. 


ie) 


po 


Solution: 


a. Consider the payment of 1.5 million dollars made at the end of the first year. If you were able to receive 
that payment today instead of one year from now, you could invest that money and earn 5% interest. 
Therefore, the present value of that money P} satisfies P; (1 + 0.05) = 1.5 million dollars. We 
conclude that 
Equation: 


il, 
= gE = $1.429 million dollars. 
1.05 


Similarly, consider the payment of 1.5 million dollars made at the end of the second year. If you were 
able to receive that payment today, you could invest that money for two years, earning 5% interest, 
compounded annually. Therefore, the present value of that money P> satisfies 

P2(1 + 0.05)? = 1.5 million dollars. We conclude that 


Equation: 
1.5 Aes 
i= a $1.361 million dollars. 
(1.05) 

The value of the future payments today is the sum of the present values P;, P2,..., Pao of each of those 
annual payments. The present value P; satisfies 

Equation: 

1.5 
P= 5 
(1.05) 
Therefore, 
Equation: 
i 2 epee Beers) ee , 15 


~ 5 " Gar "Ge 
= $18.693 million dollars. 


oO 


ie) 


9 


. Using the result from part a. we see that the present value P of C dollars paid annually over the course 


of n years, assuming an annual interest rate r, is given by 


Equation: 
C GC C 
= ia = dollars. 
Dar ae (len (ler) 
Using the result from part b. we see that the present value of an annuity that continues indefinitely is 


given by the infinite series 
Equation: 


< 1. Since 


We can view the present value as a power series in r, which converges as long as | ca 


r > 0, this series converges. Rewriting the series as 
Equation: 


on a (a): 


n—=0 


we recognize this series as the power series for 
Equation: 


We conclude that the present value of this annuity is 


Equation: 
Be Oo 1l+r = C 
1-7. F R 
. From the result to part c. we conclude that the present value P of C = 1 million dollars paid out every 


year indefinitely, assuming an annual interest rate r = 0.05, is given by 


Equation: 
it ae 
P= — = 20 million dollars. 
0.05 
From part a. we see that receiving $1.5 million dollars over the course of 20 years is worth $18.693 


million dollars in today’s dollars. From part d. we see that receiving $1 million dollars per year 
indefinitely is worth $20 million dollars in today’s dollars. Therefore, either receiving a lump-sum 
payment of $20 million dollars today or receiving $1 million dollars indefinitely have the same present 
value. 


Multiplication of Power Series 


We can also create new power series by multiplying power series. Being able to multiply two power series 
provides another way of finding power series representations for functions. 


The way we multiply them is similar to how we multiply polynomials. For example, suppose we want to multiply 
Equation: 


[o.¢) 
yee" =co tee t+cgz? +::- 
n=0 
and 
Equation: 
[o.¢) 
So dna” = do + die t+ doa? +---. 
n=0 


It appears that the product should satisfy 
Equation: 


(Soe) es in) = (co + c1@ + cox? +---) ; (dy + dyx + dyx? + ---) 


n=0 n=—0 


= codg + (cido + cod1)& t (codo c,d, t cod2) x? Spas 


CO CO 
In [link], we state the main result regarding multiplying power series, showing that if 'S c,x” and oS d,x” 
n=0 n=0 
converge on a common interval J, then we can multiply the series in this way, and the resulting series also 
converges on the interval I. 


Note: 
Multiplying Power Series 
co co 
Suppose that the power series >y Cnx” and Se d,x” converge to f and g, respectively, on a common interval I. 
n=0 n=0 
Let 
Equation: 
Cn = Codn + Cidn_1 + Codn—2 +--+ + Cn-1di + Cndo 
n 
= ye Cedn_k- 
k=0 
Then 
Equation: 
co Co [o,¢) 
Sens") (Soae") = Sere 
n=0 n= n=0 
and 


Equation: 


[e,2) 
ye €,x” converges to f (x) - g(x) on I. 
n=0 


CO CO (oe) 
The series ys €,x” is known as the Cauchy product of the series >S Cnx” and S Ghee 
n=0 n=0 n—0) 


We omit the proof of this theorem, as it is beyond the level of this text and is typically covered in a more advanced 
course. We now provide an example of this theorem by finding the power series representation for 
Equation: 


1 
iS 
f(z) (1 — x) (1 — 2?) 

using the power series representations for 
Equation: 

1 1 

y= and y = ; 

—2£ x 
Example: 
Exercise: 

Problem: 


Multiplying Power Series 


Multiply the power series representation 
Equation: 


oo 
il = n 
l-rx > a 
n=0 


=l+a+a?+a3+..- 


for |x| < 1 with the power series representation 
Equation: 


for |x| < 1 to construct a power series for f (x) = on the interval (—1, 1). 


1 
(1—2)(1—2?) 
Solution: 


We need to multiply 
Equation: 


Writing out the first several terms, we see that the product is given by 
Equation: 


Since the series for y = * and y = a both converge on the interval (—1, 1), the series for the product 


also converges on the interval (—1, 1). 


Note: 
Exercise: 


[o,¢) 
Problem: Multiply the series — = oS x” by itself to construct a series for renee 


n=0 


Solution: 


Hint 


Multiply the first few terms of (1 t+a+a%+ae3+-- -) (1 t+a+a*+e°+-- -). 


Differentiating and Integrating Power Series 


lo) 

Consider a power series SS Cnt” = co tea +cox? +--- that converges on some interval J, and let f be the 
n=0 

function defined by this series. Here we address two questions about f. 


e Is f differentiable, and if so, how do we determine the derivative f’? 


e How do we evaluate the indefinite integral / f (x) dx? 


We know that, for a polynomial with a finite number of terms, we can evaluate the derivative by differentiating 
each term separately. Similarly, we can evaluate the indefinite integral by integrating each term separately. Here 
we show that we can do the same thing for convergent power series. That is, if 

Equation: 


[o-e} 


f(e) = Scene” = eo + cre + eon? ++. 


n=1 


converges on some interval J, then 
Equation: 


and 
Equation: 


converges on I 


Evaluating the derivative and indefinite integral in this way is called term-by-term differentiation of a power 
series and term-by-term integration of a power series, respectively. The ability to differentiate and integrate 
power series term-by-term also allows us to use known power series representations to find power series 
representations for other functions. For example, given the power series for f (1) = a, we can differentiate 
i f ve Similarly, using the power series for g (2) = 
fz 
can integrate term-by-term to find the power series for G (x) = In (1 + 2), an antiderivative of g. We show how 
to do this in [link] and [link]. First, we state [link], which provides the main result regarding differentiation and 
integration of power series. 


term-by-term to find the power series for f’ (x) = we 


A 
14a? 


Note: 
Term-by-Term Differentiation and Integration for Power Series 
ie,2) 


Suppose that the power series SS c,(z — a)" converges on the interval (a — R,a + R) for some R > 0. Let f 


n=0 
be the function defined by the series 
Equation: 
[o,¢) 
f(a) =) en(e—a)" 
n=0 


= cy +1 (x — a) + c2(a — a)” + €3(a — a)? +--- 


for |x — a| < R. Then fis differentiable on the interval (a — R,a + R) and we can find f’ by differentiating the 
series term-by-term: 
Equation: 


pen es SS nae a ae 
n=1 
= 1 + 2co (x — a) + 3¢3(e — a)? +++: 


for |x — a| < R. Also, to find / f (x) dx, we can integrate the series term-by-term. The resulting series 
converges on (a — R,a + R), and we have 


Equation: 


ee) (a = a) n+1 


[toa =O Sie el 


n=0 


(e=a)’ 


3 
a CG a ea Oe 


for |x — al < R. 


The proof of this result is beyond the scope of the text and is omitted. Note that although [link] guarantees the 
same radius of convergence when a power series is differentiated or integrated term-by-term, it says nothing about 
what happens at the endpoints. It is possible that the differentiated and integrated power series have different 
behavior at the endpoints than does the original series. We see this behavior in the next examples. 


Example: 
Exercise: 


Problem: 
Differentiating Power Series 


a. Use the power series representation 
Equation: 


ats 
ES 
8 
~~ 
I 
b 
[Je 
8 


for |x| < 1 to find a power series representation for 
Equation: 
il 
Na ace orem 
(l—2)’ 


on the interval (—1, 1). Determine whether the resulting series converges at the endpoints. 
ap I 
dee 


[o.e) 
b. Use the result of part a. to evaluate the sum of the series oe 
n=0 


Solution: 


a. Since g(x) = Aen is the derivative of f (x) = =+., we can find a power series representation for g 


by differentiating the power series for f term-by-term. The result is 
Equation: 


d 
(l+a+a?+23+.-.-) 
1+ 22+ 3274+ 4e? 4+... 


for |x| < 1. [link] does not guarantee anything about the behavior of this series at the endpoints. Testing 


the endpoints by using the divergence test, we find that the series diverges at both endpoints z = +1. 
Note that this is the same result found in [link]. 
b. From part a. we know that 


Equation: 
2s 1 
(n+1)z = ee ae 
n=0 (1 ae xr) 
Therefore, 
Equation: 
— n — 
=) Ae n=0 3 
= 1 
(EaP 
ees 
Gy 
= iG 
a 
Note: 
Exercise: 
Problem: 


le,2) 
Differentiate the series a : = =o (n + 1)x” term-by-term to find a power series representation for 
cat 


n=0 


ar on the interval (—1, 1). 


Solution: 


Write out the first several terms and apply the power rule. 


Example: 
Exercise: 


Problem: 
Integrating Power Series 


For each of the following functions f, find a power series representation for f by integrating the power series 
for f’ and find its interval of convergence. 


hs In (1 + 2) 
b. f 


Solution: 


a. For f (x) = In (1 + a), the derivative is f’ (x) = y . We know that 


Equation: 


Itz ~ 1-(-2) 


for |z| < 1. To find a power series for f (x) = In (1+ 2), we integrate the series term-by-term. 
Equation: 


Since f (x) = In (1+ 2) is an antiderivative of == it remains to solve for the constant C. Since 


In (1 + 0) = 0, we have C = 0. Therefore, a power series representation for f (x) = In (1+ 2) is 
Equation: 


for |x| < 1. [link] does not guarantee anything about the behavior of this power series at the endpoints. 
However, checking the endpoints, we find that at x = 1 the series is the alternating harmonic series, 
which converges. Also, at z = —1, the series is the harmonic series, which diverges. It is important to 
note that, even though this series converges at x = 1, [link] does not guarantee that the series actually 
converges to In (2). In fact, the series does converge to In (2), but showing this fact requires more 
advanced techniques. (Abel’s theorem, covered in more advanced texts, deals with this more technical 
point.) The interval of convergence is (—1, 1]. 

b. The derivative of f (z) = tan~!z is f’ (x) = —L,. We know that 


eee 
Equation: 
eo 1 
l+a2  ——- 1—(—a?) 
[o.e) 
= ie) 


for |x| < 1. To find a power series for f (x) = tan~‘2, we integrate this series term-by-term. 
Equation: 


Since tan~' (0) = 0, we have C = 0. Therefore, a power series representation for f (x) = tan~'z is 


Equation: 
tan ‘2s =2 S = _ Pees 
oo 2n+1 
AD 
=e 
=F Atel 


for |2| < 1. Again, [link] does not guarantee anything about the convergence of this series at the 
endpoints. However, checking the endpoints and using the alternating series test, we find that the series 
converges at x = 1 and x = —1. As discussed in part a., using Abel’s theorem, it can be shown that the 
series actually converges to tan~! (1) and tan~! (—1) at x = 1 and x = —1, respectively. Thus, the 


interval of convergence is [—1, 1]. 


Note: 
Exercise: 


Problem: 


Integrate the power series In (1 + 2) =So(- ine = term-by-term to evaluate / In (1+ 2)dz. 


Ql 


Solution: 


Use the fact that (oan — is an antiderivative of — a 


Up to this point, we have shown several techniques for finding power series representations for functions. 
However, how do we know that these power series are unique? That is, given a function f and a power series for f 
at a, is it possible that there is a different power series for f at a that we could have found if we had used a different 
technique? The answer to this question is no. This fact should not seem surprising if we think of power series as 
polynomials with an infinite number of terms. Intuitively, if 

Equation: 


co tere + cgn? +++» = do +die +dyx” +--- 


for all values x in some open interval J about zero, then the coefficients c,, should equal d, for n > 0. We now state 
this result formally in [link]. 


Note: 
Ue ans of Power Series 


co 
Let yet (a — a)” and SS d,,(z — a)” be two convergent power series such that 
n=0 
ee tore 
[o,¢) 
ac xz—a)” >» d,(z — a)” 
n=0 


for all x in an open interval containing a. Then c, = d,, forall n > 0. 


Proof 


Let 
Equation: 


Then f (a) = co = do. By [link], we can differentiate both series term-by-term. Therefore, 
Equation: 


7 =c4 2c2 (x a) } 3c3(x a)’ fee 
=d,+ 2d, (x a) } 3d3(x a)’ poses, 


and thus, f’ (a) = ci = dj. Similarly, 
Equation: 
ful(a) = 2c. +3-2c3 (x@—a)+--: 
dy 92ds (= a) eo 


implies that f(a) = 2c = 2d», and therefore, cp = dz. More generally, for any integer 
n> 0, <™ (a) = nlc, = n!d,, and consequently, cn = dy, for alln > 0. 


In this section we have shown how to find power series representations for certain functions using various 
algebraic operations, differentiation, or integration. At this point, however, we are still limited as to the functions 
for which we can find power series representations. Next, we show how to find power series representations for 
many more functions by introducing Taylor series. 


Key Concepts 


Co Co 
e Given two power series x Cpx” and > d,,x” that converge to functions f and g on a common interval I, 
n=0 n=0 
the sum and difference of the two series converge to f + g, respectively, on J. In addition, for any real number 


oe) lee) 
b and integer m > 0, the series bx™c,, x” converges to ba™ f (x) and the series c, (bz™)” converges 
8 ) n g n 8 
n=0 n=0 


to f (bx”™) whenever bx” is in the interval I. 


e Given two power series that converge on an interval (—R, R), the Cauchy product of the two power series 
converges on the interval (—R, R). 


e Given a power series that converges to a function f on an interval (—R, R), the series can be differentiated 
term-by-term and the resulting series converges to f’ on (—R, R). The series can also be integrated term-by- 


term and the resulting series converges to / f (z) da on (—R, R). 
Exercise: 
Problem: 


n 


co [o.¢) 
Pes S ~ and g(x) = SS Guae find the power series of +(f (x) + g(z)) and of 


n=0 n=0 
z(f(#) — 9 (2) 
Solution 
: 0 2n : oO n+l 
HE (@) +9(@) = Do Go ond FF) Seer 
Exercise: 
Problem: 
fC (2)= 3 - and S$ (a - eT ll , find the power series of C' (x) + S (a) and of 
C (a) — $(2). a 


In the following exercises, use partial fractions to find the power series of each function. 
Exercise: 


; 4 
Problem: (e=3)(eFly 
Solution: 
dno Ce 
(x—3)(e+1) ~~ x-3 z+1 3(1-4) 1-(-x) 3 a0 3 nao 7 n=0 on 
Exercise: 
. 3 
Problem: ‘@H)e=). 
Exercise: 
: 5 
Problem: Gaeta) 
Solution: 


oo oo nm 2. 1 
emey = Tt aga ye 2G) (a ee )e 


Exercise: 


- —_30____ 
Problem: (GF) (@=9) 


In the following exercises, express each series as a rational function. 
Exercise: 


A 
Problem: — 
Solution: 


oo 
eee ree 
t Lay on zg y-t xz—1 
n=0 


Exercise: 


I 
Problem: y aS 
x 
n=1 


Exercise: 
cs aE 
Problem: ———— a 
S AZ 
n=1 (x = 3) 
Solution: 
1 — x—3 
z-3 4 ne (a—3)?—1 
Exercise: 


oe 1 1 
Problem: 
os ( (x = ar (x = 7 a 


The following exercises explore applications of annuities. 
Exercise: 


Problem: 


Calculate the present values P of an annuity in which $10,000 is to be paid out annually for a period of 20 


years, assuming interest rates of r = 0.03, r = 0.05, and r = 0.07. 


Solution: 


20 
1 _ r)720 
P = P, + +--+ Pyo where P, = 10,000. Then P = 10,000 )  ——— = 10,000) — 
(1+r) = (1 + r) 
When r = 0.03, P © 10,000 x 14.8775 = 148,775. When 
r = 0.05, P = 10,000 x 12.4622 — 124,622. When r = 0.07, P 105,940. 


Exercise: 


Problem: 
Calculate the present values P of annuities in which $9,000 is to be paid out annually perpetually, assuming 
interest rates of r = 0.03, r = 0.05 and r = 0.07. 
Exercise: 
Problem: 


Calculate the annual payouts C to be given for 20 years on annuities having present value $100,000 assuming 
respective interest rates of r = 0.03, r = 0.05, andr = 0.07. 


Solution: 


c(1-(1+r)™) o 
In general, P = ———_——— for N years of payouts, or C = Taw" For N = 20 and P = 100,000, 
one has C' = 6721.57 when r = 0.03; C' = 8024.26 when r = 0.05; and C = 9439.29 when r = 0.07. 
Exercise: 
Problem: 
Calculate the annual payouts C to be given perpetually on annuities having present value $100,000 assuming 
respective interest rates of r = 0.03, r = 0.05, andr = 0.07. 
Exercise: 
Problem: 


Suppose that an annuity has a present value P = 1 million dollars. What interest rate r would allow for 
perpetual annual payouts of $50,000? 


Solution: 
In general, P = g. Thus, r = g = hele S.08: 


Exercise: 


Problem: 


Suppose that an annuity has a present value P = 10 million dollars. What interest rate r would allow for 
perpetual annual payouts of $100,000? 


In the following exercises, express the sum of each power series in terms of geometric series, and then express the 
sum as a rational function. 


Exercise: 

Problem: zx + x? — x° + x4 + 2° — x6 + --- (Hint: Group powers x°*, 23*-1, and x3*?, ) 

Solution: 

23 

(c+ 2? — x?) (1+23+26+...) = eee 
Exercise: 

Problem: z + 2? — 2? —a4+2°+a° — a2’ — «+... (Hint: Group powers x“, «**1, etc.) 
Exercise: 

Problem: x — x? — 2° + «4 — 2° — 26 4 a” — --- (Hint: Group powers x°*, 23*-!, and 234-2, ) 


Solution: 


(x —2? — 25) (1+23+25+...) = =e 


Exercise: 


2 3 6 : 3k 3k-1 3k—2 
Problem: $+ 7 -—4+%4+ % — @ +°-:: Giint: Group powers (¢) , (4) , and (<) 3) 


In the following exercises, find the power series of f (2)g (x) given f and g as defined. 
Exercise: 


co 


Problem: f (x )=2) 8" g(x =e 


n=0 


Solution: 
n CO 
Qn = 2,6, =nso0c, = Yat a k = (n)(n +1) and f (a =Son(n 
k=0 n=1 
Exercise: 
Problem: 
->) ->5 : . Express the coefficients of f (2)g (x) in terms of H 3 : 
x” —2". Ex ici i = =. 
Exercise: 
oo n 
Problem: f (x = (5 ) 
n=1 
Solution: 
lo} 
Ay — dp, = 2506 =) batn k= 2" = # and f (x )=don(E )" 
n=1 
Exercise: 


Problem: f (x) = g(x) = S ne" 


In the following exercises, differentiate the given series expansion of f term-by-term to obtain the corresponding 
series expansion for the derivative of f. 
Exercise: 


Problem: f (x) = =+> = 3 (—1)"2" 


Solution: 


[e,2) 
The derivative of f is 1 = > 1)” (n+1)2”. 


Exercise: 


Problem: f (2) = => = San 


In the following exercises, integrate the given series expansion of f term-by-term from zero to x to obtain the 
corresponding series expansion for the indefinite integral of f. 


Exercise: 
2 _ 22 —_ 4)” 2n-1 
Problem: f(x) = =p = Du 1)” (2n)ax 
Solution: 
Co 
The indefinite integral of f is +> = ys (nar 
n=0 
Exercise: 
oo 
Problem: f (xz) = a =2S (-1)"2?"t? 
n=0 


In the following exercises, evaluate each infinite series by identifying it as the value of a derivative or integral of 
geometric series. 
Exercise: 


Tl 
Me 
8, 


[o,¢) 
Problem: Evaluate S> = as f’ (+) where f (x) 
n=1 


n=0 
Solution: 
oe) oe) n i lee) 
fat We ts 1); >. ee} = ts dd < _ 
a 8 = rail’ (2) = d ge — a ~ 2) leap Se eie = oe a? 
Exercise: 


Tl 
agi: 
a, 


[o.¢) 
Problem: Evaluate DS = as f’ (+) where f (2) 
n=1 


Exercise: 


[o@) = 1 ioe) 
Problem: Evaluate ye eee as flv (3) where f (x) = s xe. 
n=2 


= n=0 


Solution: 


n=0 n=2 e=1/2 
[o.¢) 
n(n—-1 

ee 

n=2 2 
Exercise: 

CO 
_ \" 2? _ 1 

Problem: Evaluate ae a Es as as fF f (t) dt where f (x) = a ia = th5r- 

In the following exercises, given that —— 3 x”, use term-by-term differentiation or integration to find power 
n=0 

series for each function centered at the given point. 
Exercise: 


Problem: f (x) = Inz centered at = 1 (Hint: = 1 — (1—2)) 


Solution: 


[Xo-ae= [Ocyre- ye = "ey 


Exercise: 


Problem: In (1 — z) atx = 0 


Exercise: 
Problem: In (1 - x) atz = 0 


Solution: 


Exercise: 


Problem: f (x) = ae atz = 0 


Exercise: 
Problem: f (x) = tan”! (z”) ata =0 


Solution: 


Exercise: 


Problem: f (x) = In (1 +2”) atx =0 


Exercise: 
Problem: f (x) = Intdt where In ( =Sv(- a 
0 


Solution: 


Term-by-term integration gives 


° wz = n-1 (a-1)?" = = _4yn-l 1 1 i < 
[f wntae= 30 1) reeT = 5° (-1) ( 7) te 1) 1)inc + So ( 


n=l n=1 te n=2 
Exercise: 
Problem: 
ie) n 
[T] Evaluate the power series expansion In (1 + x) = S ene — at z = 1 to show that In (2) is the 
n=1 


sum of the alternating harmonic series. Use the alternating series test to determine how many terms of the 
sum are needed to estimate In (2) accurate to within 0.001, and find such an approximation. 


Exercise: 
Problem: 


i+2). Evaluate at 


[T] ues the infinite series of In (1 — x) from In (1 + a) to get a power series for In ( 


L= $ . What is the smallest N such that the Nth partial sum of this series approximates In (2) with an error 
less than 0.001? 


Solution: 


co zr Co cam a” 
have In (1 = In (1 = -1 —.Th 
We have In (1 — x) DS ae n(1+2) SK ) a5 us, 


=] = 
oe : n oo ed 
In (#42) => (14 (-1)" == 2505 7: When & = 3 we obtain 
=1 = n 
se. ‘ 4 ; 
In (2) = 2 oy 32-1 (Qn — 1)" We have 2 e 32"-1(2n — 1) = 1) = 0.69300. . +) while 


2 = 0.69313... and In (2) = 0.69314. ..; therefore, N = 4. 
2 Tn @) 


In the following exercises, using a substitution if indicated, express each series in terms of elementary functions 
and find the radius of convergence of the sum. 
Exercise: 


Problem: ye grt") 


Exercise: 


3k 


ea xv 
Problem: S — 
4 6k 


Solution: 


a"). The radius of convergence is equal to 1 by the ratio 


0° ae 7 OO 7 : 
SS = —In (1 x) so \ > a ‘In (1 


k=1 k k=1 
test. 


Exercise: 


[o.¢) 
Problem: SS (1+ 2?) ze using y= = 25 
k=1 


Exercise: 


[o.¢) 
Problem: 2-** using y = 27? 
1 


k= 
Solution: 
[e,2) 
If y = 2-*, then Soyk = = = = = =a . Ifa, = 2~**, then ae =2-* <1 whenz > 0. So the 
k=1 
series converges for all x > 0. 
Exercise: 
co ar 
Problem: Show that, up to powers x? and y?, E (x) = SS —- satisfies E(x + y) = E(x) E(y). 
marae L: 
Exercise: 
Cc gt? 
Problem: Differentiate the series E (x) = SS —~ term-by-term to show that (2) is equal to its derivative. 
n! 
n=0 


Solution: 


Answers will vary. 
Exercise: 


Problem: 


oe) z 
Show that if f (x) = Ss a,x” is a sum of even powers, that is, an = 0 if nis odd, then F' = / f (t)dtisa 
0 


n=0 
sum of odd powers, while if f is a sum of odd powers, then F is a sum of even powers. 


Exercise: 
Problem: 
lee) 
uppose that the coefficients a, of the series a,x” are define e recurrence relation 
[T] Suppose that th ff ts d, of th ” are defined by th lat 
n=0 


Og Sa n(n—1) 
n=0 


on [—1, 1]. 


N 
oo “2 For ag = 0 and a, = 1, compute and plot the sums Sy = ys a,x” for N = 2,3,4,5 


Solution: 


ns 


1.5 


+ + + + + + + te 
—0.8-0.6-0.45027 0 02 04 06 08 1x 


The solid curve is Ss. The dashed curve is S», dotted is S3, and dash-dotted is S4 
Exercise: 


Problem: 


[e,2) 
[T] Suppose that the coefficients a, of the series 3 a,x” are defined by the recurrence relation 


n=0 

N 
an = = Tate = . For ag = 1 and a; = 0, compute and plot the sums Sy = 2, a,x” for 
N = 2,3,4,5 on ([—1,1]. 2 

Exercise: 
Problem: 
co gt 

[T] Given the power series expansion In (1 + 2) =Sv(- —., determine how many terms N of the 
sum evaluated at x = —1/2 are needed to ae (2) accurate to within 1/1000. Evaluate the 


n-1 a 


corresponding partial sum SS (-1) 
n 


n=1 
Solution: 
1 1 See ‘- 1 1 1 
When z = —+,—In (2) = In ($) = SS gn” Since ) ae ae >» a 3s» one has 
n=1 n=11 


10 
1 
S Won 0.69306... whereas In (2) = 0.69314. . .; therefore, N = 10. 
n 


n=1 
Exercise: 
Problem: 
oo , reel 
[T] Given the power series expansion tan! (x) = (—1) , use the alternating series test to 
ar 2k+1 
determine how many terms N of the sum evaluated at z = 1 are needed to approximate tan~' (1) = = 


N 2k+1 
accurate to within 1/1000. Evaluate the corresponding partial sum aS (=a or ra 
k=0 


Exercise: 


Problem: 


[T] Recall that tan“ (=) = ;. Assuming an exact value of (4), estimate % by evaluating partial 


“ ue 2k+1 
oo + 
sums Sv (+) of the power series expansion tan‘ (x) = ye (=1)* a ai atz = aa What is the 
k=0 


smallest number N such that 6S'y (+) approximates 7 accurately to within 0.001? How many terms are 


needed for accuracy to within 0.00001? 
Solution: 


N 
6Sy (=) = ave ek "= on 5 One has 7 — 6S, (=) = 0.00101... and 


tT — 6S5 (=) = 0.00028...so N = 5 is the smallest partial sum with accuracy to within 0.001. Also, 


mn — 6S (+) — 0.00002. .. while r — 6S ( +) — —0.000007... so N = 8 is the smallest N to give 
accuracy to within 0.00001. 


Glossary 


term-by-term differentiation of a power series 


Co 
a technique for evaluating the derivative of a power series ss Cn(x — a)” by evaluating the derivative of 
n=0 
[o.¢) 
each term separately to create the new power series S NCy (x — a)”"* 


n=1 
term-by-term integration of a power series 


[o.¢) 
a technique for integrating a power series > Cn(x — a)” by integrating each term separately to create the 


[o.¢) 
new power series C' 4 ; Cn 
n=0 


Taylor and Maclaurin Series 


e Describe the procedure for finding a Taylor polynomial of a given order for a function. 
e Explain the meaning and significance of Taylor’s theorem with remainder. 
e Estimate the remainder for a Taylor series approximation of a given function. 


In the previous two sections we discussed how to find power series representations for certain types of functions— 
specifically, functions related to geometric series. Here we discuss power series representations for other types of 
functions. In particular, we address the following questions: Which functions can be represented by power series 
and how do we find such representations? If we can find a power series representation for a particular function f 
and the series converges on some interval, how do we prove that the series actually converges to f? 


Overview of Taylor/Maclaurin Series 


Consider a function f that has a power series representation at z = a. Then the series has the form 
Equation: 


[o-e} 


S\ ca(a — a)” = ep + x(a — a) + c9(@ — a)? +---. 


n=0 


What should the coefficients be? For now, we ignore issues of convergence, but instead focus on what the series 
should be, if one exists. We return to discuss convergence later in this section. If the series [link] is a representation 
for f at ¢ = a, we certainly want the series to equal f (a) at x = a. Evaluating the series at x = a, we see that 
Equation: 


Yo en( — a)” =co+c (a a) Co(a a)? ae 


n=0 
= Co. 


Thus, the series equals f (a) if the coefficient co = f (a). In addition, we would like the first derivative of the 
power series to equal f’ (a) at « = a. Differentiating [link] term-by-term, we see that 


Equation: 
d [<= i 2 
. S Cp(z — a)” | = cy + 2c (x — a) + 3c3(4 — a)" +++ 
x 
n=0 


Therefore, at = a, the derivative is 
Equation: 


Therefore, the derivative of the series equals f’ (a) if the coefficient c; = f’ (a). Continuing in this way, we look 
for coefficients c, such that all the derivatives of the power series [link] will agree with all the corresponding 
derivatives of f at x = a. The second and third derivatives of [link] are given by 

Equation: 


d2 


da? 


(Sesto - 09] = 2¢g +3 -2c3 (x —a) + 4+ 3cq4(2 — a)? +--- 
n=0 


and 
Equation: 


a (<= 
ae (Seo) =3-2c3+4-3-2c4 (a —a) +5-4-3c5(a — a)? +--- 


n=0 


Therefore, at = a, the second and third derivatives 


Equation: 
3 [o,¢) 
(Sate -0"] = 2co +3 - 2c3 (a — a) + 4+ 3c4(a — a)? +++: 
n=0 
= 2c2 
and 
Equation: 


my »(Sae-a ‘ =3-2c3+4-3-2cq(a—a)+5-4-3c5(a—a)?+-:- 


= 3-2c3 


equal f(a) and f(a), respectively, if cp = ss ie) ) and c3 = mfrac More generally, we see that if f has a power 


(n 
series representation at x = a, then the re should be given by c, = pal) 


Equation: 


. That is, the series should be 


io (n) a a 2 a 
Yea" = Fla) + F(a) (2 a) 4 IU) a) , INO) a)P +... 


This power series for f is known as the Taylor series for f at a. If a = 0, then this series is known as the 
Maclaurin series for f. 


Note: 

Definition 

If f has derivatives of all orders at x = a, then the Taylor series for the function f at a is 
Equation: 


ee) (.) (q a 2 (”) (q 4 
Se aa) = 904 Pile=a) 4 ie aap toon te a ees 


The Taylor series for f at 0 is known as the Maclaurin series for f. 


Later in this section, we will show examples of finding Taylor series and discuss conditions under which the 
Taylor series for a function will converge to that function. Here, we state an important result. Recall from [link] 
that power series representations are unique. Therefore, if a function f has a power series at a, then it must be the 
Taylor series for f at a. 


Note: 

Uniqueness of Taylor Series 

If a function f has a power series at a that converges to f on some open interval containing a, then that power 
series is the Taylor series for f at a. 


The proof follows directly from [link]. 


To determine if a Taylor series converges, we need to look at its sequence of partial sums. These partial sums are 
finite polynomials, known as Taylor polynomials. 


Note: 
Visit the MacTutor History of Mathematics archive to read brief biographies of Brook Taylor and Colin Maclaurin 
and how they developed the concepts named after them. 


Taylor Polynomials 


The nth partial sum of the Taylor series for a function f at a is known as the nth Taylor polynomial. For example, 
the Oth, 1st, 2nd, and 3rd partial sums of the Taylor series are given by 


Equation: 
Po (x) = f (a), 
pi (2) = f (a) + f' (a) («—a), 
po (2) = f (a) + f' (a) (e@—a) + MO (@ — 0)’, 
p3() = f (a) + f' (a) (e—a) + MO (@ — a)? + MO (a — a), 


respectively. These partial sums are known as the Oth, 1st, 2nd, and 3rd Taylor polynomials of f at a, respectively. 
If a = 0, then these polynomials are known as Maclaurin polynomials for f. We now provide a formal definition 
of Taylor and Maclaurin polynomials for a function f. 


Note: 
Definition 
If f has n derivatives at = a, then the nth Taylor polynomial for f at a is 
Equation: 
Wa NV(a (") (a 
Pn (2) = F(a) + (a) (w— a) + PUD (a)? + MU fg ayy... Fe gyn 


The nth Taylor polynomial for f at 0 is known as the nth Maclaurin polynomial for f. 


We now show how to use this definition to find several Taylor polynomials for f (2) = Ina at z = 1. 


Example: 
Exercise: 


Problem: 
Finding Taylor Polynomials 


Find the Taylor polynomials po, pi, p2 and p3 for f (x) = Inz at e = 1. Use a graphing utility to compare 
the graph of f with the graphs of po, pi, p2 and p3. 


Solution: 


To find these Taylor polynomials, we need to evaluate f and its first three derivatives at x = 1. 
Equation: 


for — ing (Deo 
fi@) = 5 fQ) = 1 
fi(z) = -4 fred) = -1 
f(z) = 3 He) = 2 
Therefore, 
Equation: 
pole) = F1)—0; 
pi(a) = f(1)+f/()(@-1) 2-1, 
ee) = HOM Ole =N4 Sel Seat =e =i 
me) = POM Ole=1 4 See ae hy 
= (e«-1)-}(e-1)?+4(@-1)° 


The graphs of y = f (x) and the first three Taylor polynomials are shown in [link]. 
yp Px) = & 1) Sx - 1)? + S@ - 1) 


f(x) = In(x) 


po(x) = 0 
4x 


p(x) = (x - 1) - 5-17 


The function y = Inz and the Taylor polynomials 
Po, P1, p2 and p3 at x = 1 are plotted on this graph. 


Note: 
Exercise: 


Problem: Find the Taylor polynomials po, pi, p2 and p3 for f (x) = = atz = 1. 


Solution: 


po (x) = 1;p1 (x) = 1 — 2 (a — 1); po (2) = 1 — 2 (@ — 1) + 3(@ — 1); ps (2) = 1 — 2 (@ — 1) + 3(@ —1)° 
Hint 


Find the first three derivatives of f and evaluate them at x = 1. 


We now show how to find Maclaurin polynomials for e*, sinz, and cosz. As stated above, Maclaurin polynomials 
are Taylor polynomials centered at zero. 


Example: 
Exercise: 


Problem: 
Finding Maclaurin Polynomials 


For each of the following functions, find formulas for the Maclaurin polynomials pg, p;, pz and p3. Find a 
formula for the nth Maclaurin polynomial and write it using sigma notation. Use a graphing utilty to compare 
the graphs of po, p1, Po and ps with f. 


eee —en 
bone icing 
Gay (an) cose 
Solution: 
a. Since f (x) = e”, we know that f(x) = f' (x) = fu (x) =--- = f™ (x) = e? forall positive 
integers n. Therefore, 
Equation: 


f (0) = f' (0) = fu (0) =--- = f™ (0) =1 


for all positive integers n. Therefore, we have 
Equation: 


oy 


po(z) = f(0)=1, 
pi(z) = f(0)+f'(0)x =1+2, 
pr(e) = f(0) +f Oat Bre? =1+2+ 40°, 
p3(e) = f(0)+f' (02+ 292? + MOz 
2 3! 

= isa ye? 4 a, 
pa(z) = f(0)+f'O)e+ Ba? + AM as4...4 Lia 

pe eae 

k=0 ki 


The function and the first three Maclaurin polynomials are shown in [link]. 
f(x) = e* 


The graph shows the function y = e® and the 
Maclaurin polynomials po, p1, p2 and p3. 


. For f (x) = sina, the values of the function and its first four derivatives at z = 0 are given as follows: 
Equation: 


QQ) = sng (0) 0 

i @) = cosz (Oy cael 

fu(z) = -sinz jo@) = © 
fitt(z) = —cose fm(0) = -1 

f (a) sin x # (0) 0. 


Since the fourth derivative is cos, the pattern repeats. That is, f°”) (0) = 0 and 
f?™) (0) = (—1)” for m > 0. Thus, we have 
Equation: 


po (x) = 0, 

pi(z)=0+a"=2, 

p2(z) =0+2+0=2, 

ps(2) =O+e2+0- ya =0-F, 

pa(z) =0+2+0 7ee+0=2 a 

P(e) =O+e+0— Fa 40+ 52° 2-5 + 5, 
and for m > 0, 
Equation: 


Poel) —Pomnee (2) 


3 5. 2m+1 
=t- at 5 ree (msi)! 
m gp 2k+l 
a d (- (2k +1)! 


f(x) = sin(x) 


P(x) 


The graph shows the function y = sinz and the 
Maclaurin polynomials pi, p3 and ps. 


c. For f (x) = cos, the values of the function and its first four derivatives at x = 0 are given as follows: 
Equation: 


(p= cosa f (0) 1 
{ @) = =sing 1) Sa 
fi'(2) = —cose fu(o) = -1 
fii (a) — sine fm(0) = 0 
f(e) = cose  —f(0) 


Since the fourth derivative is cosa, the pattern repeats. In other words, f°” (0) = (—1)” and 
f+) = 0 form > 0. Therefore, 
Equation: 


P3 (et) = 
2 4 
Ae) = 0 Te tee pe 1 a 
2 4 
ps (z) =1+0- 42°+0+ qat*+0=1-$4+4, 
and for n > 0, 
Equation: 


P2m (x) = P2m+1 (x) 


2 4 2m 
Sal oy iene es ais 1)" Gm 
= ae 1)* 2% 
=) (2k)! 


Graphs of the function and the Maclaurin polynomials appear in [link]. 
xt 
4 


f(x) = cos(x) 


p(x) 


The function y = cosz and the Maclaurin polynomials 
Po, P2 and pq are plotted on this graph. 


Note: 
Exercise: 


Problem: 


1 


Find formulas for the Maclaurin polynomials po, pi, p2 and p3 for f (2) = ——. Find a formula for the nth 


Eas © 
Maclaurin polynomial. Write your anwer using sigma notation. 


Solution: 


po (x) = 1;p; (z) =1—a2;p. (x4) =1—2+273p3 (x4) =1—2+2?—-23;p, (4) =1—-x2+22%-2734+-- 


Hint 


Evaluate the first four derivatives of f and look for a pattern. 


Taylor’s Theorem with Remainder 


Recall that the nth Taylor polynomial for a function f at a is the nth partial sum of the Taylor series for f at a. 
Therefore, to determine if the Taylor series converges, we need to determine whether the sequence of Taylor 
polynomials {p,,} converges. However, not only do we want to know if the sequence of Taylor polynomials 
converges, we want to know if it converges to f. To answer this question, we define the remainder R,, (x) as 
Equation: 


Rn (2) = f (@) — Pn (2). 


For the sequence of Taylor polynomials to converge to f, we need the remainder R,, to converge to zero. To 
determine if R,, converges to zero, we introduce Taylor’s theorem with remainder. Not only is this theorem 
useful in proving that a Taylor series converges to its related function, but it will also allow us to quantify how well 
the nth Taylor polynomial approximates the function. 


Here we look for a bound on |R,,|. Consider the simplest case: n = 0. Let po be the Oth Taylor polynomial at a for 
a function f. The remainder Ro satisfies 
Equation: 


If f is differentiable on an interval J containing a and x, then by the Mean Value Theorem there exists a real 
number c between a and x such that f (x) — f (a) = f’ (c) (x — a). Therefore, 
Equation: 


Ro (x) = f' (c) (e— a). 


Using the Mean Value Theorem in a similar argument, we can show that if f is n times differentiable on an interval 
I containing a and x, then the nth remainder R,, satisfies 
Equation: 


for some real number c between a and x. It is important to note that the value c in the numerator above is not the 
center a, but rather an unknown value c between a and x. This formula allows us to get a bound on the remainder 
R,. If we happen to know that | f (a+) (x)| is bounded by some real number M on this interval J, then 


Equation: 


| _ liga 


|Rn(z)| < mtd! z 


for all x in the interval I. 


We now State Taylor’s theorem, which provides the formal relationship between a function f and its nth degree 
Taylor polynomial p,, (x). This theorem allows us to bound the error when using a Taylor polynomial to 
approximate a function value, and will be important in proving that a Taylor series for f converges to f. 


Note: 

Taylor’s Theorem with Remainder 

Let f be a function that can be differentiated n + 1 times on an interval J containing the real number a. Let pn be 
the nth Taylor polynomial of f at a and let 

Equation: 


Rn (x) = f(@) — Pn (2) 


be the nth remainder. Then for each x in the interval J, there exists a real number c between a and x such that 
Equation: 


ee. (c) n+1 
R, («) = ————~(f£#-a : 
(2) = Fay @ 9) 
If there exists a real number M such that | fo (x)| < M forall x € J, then 
Equation: 
M n+1 
|Rn(x)| < eae — al 
for all x in I. 
Proof 
Fix a point x € J and introduce the function g such that 
Equation: 
fu (é) f™ (t) (e-4)™" 
g(t) =f(z)-f)-f O@-t (x —t)’ (x — t)" — Ry (x) =r 


We claim that g satisfies the criteria of Rolle’s theorem. Since g is a polynomial function (in 0), it is a differentiable 
function. Also, g is zero att = a andt = x because 
Equation: 


g(a) = f(x) —f(a)-f" (a) (2-0) — M2 (a — a) +--+ HO (e —a)” — Ry (2) 
= f(«) —pn(2) — Rn (z) 


0, 
g(z) = f(x)—f(z)—-0—---—0 
0. 


Therefore, g satisfies Rolle’s theorem, and consequently, there exists c between a and x such that g’ (c) = 0. We 
now calculate g’. Using the product rule, we note that 
Equation: 


Consequently, 
Equation: 


g(t) =f) +UF © — fal) @- 8) + [fr (@-t) - AP @-2)] + 
T ae @-7"— 2 e+ t)"| +(n+1)R, (2) = 


n! (x—a)"*} = 


Notice that there is a telescoping effect. Therefore, 
Equation: 


By Rolle’s theorem, we conclude that there exists a number c between a and x such that g’ (c) = 0. Since 
Equation: 


(n+) (¢ x —c)” 
gy {e)= f ( ue c)"+(n+)R ( 
" (x — a) 
we conclude that 
Equation: 
(n+1) (¢ x —c)” 
f — ( ) (x c)” (n ; 1)R ( 7 7 -_ = 


Adding the first term on the left-hand side to both sides of the equation and dividing both sides of the equation by 
heaas ea we conclude that 


Equation: 


for) (c) 


(n+1)! ve 


Ree) = 


(x —a 


as desired. From this fact, it follows that if there exists M such that | f (n+1) (x)| < M for all x in J, then 
Equation: 


[Rn (x)| < 


me ae 


Not only does Taylor’s theorem allow us to prove that a Taylor series converges to a function, but it also allows us 
to estimate the accuracy of Taylor polynomials in approximating function values. We begin by looking at linear 
and quadratic approximations of f (x) = ¥/x at x = 8 and determine how accurate these approximations are at 


estimating V11. 


Example: 
Exercise: 


Problem: 
Using Linear and Quadratic Approximations to Estimate Function Values 


Consider the function f (x) = ~/z. 


a. Find the first and second Taylor polynomials for f at z = 8. Use a graphing utility to compare these 
polynomials with f near z = 8. 


b. Use these two polynomials to estimate ~/ ik 
c. Use Taylor’s theorem to bound the error. 


Solution: 


a. For f (x) = 4/z, the values of the function and its first two derivatives at z = 8 are as follows: 
Equation: 


f'(e) = san 8) a 
fille) = aaas NO) = rre 


Thus, the first and second Taylor polynomials at z = 8 are given by 


Equation: 
pi(e) = f(8)+f'(8)(e —8) 
= 24+4(c-8) 
pe) = POP OW@=)- ee esr 
= 24+ 4(¢-8)- (2-8). 


10 12 14 16 18% 


The graphs of f (x) = ¢/z and the linear and quadratic 
approximations p; (x) and po (2). 


b. Using the first Taylor polynomial at z = 8, we can estimate 
Equation: 


1 
VIL ~ pi (11) = 2+ 75 (11 — 8) = 2.25. 


Using the second Taylor polynomial at z = 8, we obtain 
Equation: 


1 
288 


1 
(11 — 8) (11 — 8)? = 2.21875. 


V11 & po (11) =2+ 
12 

By [link], there exists ac in the interval (8, 11) such that the remainder when approximating V 11 by 

the first Taylor polynomial satisfies 

Equation: 


ie) 


ig A) = 


Tee 


We do not know the exact value of c, so we find an upper bound on R; (11) by determining the 
maximum value of f/ on the interval (8, 11). Since f(x) = —>= —4,, the largest value for | f/” (x)| on 
that interval occurs at z = 8. Using the fact that f/ (8) = —+4,, we obtain 
Equation: 


et) | (it —18)4 — 0.03125: 


I< 1 
~ 144.2! 


Similarly, to estimate Ry (11), we use the fact that 
Equation: 


fur(c) 


Ra (11) = 


(i—3) 


Since fii (x) = = sh, 
Therefore, we have 


the maximum value of f/// on the interval (8,11) is f(8) + 0.0014468. 


Equation: 
0.0011468 
|R2 (11)| < = — 8)° = 0.0065104. 
Note: 
Exercise: 
Problem: 


Find the first and second Taylor polynomials for f (x) = ./z at x = 4. Use these polynomials to estimate 
6. Use Taylor’s theorem to bound the error. 


Solution: 


pi (z) =2+ 4(e —4); po (x) =24+ F(e@ —4) - F(a 4)”; pi (6) = 2.5; po (6) = 2.4375; 


|R1 (6)| < 0.0625; |R2 (6)| < 0.015625 
Hint 


Evaluate f (4), f’ (4), and fm (4). 


Example: 
Exercise: 


Problem: 
Approximating sin x Using Maclaurin Polynomials 


From [link]b., the Maclaurin polynomials for sinz are given by 
Equation: 


P2m+4+1 (x) = P2m+2 (x) 


=xe-2P 42-2 4...4(-1) 


Hor td = Oy Ih Boo 000 


a. Use the fifth Maclaurin polynomial for sinz to approximate sin (=) and bound the error. 


b. For what values of x does the fifth Maclaurin polynomial approximate sin x to within 0.0001? 


Solution: 


a. The fifth Maclaurin polynomial is 
Equation: 


Using this polynomial, we can estimate as follows: 
Equation: 


us 


sin (4) = ps (4) 
=4-4(4)+4(4) 


= 0.173648. 


To estimate the error, use the fact that the sixth Maclaurin polynomial is pg (x) = ps («) and calculate a 
bound on Rg (+) . By [link], the remainder is 
Equation: 


for some c between 0 and =, . Using the fact that | fF (x)| < 1 for all x, we find that the magnitude of 


the error is at most 
Equation: 


1 Tay —10 
een ee ey 
7 aa) BEEN 


b. We need to find the values of x such that 
Equation: 


ay 
7 lel" < 0.0001. 


Solving this inequality for x, we have that the fifth Maclaurin polynomial gives an estimate to within 
0.0001 as long as |x| < 0.907. 


Note: 
Exercise: 


Problem: Use the fourth Maclaurin polynomial for cosz to approximate cos (4). 


Solution: 


0.96593 
Hint 


The fourth Maclaurin polynomial is p4 (~) = 1— + 47. 


Now that we are able to bound the remainder R,, (x), we can use this bound to prove that a Taylor series for f at a 


converges to f. 


Representing Functions with Taylor and Maclaurin Series 


We now discuss issues of convergence for Taylor series. We begin by showing how to find a Taylor series for a 


function, and how to find its interval of convergence. 


Example: 
Exercise: 


Problem: 
Finding a Taylor Series 


Find the Taylor series for f (2) = 4 at x = 1. Determine the interval of convergence. 


Solution: 


Hoye (a) = z, the values of the function and its first four derivatives at = 1 are 


Equation: 


i fQ) = 1 

Ol = ee FAV a al 
Ae = fu(1) 2! 

fi(2) = — ot fi(1) = -8! 
f (2) a f% (1) 4!. 


That is, we have f(") (1) = (—1)"n! for all n > 0. Therefore, the Taylor series for f at x = 1 is given by 
Equation: 


[e-e) (n) [e-e) 
Ss f ) (w— 1)" = $0 (-1)"(@- 1)”. 


n=0 8 n=0 


To find the interval of convergence, we use the ratio test. We find that 
Equation: 


\(-)"(@ > | - 
Pale ELE] te 


a 
| aaa = |x 1). 


Thus, the series converges if |x — 1| < 1. That is, the series converges for 0 < # < 2. Next, we need to 
check the endpoints. At z = 2, we see that 
Equation: 


[oe} 


Cie =n: 
=0 


I 
Mae 
S 

3 


nr 


diverges by the divergence test. Similarly, at z = 0, 
Equation: 


co 


Sy 0=0 =a ent = ni 
=0 


n n=0 n=0 


diverges. Therefore, the interval of convergence is (0, 2). 


Note: 
Exercise: 


Problem: Find the Taylor series for f (x) = * at = 2 and determine its interval of convergence. 


Solution: 


co 2 az. n 

SS ( | . The interval of convergence is (0, 4). 
Qn+2 

n= 


We know that the Taylor series found in this example converges on the interval (0, 2), but how do we know it 
actually converges to f? We consider this question in more generality in a moment, but for this example, we can 
answer this question by writing 

Equation: 


CO 

That is, f can be represented by the geometric series S> (1 — x)”. Since this is a geometric series, it converges to 
n=0 

= as long as |1 — z| < 1. Therefore, the Taylor series found in [link] does converge to f (x) = = on (0,2). 


We now consider the more general question: if a Taylor series for a function f converges on some interval, how 
can we determine if it actually converges to f? To answer this question, recall that a series converges to a 
particular value if and only if its sequence of partial sums converges to that value. Given a Taylor series for f at a, 
the nth partial sum is given by the nth Taylor polynomial p,,. Therefore, to determine if the Taylor series converges 
to f, we need to determine whether 
Equation: 

lim pp (x) = f (2). 


noo 


Since the remainder R, (x) = f (x) — py (x), the Taylor series converges to f if and only if 
Equation: 


lim R,, (x) = 0. 


n—-oo 


We now State this theorem formally. 


Note: 

Convergence of Taylor Series 

Suppose that f has derivatives of all orders on an interval J containing a. Then the Taylor series 
Equation: 


© £(n) (4 
se! eee 


converges to f (x) for all x in I if and only if 
Equation: 


for all x in I. 


With this theorem, we can prove that a Taylor series for f at a converges to f if we can prove that the remainder 
R,, (x) — 0. To prove that R, (x) — 0, we typically use the bound 
Equation: 


|R,, (x)| < 


ge — |" 
in +i) | 


from Taylor’s theorem with remainder. 


In the next example, we find the Maclaurin series for e* and sinz and show that these series converge to the 
corresponding functions for all real numbers by proving that the remainders R,, (x) — 0 for all real numbers x. 


Example: 
Exercise: 


Problem: 
Finding Maclaurin Series 


For each of the following functions, find the Maclaurin series and its interval of convergence. Use [link] to 
prove that the Maclaurin series for f converges to f on that interval. 


a. &* 
b. sinz 
Solution: 
a. Using the nth Maclaurin polynomial for e* found in [link]a., we find that the Maclaurin series for e* is 


given by 
Equation: 


-. 
FE Nn: 


To determine the interval of convergence, we use the ratio test. Since 


Equation: 
Jani] [el ont a 
lan] (n+ 1)! fe ntl’ 
we have 
Equation: 
pe ate ey 
n—0o |an| n>0on+1 


for all x. Therefore, the series converges absolutely for all x, and thus, the interval of convergence is 
(—00, 00). To show that the series converges to e* for all x, we use the fact that f‘”) (2) = e® for all 
n > 0 and e* is an increasing function on (—oo, co). Therefore, for any real number b, the maximum 
value of e* for all |x| < bis e°. Thus, 

Equation: 


(oy 


Since we just showed that 
Equation: 


|z|" 


0° 
Bie 
n=0 Hts 


converges for all x, by the divergence test, we know that 
Equation: 


for any real number x. By combining this fact with the squeeze theorem, the result is lim [Bip (@) = 0. 
noo 


. Using the nth Maclaurin polynomial for sinz found in [link]b., we find that the Maclaurin series for 


sinz is given by 


Equation: 
oO 2n+1 

SS (1 : | 

=A (2n + 1) 
In order to apply the ratio test, consider 
Equation: 

lana] feP"** (Qn +4)t lel? 
jan] = (Qn +3)! fgfPPtt (Qn +3) (2n + 2) 

Since 
Equation: 


jel? 


F 
n= (2n + 3) (2n + 2) 


for all x, we obtain the interval of convergence as (—0o, oo). To show that the Maclaurin series 
converges to sin, look at R,, (x). For each x there exists a real number c between 0 and x such that 
Equation: 


(n+1) 
ii (c) grth 


Ee) art 


Since | rie (c)| < 1 for all integers n and all real numbers c, we have 
Equation: 


eee 
R ————— 


for all real numbers x. Using the same idea as in part a., the result is jim. R,, (x) = 0 for all x, and 


therefore, the Maclaurin series for sinz converges to sinz for all real x. 


Note: 
Exercise: 


Problem: 


Find the Maclaurin series for f (x) = cos. Use the ratio test to show that the interval of convergence is 
(—oo, oo). Show that the Maclaurin series converges to cos for all real numbers x. 


Solution: 
care 
— (2n)! 
; ' ; F |a|"*" ; 
By the ratio test, the interval of convergence is (—0o, oo). Since |Rn (x)| < ett the series converges to 


cosz for all real x. 


Hint 


Use the Maclaurin polynomials for cosa. 


Note: 

Proving that e is Irrational 

In this project, we use the Maclaurin polynomials for e* to prove that e is irrational. The proof relies on supposing 
that e is rational and arriving at a contradiction. Therefore, in the following steps, we suppose e = r/s for some 
integers r ands where s # 0. 


i 


. Write the Maclaurin polynomials po (x), pi (x), p2 (x), p3 (x), pa (z) for e*. Evaluate 
po (1), pi (1), pe (1), ps3 (1), pa (1) to estimate e. 

. Let R,, (a) denote the remainder when using pp (x) to estimate e*. Therefore, R,, (x) = e” — pp (x), and 
R,, (1) = e — pn (1). Assuming that e = 4 for integers r and s, evaluate 
Ro (1), Ri (1), Re (1), Rs (1), R4 (1). 

. Using the results from part 2, show that for each remainder Ro (1), Ri (1), Re (1), R3 (1), Ra (1), we can 
find an integer k such that KR, (1) is an integer for n = 0, 1, 2,3, 4. 

4. Write down the formula for the nth Maclaurin polynomial p,, (x) for e* and the corresponding remainder 
R, (x). Show that sn!R,, (1) is an integer. 

. Use Taylor’s theorem to write down an explicit formula for R,, (1). Conclude that R, (1) 4 0, and 
therefore, sn!R, (1) 4 0. 

. Use Taylor’s theorem to find an estimate on R,, (1). Use this estimate combined with the result from part 5 
to show that |sn!R,, (1)| < =54-. Conclude that if n is large enough, then |sn!R,, (1)| < 1. Therefore, 
sn!R,, (1) is an integer with magnitude less than 1. Thus, sn!R,, (1) = 0. But from part 5, we know that 
sn!R,, (1) 4 0. We have arrived at a contradiction, and consequently, the original supposition that e is 
rational must be false. 


N 


ee) 


on 


n 


Key Concepts 


e Taylor polynomials are used to approximate functions near a value x = a. Maclaurin polynomials are Taylor 
polynomials at x = 0. 

e The nth degree Taylor polynomials for a function f are the partial sums of the Taylor series for f. 

e Ifa function f has a power series representation at x = a, then it is given by its Taylor series at x = a. 

* A Taylor series for f converges to f if and only if lim Rn (x) = 0 where R,, (x) = f (a) — pn (2). 


e The Taylor series for e*, sina, and cosa converge to the respective functions for all real x. 


Key Equations 
¢ Taylor series for the function f at the point x = a 
= f™ a n a (a n 
yO ea)" = F(a) + F(a) (ea) + MO (ea)? +--+ LM (ea) + 
n=0 . 


In the following exercises, find the Taylor polynomials of degree two approximating the given function centered at 
the given point. 
Exercise: 


Problem: f (x) =1+2+2? ata=1 


Exercise: 


Problem: f(z) =1+ 2+ 2? ata=-—1 
Solution: 


f(D) =F (-) =-h fe (-1) = 3 Ff (2) =1- (2 +1) + @ +0)" 


Exercise: 


Problem: f (x) = cos (2x) ata = 7 


Exercise: 
Problem: f (x) = sin (2x) ata = 


Solution: 


f' (z) = 2cos (2x); fu (x) = —4sin (22); po (x) = —2 (x — ) 


Exercise: 


Problem: f(z) = //z ata =4 


Exercise: 


Problem: f (x) = Inz ata =1 


Solution: 


f! (v) = 4; f(x) = —43p2 (x) =0 +(e - 1) — $(e- 1)” 


Exercise: 


Problem: f (x) = + ata =1 


Exercise: 
Problem: f (x) = e* ata = 1 


Solution: 


In the following exercises, verify that the given choice of n in the remainder estimate |R,,| << —“(« — a)"** 
(n+1)! > 


where M is the maximum value of | f ee) (z)| on the interval between a and the indicated point, yields 


|Rn| < aaa: Find the value of the Taylor polynomial p, of f at the indicated point. 


Exercise: 


Problem: [T] 10; a=9,n=3 


Exercise: 


Problem: [T] (28)'/?;a = 27,n=1 


Solution: 
£23 = —.4. > —0.00092... when x > 28 so the remainder estimate applies to the linear 
x 9x5/3 


approximation x1/3 ~ p; (27) = 3 + 2524, which gives (28)1/3 =~ 3+ 4 = 3.087, while 
(28)'/3 ~ 3.03658. 


Exercise: 


Problem: [T] sin (6);a = 27,n = 5 
Exercise: 

Problem: [T] e?; a = 0,n = 9 

Solution: 


10 
Using the estimate can < 0.000283 we can use the Taylor expansion of order 9 to estimate e* at x = 2. as 


e? = pg (2) =14+24 242 4...4 2 = 7.3887... whereas e? ~ 7.3891. 


Exercise: 


Problem: [T] cos (7);a =0,n = 4 


Exercise: 
Problem: [T] In (2);a = 1,n = 1000 


Solution: 


n—1 (n—1)! =~ 0.6936 whereas 


Since #7 (Inz) = (-1)" “~~, Riooo © - One has pjo90 (1) = as 


n=1 
In (2) + 0.6931.--.. 
Exercise: 
Problem: 


sinzat 


dt. 


1 
8 i . Be t? 
Integrate the approximation sint + t— | + 7 =49 evaluated at mt to approximate i 


Exercise: 


Problem: 


1 
a A 2 6 4 ed 
Integrate the approximation e* ~ 1+ a+ 4 +---++ 755 evaluated at x? to approximate / e ” dz. 
0 


Solution: 
[ : : x4 a6 78 10 ate j 
H lee t t x 
0 2 6 24 120 720 


1 
=~ 0.74683 whereas / e-* dx = 0.74682. 
0 


—1 Be oT per Gam A csr SA 
3°) 10 42 | 9.24 120-11 ' 720-13 


In the following exercises, find the smallest value of n such that the remainder estimate |.R,,| < wep (® Sarr 
where M is the maximum value of | fry (z)| on the interval between a and the indicated point, yields 


|R,| < — on the indicated interval. 


Exercise: 
Problem: f (x) = sinz on [—7, z],a =0 


Exercise: 
Problem: f (x) = cosz on [—4, $],a=0 


Solution: 


Since f'"* (z) is sinz or cos z, we have M = 1. Since |x — 0| < +» we seek the smallest n such that 


ar < 0.001. The smallest such value is n = 7. The remainder estimate is R7 < 0.00092. 


Exercise: 


Problem: f(z) = e~”* on [—1, 1],a =0 


Exercise: 
Problem: f (x) = e * on [—3, 3],a = 0 


Solution: 


Since f("+1) (z) = te one has M = e?. Since |x — 0| < 3, one seeks the smallest n such that 


cn < 0.001. The smallest such value is n = 14. The remainder estimate is Ry4 < 0.000220. 


In the following exercises, the maximum of the right-hand side of the remainder estimate |Rj| < marl ft) R? on 


[a — R,a+ RJ occurs at a or a + R. Estimate the maximum value of R such that maxi Mal Re < 0.1 on 
[a — R,a + RJ by plotting this maximum as a function of R. 
Exercise: 


Problem: [T] e* approximated by 1+ z,a = 0 


Exercise: 


Problem: [T] sin z approximated by x, a = 0 


Solution: 


(0.5966, 0.2) 


0.1 02 03 04 05 06 07 08 09 1% 


Since sinz is increasing for small x and since sin//x = —sinz, the estimate applies whenever 
R’sin (R) < 0.2, which applies up to R = 0.596. 
Exercise: 


Problem: [T] Inz approximated by x —1,a=1 


Exercise: 


Problem: [T] cosz approximated by 1,a = 0 


Solution: 


(0.44720, 0.2) 


++ +—<+ _— 
0} 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5* 


Since the second derivative of cosz is —cosz and since cos z is decreasing away from z = 0, the estimate 
applies when R?cos R < 0.2 or R < 0.447. 


In the following exercises, find the Taylor series of the given function centered at the indicated point. 
Exercise: 


Problem: x‘ at a = —1 


Exercise: 


Problem: 1 + «+ 22+ 2? ata = —1 


Solution: 


Exercise: 


Problem: sin x at a = 7 


Exercise: 


Problem: cosz at a = 27 


Solution: 
oo n 2 
ss ~2n)*" 
Values of derivatives are the same as for z = 0 so cosz = S (1), 
(2n)! 
n=0 
Exercise: 
Problem: sinz at x = + 
Exercise: 
Problem: cosz at x = + 
Solution: 
oO 1 @-2)""" 
cos (F) = 0, —sin (}) = —1socosz = > (—1)" “Gazi Which is also —cos (c — $). 


n=0 


Exercise: 


Problem: ec” at a = —1 


Exercise: 


Problem: e* ata = 1 


Solution: 
The derivatives are f(") (1) = eso e* = ey> ( ) ‘ 
a. on! 
Exercise: 
Problem: eae at a = 0 (Hint: Differentiate . ) 
Exercise: 


Problem: ae ata =0 


Solution: 
1. 1, @ 1. Ve (nt+2)(n+1)2" 
(e—1)> (>) dx2 1-« ar 2 
n=0 
Exercise: 
Problem: 


x CO t 
F(a) = | cos (v2) dt: f(t) = S> (—1)"—— at a = 0 (Note: f is the Taylor series of cos (vé).) 
In the following exercises, compute the Taylor series of each function around z = 1. 
Exercise: 
Problem: f (x) = 2 — 


Solution: 


2-x%2=1-(a«-1) 


Exercise: 


Problem: f (x) = z° 


Exercise: 
Problem: f (x) = (a — 2)’ 


Solution: 


((e —1)—1)? = (@—1)*-2(a-1) +1 


Exercise: 


Problem: f (x) = Inx 


Exercise: 


Problem: f (x) = — 


Solution: 
aa = Ds (1"@=4)" 
Exercise: 


Problem: f (x) = = 


2e—x? 
Exercise: 
Problem: f (x) = z>2—7 
Solution: 
x s eee Oe a)" = s "(x — a 3 20 (e — 1)” 
n=0 n=0 pao 
Exercise: 


Problem: f (x) = e~* 


Exercise: 


Problem: f (x) = e** 


Solution: 


2x _ p2(x-1)+2 — 2 S 
° ° 3 = n! 


[T] In the following exercises, identify the value of x such that the given series > a,, is the value of the 


n=0 


10 
Maclaurin series of f (a) at x. Approximate the value of f (x) using Sj = bs Gigs 
n=0 


Exercise: 
came | 
Problem: De — 
n! 
n=0 
Exercise: 


lo) gn 
Problem: SS a 
me el 


Solution: 


z =e; Sig = 482 ~ 7.3889947 


Exercise: 


2 (=1)"(2m)™ 
Problem: », (nyt 


Exercise: 


lo) n 2n+1 
(—1)" (27) 
Problem: —_— 
», (2n + 1)! 


Solution: 


sin (277) = 0; Sig = 8.27 x 107° 


The following exercises make use of the functions S; (x) = « — = + Fp and Cy(#) =1—4 + a on 
[—7, 7]. 
Exercise: 

Problem: 


[T] Plot sin? — (5 (x)) on [—z, x]. Compare the maximum difference with the square of the Taylor 
remainder estimate for sin x. 


Exercise: 


Problem: 


[T] Plot cos?z — (C4, (x))? on [—7, 7]. Compare the maximum difference with the square of the Taylor 
remainder estimate for cos z. 


Solution: 


The difference is small on the interior of the interval but approaches 1 near the endpoints. The remainder 
5 
estimate is |R4] = qyp © 2.552. 


Exercise: 


Problem: [T] Plot |2.55 (x)C4 (x) — sin (2x)| on [—7, z]. 
Exercise: 
Problem: 


[T] Compare ae on [—1, 1] to tanz. Compare this with the Taylor remainder estimate for the 


3 5 
approximation of tanx by «+ 4 + — 


Solution: 


The difference is on the order of 10~* on {—1, 1] while the Taylor approximation error is around 0.1 near +1. 


2 2 
ate ) and the lower dashed plot shows t? — (4) : 


The top curve is a plot of tan?a — ( 


Exercise: 


Problem: 


[T] Plot e* — e4(x) where eg (x) =1+2+ 44 4 w on [0, 2}. Compare the maximum error with the 
Taylor remainder estimate. 


Exercise: 
Problem: 
(Taylor approximations and root finding.) Recall that Newton’s method z,., = x, — Teas approximates 


solutions of f (a) = 0 near the input xo. 


a. If f and g are inverse functions, explain why a solution of g (x) = a is the value f (a) of f. 

b. Let py () be the Nth degree Maclaurin polynomial of e”. Use Newton’s method to approximate 
solutions of py (x) — 2 = 0 for N = 4,5, 6. 

c. Explain why the approximate roots of py (x) — 2 = 0 are approximate values of In (2). 


Solution: 


a. Answers will vary. b. The following are the z,, values after 10 iterations of Newton’s method to 
approximation a root of py («) — 2 = 0: for N = 4, x = 0.6939...; for N = 5, x = 0.6932...; for 
N = 6,2 = 0.69315...;. (Note: In (2) = 0.69314...) c. Answers will vary. 


[o.¢) 
In the following exercises, use the fact that if g(a) = Ss a(x — c)” converges in an interval containing c, then 
n=1 
limg (x) = ay to evaluate each limit using Taylor series. 


Exercise: 
Problem: lim £2 
z>0 6 
Exercise: 
.  In(1—2? 
Problem: lim we) 
2-0 & 
Solution: 
In (1-2? 
mos) 
x 
Exercise: 
. 22 2 
Problem: lim ¢—2—+ 
20 xr 
Exercise: 
‘ cos(./x)—1 
Problem: lim ae 
2—0t Cd 


Solution: 


cos(/x)—1 Loy (1-g4+qp—--)-1 1 
Qa ae Qa 4 


Glossary 


Maclaurin polynomial 
a Taylor polynomial centered at 0; the nth Taylor polynomial for f at 0 is the nth Maclaurin polynomial for f 


Maclaurin series 
a Taylor series for a function f at = 0 is known as a Maclaurin series for f 


Taylor polynomials 
the nth Taylor polynomial for f at = a is 


Pn (w) = f (a) + f(a) (w@ — a) + 4% @ —a)? +--+ HO @—a)" 


Taylor series 
a power series at a that converges to a function f on some open interval containing a 


Taylor’s theorem with remainder 
for a function f and the nth Taylor polynomial for f at z = a, the remainder R, (x) = f (x) — pn (a) 
as (n+1) 1 
satisfies R,, (x) = F(a ayer 
for some c between x and a; if there exists an interval J containing a and a real number M such that 


|f°*) (a)| < M for all x inJ, then |R, (x)| < Myla — a|"! 


Working with Taylor Series 


e Write the terms of the binomial series. 

e Recognize the Taylor series expansions of common functions. 

e Recognize and apply techniques to find the Taylor series for a function. 
e Use Taylor series to solve differential equations. 

e Use Taylor series to evaluate nonelementary integrals. 


In the preceding section, we defined Taylor series and showed how to find the Taylor series for several common 
functions by explicitly calculating the coefficients of the Taylor polynomials. In this section we show how to use 
those Taylor series to derive Taylor series for other functions. We then present two common applications of 
power series. First, we show how power series can be used to solve differential equations. Second, we show how 
power series can be used to evaluate integrals when the antiderivative of the integrand cannot be expressed in 


. : 4 : : ; 
terms of elementary functions. In one example, we consider - e ” dz, an integral that arises frequently in 


probability theory. 


The Binomial Series 


Our first goal in this section is to determine the Maclaurin series for the function f (x) = (1+ 2)" for all real 
numbers 7. The Maclaurin series for this function is known as the binomial series. We begin by considering the 
simplest case: r is a nonnegative integer. We recall that, for r = 0, 1, 2,3, 4, f (x) = (1 + 2)” can be written as 
Equation: 


f(e)=(1+2)"=1, 

f(e) =(l+2)' =1+2, 

f(e) =(l+2) =1+420¢+2%, 

f(e) =(1+ 2) =14 30432? +2%, 

f(w) =(L+a)* =1+4 40 + 62? + 423 + ot. 


The expressions on the right-hand side are known as binomial expansions and the coefficients are known as 
binomial coefficients. More generally, for any nonnegative integer r, the binomial coefficient of x” in the 
binomial expansion of (1 + 2)” is given by 

Equation: 


and 
Equation: 


For example, using this formula for r = 5, we see that 
Equation: 


f(a) =(+e)° 


= (o)¥+ Ge Ca)et Gs) (a) * Gs) 


2 3, 5B! p4, 5! 5 
art + sig z 


_ 5 5! 5! 5! 
= perl + qa® + ggrt + gp e 4 


14+5¢@+ 102? + 102? + 5244 25. 


We now consider the case when the exponent r is any real number, not necessarily a nonnegative integer. If r is 
not a nonnegative integer, then f (x) = (1+ 2)" cannot be written as a finite polynomial. However, we can find 
a power series for f. Specifically, we look for the Maclaurin series for f. To do this, we find the derivatives of f 
and evaluate them at « = 0. 


Equation: 

f(z) = G+)’ f(0) = 1 

f'@) = rd4¢e)y" f0) = + 

fu(z) = r(r—-1)(14+2)"? fu(0) = r(r—1) 
fii(z) = r(r—1)(r—2)(1+2)"° fm(0) = r(r—1)(r—2) 


f™ (x) = r(r—1)(r—2)---(r-n4+1)(1+2)"" f™ (0) = r(r—1)(r—-2)---(r—n+4+1) 
We conclude that the coefficients in the binomial series are given by 
Equation: 


f™ (0) _ r(r—1)(r—2)---(r—n+4+1) 
n! n! , 


We note that if r is a nonnegative integer, then the (r + 1)st derivative f (r+) is the zero function, and the series 
terminates. In addition, if r is a nonnegative integer, then [link] for the coefficients agrees with [link] for the 
coefficients, and the formula for the binomial series agrees with [link] for the finite binomial expansion. More 
generally, to denote the binomial coefficients for any real number r, we define 

Equation: 


(") _ (r= 1) (r= 2) (=n +1) 


n n! 


With this notation, we can write the binomial series for (1 + x)" as 
Equation: 


2! ni 


We now need to determine the interval of convergence for the binomial series [link]. We apply the ratio test. 
Consequently, we consider 
Equation: 


Janta] __ |r(r—1)(r—2)- - -(r—n)|2x||"*" i 
lan| (n+1)! |r(r—1)(r—2)- @ -(r—n+1)||2|” 
— [ronlle| 
In+1] * 


Since 
Equation: 


if and only if |x| < 1, we conclude that the interval of convergence for the binomial series is (—1, 1). The 
behavior at the endpoints depends on r. It can be shown that for r > 0 the series converges at both endpoints; 
for —1 < r < 0, the series converges at x = 1 and diverges at x = —1; and for r < —1, the series diverges at 
both endpoints. The binomial series does converge to (1 + x)” in (—1, 1) for all real numbers r, but proving 
this fact by showing that the remainder R,, (x) — 0 is difficult. 


Note: 

Definition 

For any real number r, the Maclaurin series for f (x) = (1 +x)" is the binomial series. It converges to f for 
|z| < 1, and we write 


Equation: 
(l+a)" = s- Ie 
n=0 nm 
Seog a Sg 
for |x| < 1. 


We can use this definition to find the binomial series for f (x) = V1 + and use the series to approximate 


V1.5. 


Example: 
Exercise: 


Problem: 
Finding Binomial Series 


a. Find the binomial series for f (x) = /1+4 a. 
b. Use the third-order Maclaurin polynomial p3 (x) to estimate V1.5. Use Taylor’s theorem to bound 


the error. Use a graphing utility to compare the graphs of f and p3. 
Solution: 


a. Herel = + Using the definition for the binomial series, we obtain 
Equation: 


aa =) Ly We) ol —— peo 
1 
2 


i i 8 a ey 8) (Uy Ua d(@e=—8) a 
oe orn yee am ye axe as ara an LE Ego 


2 (ae! tena 2) 
ee — 


Qn 


b. From the result in part a. the third-order Maclaurin polynomial is 


Equation: 
il is i 
=14 
Therefore, 
Equation: 


V15 =V1+05 
~1+ 4(0.5) — 40.5)? + 4(0.5)* 
~ 1.2266. 


From Taylor’s theorem, the error satisfies 
Equation: 


for some c between 0 and 0.5. Since f) (x) = — rR se and the maximum value of \F% (x)| on 


z) 


the interval (0, 0.5) occurs at ¢ = 0, we have 
Equation: 


15 
qe es 


Sia (0.5)* = 0.00244. 


|R3 (0.5)| 


The function and the Maclaurin polynomial p3 are graphed in [link]. 


O| o5 1 15 2 25 3 35% 


The third-order Maclaurin polynomial p3 (2) provides 
a good approximation for f (x) = 1+ 2 for x near 
Zero. 


Note: 
Exercise: 


Problem: Find the binomial series for f («) = 


Solution: 


co 


Ye Gs ie 


n=0 


Hint 


Use the definition of binomial series for r = —2. 


Common Functions Expressed as Taylor Series 


1 
(1+)? * 


At this point, we have derived Maclaurin series for exponential, trigonometric, and logarithmic functions, as 
well as functions of the form f (x) = (1+ 2)”. In [link], we summarize the results of these series. We remark 
that the convergence of the Maclaurin series for f (x) = In (1+ 2) at the endpoint 2 = 1 and the Maclaurin 
series for f (x) = tan +z at the endpoints = 1 and x = —1 relies on a more advanced theorem than we 
present here. (Refer to Abel’s theorem for a discussion of this more technical point.) 


Function 

f (z) = = 
f(z) =e 
f(x) =sinz 


f (x) =cosx 


f (c) =n (1 +2) 


Maclaurin Series 


[e,2) 
a 


n=0 


Interval of Convergence 


-l<a<l 


—0o <X%< CO 


—0co < %< CO 


—0o <X%< © 


-l<2z<l 


Function Maclaurin Series Interval of Convergence 


oo Qn+1 
f(z) =tan“z >> (-1)" = “l<e<1 
ae an+1 


f(z) =(1+2)’ CG) -l<2x<1l 


Maclaurin Series for Common Functions 


Earlier in the chapter, we showed how you could combine power series to create new power series. Here we use 
these properties, combined with the Maclaurin series in [link], to create Maclaurin series for other functions. 


Example: 
Exercise: 


Problem: 
Deriving Maclaurin Series from Known Series 


Find the Maclaurin series of each of the following functions by using one of the series listed in [link]. 


ay (2) = cosy a 
bf (2) = sinks. 


Solution: 


a. Using the Maclaurin series for cos we find that the Maclaurin series for cos1/z is given by 
Equation: 


= (-1)"(vz)" (E12 
sy Se) 


i= (2n)! a= (2n)! 
1 e |, w fe i ae 
i. 2) al 6! | 8! 


This series converges to cos4/z for all x in the domain of cos,/2; that is, for all x > 0. 
b. To find the Maclaurin series for sinh x, we use the fact that 
Equation: 


Using the Maclaurin series for e*, we see that the nth term in the Maclaurin series for sinh x is given 
by 
Equation: 


For n even, this term is zero. For n odd, this term is “*-. Therefore, the Maclaurin series for sinhz 


has only odd-order terms and is given by 
Equation: 


oo gent 73 7? 


44 (n+)! ° | 3! 


Note: 
Exercise: 


Problem: Find the Maclaurin series for sin (ce?) : 


Solution: 


Me int 


(-1 
eae Sar +1)! 


n=0 


Hint 


Use the Maclaurin series for sinz. 


We also showed previously in this chapter how power series can be differentiated term by term to create a new 
power series. In [link], we differentiate the binomial series for »/1 + x term by term to find the binomial series 
for Note that we could construct the binomial series for directly from the definition, but 


1 1 
Vita" vita 


differentiating the binomial series for J/ 1+ 2 is an easier calculation. 


Example: 
Exercise: 


Problem: 
Differentiating a Series to Find a New Series 


Use the binomial series for 1/1 + 2 to find the binomial series for 


1 
Vita 
Solution: 


The two functions are related by 
Equation: 


so the binomial series for 


= is given by 
Equation: 


1 — Ft 

es pore ee 
= 14 SM" 1:35 n=), 
Brag n! an Aa 


i=l 


Note: 
Exercise: 


Problem: Find the binomial series for f (z) = ay 
Solution: 


x. (-1)" 1-3-5---(@n—1) 


oS n! De 


al 


Hint 


1 
Vita" 


Differentiate the series for 


In this example, we differentiated a known Taylor series to construct a Taylor series for another function. The 
ability to differentiate power series term by term makes them a powerful tool for solving differential equations. 
We now show how this is accomplished. 


Solving Differential Equations with Power Series 


Consider the differential equation 
Equation: 


y' (x) = y. 


Recall that this is a first-order separable equation and its solution is y= C'e*. This equation is easily solved 

using techniques discussed earlier in the text. For most differential equations, however, we do not yet have 

analytical tools to solve them. Power series are an extremely useful tool for solving many types of differential 
co 


equations. In this technique, we look for a solution of the form y = S Cn” and determine what the 

n=0 
coefficients would need to be. In the next example, we consider an initial-value problem involving y’ = y to 
illustrate the technique. 


Example: 
Exercise: 


Problem: 
Power Series Solution of a Differential Equation 


Use power series to solve the initial-value problem 
Equation: 


=e Oar: 


Solution: 


Suppose that there exists a power series solution 
Equation: 


[o@) 
y (x) = y Cae” Seg cin + con cae Pon Eo: 
n=0 


Differentiating this series term by term, we obtain 
Equation: 


If y satisfies the differential equation, then 
Equation: 


Pie,g +.) —c) ) Jeon + Sc,e° dear 


Using [link] on the uniqueness of power series representations, we know that these series can only be equal 
if their coefficients are equal. Therefore, 


Equation: 
Co C1, 
q= 2c2, 
Q= 3¢3, 
gE = Ac4, 


Using the initial condition y (0) = 3 combined with the power series representation 
Equation: 


DG) er a= OP =e | c3x° = 


we find that cg = 3. We are now ready to solve for the rest of the coefficients. Using the fact that cp = 3, 
we have 


Equation: 
ee eee eS 
4 =c=3= Te 
= eee 
ye eke 
ES BO 5 58 
aN ean ear Tic 
= & i 
A = Bee Sat: 
Therefore, 


Equation: 


2 ee 


You might recognize 


Equation: 
Rl 
coal 


as the Taylor series for e”. Therefore, the solution is y = 3e”. 


Note: 
Exercise: 


Problem: Use power series to solve y’ = 2y, y(0) = 5. 


Solution: 
v= 5e* 
Hint 


The equations for the first several coefficients c,, will satisfy cg = 2c1,c1 = 2 - 2c2, co = 2 - 3c3,.... In 
general, for alln > 0,cn = 2(n4+ 1)Chii. 


We now consider an example involving a differential equation that we cannot solve using previously discussed 
methods. This differential equation 
Equation: 


y' —xry=0 


is known as Airy’s equation. It has many applications in mathematical physics, such as modeling the diffraction 
of light. Here we show how to solve it using power series. 


Example: 
Exercise: 


Problem: 
Power Series Solution of Airy’s Equation 


Use power series to solve 
Equation: 


yl —xzy=0 


with the initial conditions y (0) = a and y/(0) = b. 
Solution: 


We look for a solution of the form 
Equation: 


[oe] 
=) Cnt” =co+c2+ cox” +c32° +c4n" +--:: 
n=0 


Differentiating this function term by term, we obtain 
Equation: 


yo = C1 +2cox + 3c3x7 + 4eyr> +--:, 


yt = 2-1eg+3-2c3x + 4-3cqz? +---. 


If y satisfies the equation y// = xy, then 
Equation: 


2+ 1c, +3-2cgx +4-3cqn7 +--+ = 2 (co Lex cox? | C32" | vet) 


Using [link] on the uniqueness of power series representations, we know that coefficients of the same 
degree must be equal. Therefore, 


Equation: 
2-1c, = 0, 
3- 2c¢3 = C9, 
4. 3c4 = C1; 
5: Acs = C2, 


More generally, for n > 3, we have n- (n — 1)cy = Cp_3. In fact, all coefficients can be written in terms 
of co and c,. To see this, first note that co = 0. Then 
Equation: 


ae a: 
Cc 
C41 = G3 
For Cs, Cg, C7, we see that 
Equation: 
Cc 
Oo = on = 0, 
SS 
6 = 65 = 65:32 
= Gi C1 
CT — 76 — 7.6.43 


Therefore, the series solution of the differential equation is given by 


Equation: 


2 UE Uae a ERM | ee co Pah Ci eee 
3-2 4-3 6-5-3-2 7:°6-4-3 


The initial condition y (0) = a implies co = a. Differentiating this series term by term and using the fact 
that y’ (0) = 6, we conclude that c; = b. Therefore, the solution of this initial-value problem is 


Equation: 
x xe xt we 
y=al(l14 ctr) barter fae Oo eh 
3-2 6-5-3-2 4-3 7-6-4-3 


Note: 
Exercise: 


Problem: Use power series to solve y/ + x?y = 0 with the initial condition y (0) = a and y’ (0) = b. 


Solution: 
4 8 5 9 
y=a(l 34 + F478 =) b(« 45 + 7530 a) 
Hint 
The coefficients satisfy cp = a,c, = b, cp = 0, c3 = 0, and forn > 4,n(n — 1)cen = —Cp_4. 


Evaluating Nonelementary Integrals 


Solving differential equations is one common application of power series. We now turn to a second application. 
We show how power series can be used to evaluate integrals involving functions whose antiderivatives cannot 
be expressed using elementary functions. 


2 
One integral that arises often in applications in probability theory is : e * dx. Unfortunately, the antiderivative 


5 —2. e . 7 
of the integrand e * is not an elementary function. By elementary function, we mean a function that can be 
written using a finite number of algebraic combinations or compositions of exponential, logarithmic, 
trigonometric, or power functions. We remark that the term “elementary function” is not synonymous with 


noncomplicated function. For example, the function f (x) = Vx? — 3a + e* — sin (5a + 4) is an elementary 
function, although not a particularly simple-looking function. Any integral of the form | f (x) da where the 


antiderivative of f cannot be written as an elementary function is considered a nonelementary integral. 


Nonelementary integrals cannot be evaluated using the basic integration techniques discussed earlier. One way 
to evaluate such integrals is by expressing the integrand as a power series and integrating term by term. We 


2 
demonstrate this technique by considering | e * dz. 


Example: 


Exercise: 


Problem: 
Using Taylor Series to Evaluate a Definite Integral 


= Re : 
a. Express / e ” dz as an infinite series. 


1 
b. Evaluate i: ee dx to within an error of 0.01. 
0 


Solution: 


: ; Bele ane 
a. The Maclaurin series fore~” is given by 


Equation: 
oe) ie 
=u ae Se (ele 
ie,2) 2n 
a! an 
n=0 
Therefore, 
Equation: 


4 6 2n 
-2? = 2 v se \ | oe 
Je dx aie a or a 1) a ae 


3 5 gt gent 


Oe are aah ra al) Geena 


b. Using the result from part a. we have 
Equation: 


ie <3 1 1 1 1 
eo” ahr = il 
0 SP Ou) aoe ee 


The sum of the first four terms is Bppron mats) 0.74. By the alternating series test, this estimate is 


accurate to within an error of less than — = 0.0046296 < 0.01. 


Note: 
Exercise: 


1 
Problem: Express i cos\/xdz as an infinite series. Evaluate il cos+/adz to within an error of 0.01. 
0 


Solution: 


[e,2) n 
C+ S- (ein oa The definite integral is approximately 0.514 to within an error of 0.01. 
HHL : 
Hint 


Use the series found in [link]. 


As mentioned above, the integral / e* dz arises often in probability theory. Specifically, it is used when 


studying data sets that are normally distributed, meaning the data values lie under a bell-shaped curve. For 
example, if a set of data values is normally distributed with mean py and standard deviation o, then the 
probability that a randomly chosen value lies between x = a and x = bis given by 

Equation: 


1 e 2 2 
/ e (t-#) /(20 lie. 
27 Ja 


(on 


(See [link].) 


a m7 b x 


If data values are normally distributed with mean jz and standard 
deviation o, the probability that a randomly selected data value is 


between a and 6 is the area under the curve y = Se ew (20%) 


between x = aandz = b. 


LZ 


—" . This quantity z is known as the z score of a data value. With 


To simplify this integral, we typically let z = 
this simplification, integral [link] becomes 
Equation: 


1 po-w/o 


Van J (a-p)/o 


e? /2dz. 


In [link], we show how we can use this integral in calculating probabilities. 


Example: 
Exercise: 


Problem: 
Using Maclaurin Series to Approximate a Probability 


Suppose a set of standardized test scores are normally distributed with mean = 100 and standard 
deviation o = 50. Use [link] and the first six terms in the Maclaurin series for e-* /2 to approximate the 
probability that a randomly selected test score is between = 100 and x = 200. Use the alternating series 
test to determine how accurate your approximation is. 


Solution: 
Since 4 = 100, 0 = 50, and we are trying to determine the area under the curve from a = 100 to 


b = 200, integral [link] becomes 
Equation: 


1 [ —27/2 
— e dz. 
/2r 0 


The Maclaurin series for e~*’/? is given by 
Equation: 
x Ue 
on (-4) 
aay n! 
2 4 6 2 
Sgr = ae ee 
=S ye 
27. nl! 
n=0 
Therefore, 
Equation: 
2 4 6 2n 
Sl ae ees ele renin ead pose ERs) Oy RE 
a fe a lilt Te en em ee 
i By} 5 if 2n+1 
Jz (e +2— sor + gon ~ Tara tt ( 1) aaa zcal >) 
2 
1 —2?/2 ee 8 1 32 128 512 gu 
*/ en dz 4 (2 6 + 40 — 336 + 3456 — T1285 +++). 


Using the first five terms, we estimate that the probability is approximately 0.4922. By the alternating 
series test, we see that this estimate is accurate to within 
Equation: 


1 913 


Te Roa 


Analysis 


If you are familiar with probability theory, you may know that the probability that a data value is within two 
standard deviations of the mean is approximately 95%. Here we calculated the probability that a data value is 
between the mean and two standard deviations above the mean, so the estimate should be around 47.5%. The 
estimate, combined with the bound on the accuracy, falls within this range. 


Note: 
Exercise: 


Problem: 

Use the first five terms of the Maclaurin series for e~* /? to estimate the probability that a randomly 
selected test score is between 100 and 150. Use the alternating series test to determine the accuracy of this 
estimate. 


Solution: 
The estimate is approximately 0.3414. This estimate is accurate to within 0.0000094. 


Hint 


1 
2 é fete : : 2 
Evaluate i e* dz using the first five terms of the Maclaurin series for e~* /?. 
0 


Another application in which a nonelementary integral arises involves the period of a pendulum. The integral is 
Equation: 


i do 
0 V1 — ksin?6 


An integral of this form is known as an elliptic integral of the first kind. Elliptic integrals originally arose when 
trying to calculate the arc length of an ellipse. We now show how to use power series to approximate this 
integral. 


Example: 
Exercise: 


Problem: 
Period of a Pendulum 


The period of a pendulum is the time it takes for a pendulum to make one complete back-and-forth swing. 
For a pendulum with length Z that makes a maximum angle Omax with the vertical, its period T is given by 


Equation: 
cE pt 0 
realt [8 
9 Jo 1 — k?sin?6 


where g is the acceleration due to gravity and & = sin ( a ) (see [link]). (We note that this formula for 


the period arises from a non-linearized model of a pendulum. In some cases, for simplification, a linearized 


model is used and sin@ is approximated by 8. ) Use the binomial series 
Equation: 


1 oo. (-1)” 1-3-5---(Qn—-1 
Zio! ) (2n Le 
l+¢z i n! Va 


to estimate the period of this pendulum. Specifically, approximate the period of the pendulum if 


a. you use only the first term in the binomial series, and 
b. you use the first two terms in the binomial series. 


Equilibrium 
position 


This pendulum has length ZL and makes a maximum 
angle 0.nax With the vertical. 


Solution: 


We use the binomial series, replacing x with —k?sin?6. Then we can write the period as 


Equation: 
LD on 1 Ws 1-3 4.4 


a. Using just the first term in the integrand, the first-order estimate is 


Equation: 
Lp i 
eA / Ole) = Dien | 
9 Jo g 


8 


If Omax is small, then k = sin ( 


To justify this claim, consider 
Equation: 


a ) is small. We claim that when & is small, this is a good estimate. 


He Fie eee iene Bre do 
; ary sin * 3192 Sy) sp oes : 


Since |sinz| < 1, this integral is bounded by 


Equation: 
es 1 1 ie 
/ Jed eg ree Nip ee erg ea 
2 2192 ee 2192 


Furthermore, it can be shown that each coefficient on the right-hand side is less than 1 and, therefore, 
that this expression is bounded by 
Equation: 


which is small for & small. 

b. For larger values of Onax, We can approximate T' by using more terms in the integrand. By using the 
first two terms in the integral, we arrive at the estimate 
Equation: 


The applications of Taylor series in this section are intended to highlight their importance. In general, Taylor 
series are useful because they allow us to represent known functions using polynomials, thus providing us a tool 
for approximating function values and estimating complicated integrals. In addition, they allow us to define new 
functions as power series, thus providing us with a powerful tool for solving differential equations. 


Key Concepts 


¢ The binomial series is the Maclaurin series for f (x) = (1+ 2)’. It converges for |x| < 1. 

e Taylor series for functions can often be derived by algebraic operations with a known Taylor series or by 
differentiating or integrating a known Taylor series. 

e Power series can be used to solve differential equations. 

¢ Taylor series can be used to help approximate integrals that cannot be evaluated by other means. 


In the following exercises, use appropriate substitutions to write down the Maclaurin series for the given 
binomial. 


Exercise: 


Problem: (1 — z)‘/* 


Exercise: 
Problem: (1 + 7) i? 
Solution: 
1/3 2 (-t 
ast ay (CF )em 
n=0 n 
Exercise: 


Problem: (1 — «)'” 
Exercise: 
Problem: (1 — 2x)"/* 
Solution: 
00 a 
(1 — 22)? = $~(-1)"2" CG jer 
n=0 


xr—a 


iia )" in the binomial expansion to 


In the following exercises, use the substitution (b + «)” = (b+ a)" (1+ 


find the Taylor series of each function with the given center. 
Exercise: 


Problem: \/x + 2 ata = 0 


Exercise: 


Problem: \x2 + 2 ata = 0 


Solution: 


co 1 
/5 2 _ g(1/2)—n a) 2n, 2 D) 
+ 2 Ly : cae (|x | < ) 


n=0 


Exercise: 


Problem: Jz +2ata=1 


Exercise: 


Problem: 2x — x? at a = 1 (Hint: 2c — 22 = 1— (# — 1)”) 


Solution: 


Visa w= V1 — (= 1) 0 Via = (4) (2 \e- 
Exercise: 


Problem: (x — gy)" ata =9 


Exercise: 


Problem: \/z at a = 4 


Solution: 


Je=n/fi+ 


Exercise: 


=Qew 


Problem: z!/? at a = 27 


Exercise: 


Problem: \/z at x = 9 


Solution: 

% 1-3 > 
= Brose 2 gees ON 
vende (F)te—9 


In the following exercises, use the binomial theorem to estimate each number, computing enough terms to obtain 
an estimate accurate to an error of at most 1/1000. 
Exercise: 


Problem: [T] (15)’/* using (16 — «)‘/4 


Exercise: 


Problem: [T] (1001)*/* using (1000 + x)!” 


Solution: 


10(1 + aia) je => 10" (*) x”. Using, for example, a fourth-degree estimate at z = 1 gives 


at i 1 ag 
(1001)? ~ 10 (1 + (! )10-* ~ & 10 - (3 )10~ -- G )1o~™) 
1 2 3 4 whereas 


=~ 10 (1 ia ee 10 ) = 10.00333222... 


3.103 ~— 9.10 ' 81.109 243.10 
(1001) 1/3 _ 10,00332222839093 .... Two terms would suffice for three-digit accuracy. 


i i 5 s 5 a ws x a2 a3 5at 
In the following exercises, use the binomial approximation ¥1 — xz ~1— 3 3 i6 138 -- > for 


|z| < 1 to approximate each number. Compare this value to the value given by a scientific calculator. 


Exercise: 


Problem: [T] a using z = 4 in (1 — x)\? 


Exercise: 


Problem: [T] 5 = 5 x K using 2 = - in(1—2)\”? 
Solution: 


The approximation is 2.3152; the CAS value is 2.23.... 


Exercise: 


Problem: [T] 3 = = using 2 = + in(1—2)*”? 


Exercise: 
Problem: [T] 6 using 2 = 3 in (1 — z)'/? 
Solution: 


The approximation is 2.583. ..; the CAS value is 2.449. ... 


Exercise: 


Ho 
Problem: Integrate the binomial approximation of /1 — z to find an approximation of ji v1 — tdt. 
0 


Exercise: 


Problem: 


[T] Recall that the graph of /1 — x? is an upper semicircle of radius 1. Integrate the binomial 


approximation of V1 — x? up to order 8 from « = —1 to x = 1 to estimate 7. 


Solution: 


8 


Tp 4 x6 coal ee 
lle Ceca 8 16. tag '°°* 


1 
3 5 7 9 
LA pd cS x x 5x ane ees 1 1 1 
[ 1— ade ="2- | — @ - Te > ope t m2—3— 39 — 6 


whereas = = 1.570: 


spe terror = 1.590... 


In the following exercises, use the expansion (1 + z)'/8 =14 : x 4 x + 


first five terms (not necessarily a quartic polynomial) of each expression. 
Exercise: 


Problem: (1 + 4x)'/*;a = 0 


Exercise: 


-++ to write the 


Problem: (1 + 4x)*/*;a = 0 


Solution: 


4/3 
(1+2)?=(14+2)(1+ 42 gr? t pao— sat+..)=14 8248-243 +--- 


Exercise: 


Problem: (3 + 2) '/?;a = —1 


Exercise: 


Problem: (a? + 6% + 10)""*; a=-3 


Solution: 


(1+ (+a) =14 Caray Lea) Rete aaa an 


Exercise: 


Problem: Use (1 + x)'/? =14 Fa gt + 372° — oag2 + --- with x = 1 to approximate a, 
Exercise: 


Problem: 


¢ ; 2 3 4 5 : 
Use the approximation (1 — z)?/* =1 “s * “ ae eS + +++ for |x| < 1 to approximate 
gee elas 


Solution: 


Twice the approximation is 1.260... whereas 21/3 — 1,9599.... 


Exercise: 


Problem: Find the 25th derivative of f (x) = (1 + ae) * ate =0. 


Exercise: 


Problem: Find the 99 th derivative of f (x) = (1 + x‘) ste 
Solution: 
f(0) =0 


In the following exercises, find the Maclaurin series of each function. 
Exercise: 


Problem: f (x) = xe?* 


Exercise: 


Problem: f (x) = 2” 
Solution: 


o (In (2)ar)" 


De n! 


n=0 


Exercise: 


Problem: f (x) = “=* 


x 


Exercise: 


Problem: f (x) = aa (x > 0), 


Solution: 


gp(2nt)/2 


nore (ya) | ) FeGn+it 2g 


Exercise: 

Problem: f (x) = sin (z”) 
Exercise: 

Problem: f (x) =e” 


Solution: 


- co a 3r 
eS Ds | 
— nl 


Exercise: 


Problem: f (x) = cos*z using the identity cos’ = + + 4cos (22) 
Exercise: 
Problem: f (x) = sin’ using the identity sin’ = + — 4 cos (22) 


Solution: 


oo (a1) 
(2k)! 


sin?x = 
k=1 


zx 
In the following exercises, find the Maclaurin series of F'(x) = / f (t) dt by integrating the Maclaurin series 
0 


of f term by term. If f is not strictly defined at zero, you may substitute the value of the Maclaurin series at 


Zero. 
Exercise: 


Problem: F (x) = / edt; f(t) =e? = SS ep 
} 


Exercise: 


Problem: F(x) =tan-'2z; f(t) = a= » (ie 


n=0 
Solution: 
(— 1) k gaktl 
tanta = 
Pra 2k +1 
Exercise: 


Problem: F (x) = tanh ‘2; f(t) = w= ee 


Exercise: 


[ee] 1 2k 
ae Ne 
Problem: F (x) = sin ‘2; fii = — S (7) Fs 


k=0 
Solution: 
00 a pont 

snte= > (7) 

Exercise: 
* sint < tn 

Problem: F (x) - | j di; fi) = 3 =) “GatDl 

Exercise: 


Problem: F' (x) = a cos (v2) dt; f(t) = d, (—1)" Sa 


Solution: 
oo grt 
P(e) = dO Gey Gal 
Exercise: 
Problem: F (x) = [= Pe co3t ate f(t) = a = + ay 
0 n=0 (2n + 2)! 


Exercise: 


Problem: P(e) = | nO) ge ya 25 yr 
0 0 


t f= n+1 
Solution: 
Pi@)=S.(-)"" = 


In the following exercises, compute at least the first three nonzero terms (not necessarily a quadratic polynomial) 


of the Maclaurin series of f. 
Exercise: 


Problem: f (x) = sin (x + 7) = sinacos (4) + cosasin (4) 


Exercise: 


Problem: f (x) = tanz 
Solution: 
3 2. 5 
Be a aes ee 
Exercise: 


Problem: f (x) = In (cosz) 


Exercise: 


Problem: f (x) = e*cosx 


Solution: 
3 4 
1l+z 3 = free 
Exercise: 


Problem: f (x) = e%"* 


Exercise: 


Problem: f (x) = sec? 


Solution: 


Exercise: 


Problem: f (x) = tanhz 


Exercise: 


Problem: f (x) = sve (see expansion for tanz) 
Solution: 


Using the expansion for tanz gives 1 + = =F 2a 


In the following exercises, find the radius of convergence of the Maclaurin series of each function. 
Exercise: 


Problem: In (1 + <) 
Exercise: 
etn til 
Problem: er 
Solution: 


[e.@) 
w= a (—1)"x?" so R = 1 by the ratio test. 
n=0 


Exercise: 


Problem: tan ~!z 


Exercise: 


Problem: In (1 + =) 


Solution: 


(1) 
In (1 + oe) a ys ——— x?" so R = 1 by the ratio test. 


Exercise: 


Problem: Find the Maclaurin series of sinhz — 


Exercise: 


Problem: Find the Maclaurin series of cosha = &+2—. 


Solution: 


ie) een 
Add series of e* and e * term by term. Odd terms cancel and cosha = >» Onl 
<5 (2n)! 
Exercise: 
Problem: 


Differentiate term by term the Maclaurin series of sinh and compare the result with the Maclaurin series 
of cosha. 


Exercise: 


Problem: 

n 4, ek n , ah 
[T] Let S,, (x) = » (-1) ka! and G,, (2) = 2, (-1) (On)! denote the respective Maclaurin 
polynomials of degree 2n + 1 of sing and degree 2n of cosa. Plot the errors matt — tanz for 
n = 1,..,5 and compare them to x 4 x 2a Wat tanz on (-4, a). 
Solution: 


The ratio wa approximates tan z better than does p7 (x) = z 4 = 2a? Ma! for N > 3. The 
dashed curves are = — tan for n = 1, 2. The dotted curve corresponds to n = 3, and the dash-dotted 
curve corresponds to n = 4. The solid curve is p7 — tana. 

Exercise: 
Problem: 
Use the identity 2sin cos = sin (22) to find the power series expansion of sin’x atx = 0. (Hint: 
Integrate the Maclaurin series of sin (2x) term by term.) 


Exercise: 


Cc 
Problem: If y = a a,x”, find the power series expansions of zy! and «7 y//. 


n=0 


Solution: 


le,2) le,2) le,2) 
By the term-by-term differentiation theorem, y’ = s na,«z” |! soy! = > na,” | cy! = S- NAnx”, 
n=1 n=1 


n=1 


[e.¢) [e.@) 
whereas y’ = SS n(n —1)anz”? so yl = » n(n —1)anz”. 
n=2 n=2 
Exercise: 


Problem: 


CO 

[T] Suppose that y = ss a,x* satisfies y’ = —2ary and y (0) = 0. Show that a4; = 0 for all k and that 
k=0 

AK42 = mat . Plot the partial sum $9 of y on the interval [—4, 4]. 


Exercise: 
Problem: 
[T] Suppose that a set of standardized test scores is normally distributed with mean yz = 100 and standard 


deviation o = 10. Set up an integral that represents the probability that a test score will be between 90 and 
110 and use the integral of the degree 10 Maclaurin polynomial of see 2 to estimate this probability. 


Solution: 


(b-p)/o 
The probability is p = Te / e* /?dz where a = 90 and b = 100, that is, 
™ J(a-p)/o 


1 1 5 Qn 5 
== Pde = 1 Sr eae _4)n 1 es 
P~ Var / aaa fide 1)" Santo = Van d( 1)” Garter © 0.6827. 


Exercise: 
Problem: 
[T] Suppose that a set of standardized test scores is normally distributed with mean yz = 100 and standard 


deviation o = 10. Set up an integral that represents the probability that a test score will be between 70 and 
130 and use the integral of the degree 50 Maclaurin polynomial of eee 2 to estimate this probability. 


Exercise: 


Problem: 


[T] Suppose that $2 a,x” converges to a function f (x) such that f (0) = 1, f’ (0) = 0, and 
n=0 


f(x) = —f (x). Find a formula for a,, and plot the partial sum Sv for N = 20 on [—5, 5). 


Solution: 


As in the previous problem one obtains a, = 0 if n is odd anda, = — (n+ 2) (n+ 1)an+2 if n is even, 
SO Gp = 1 leads to aan = yar 
Exercise: 


Problem: 


[T] Suppose that 5 a,x” converges to a function f (az) such that f (0) =0, f’ (0) =1, and 


fiu(«c) =-f on Find a formula for a, and plot the partial sum Sy for N = 10 on [—5, 5]. 
Exercise: 


Problem: 


[oe 
Suppose that S- Qnx” converges to a function y such that y — y’ + y = 0 where y (0) = 1 and 
n=0 
y/(0) = 0. Find a formula that relates a,42, @n41, and ay, and compute apg, ..., a5. 


Solution: 


co co 
yl = a (n + 2) (n+ 1)any2x” and y’ = y (n + 1)anyiz” so yt — y’ + y = 0 implies that 
n=0 n=0 


(n + 2) (n+ Langa — (n+ 1)anyi + Qn = 0 0ran = SS - ae = for all n - y (0) = ao = Land 
y' (0) = a; = 0, so ag 5103 =,a4 0, and as = —759- 

Exercise: 
Problem: 


[oe 
Suppose that > Qnx” converges to a function y such that y — y’ + y = 0 where y (0) = 0 and 
n=0 
y’ (0) = 1. Find a formula that relates @n42,@n41, and a, and compute ay,..., a5. 


b b 
The error in approximating the integral i. f (t) dt by that of a Taylor approximation i P,, (t) dt is at most 
a 


b 
/ R,, (t) dt. In the following exercises, the Taylor remainder estimate R, < |e — a|"* guarantees that 
Sat )! 
te integral of the Taylor polynomial of the given order approximates the integral of f with an error less than 
iy . 


a. Evaluate the integral of the appropriate Taylor polynomial and verify that it approximates the CAS value 


with an error less than sw 


b. Compare the accuracy of the polynomial integral estimate with the remainder estimate. 
Exercise: 


Problem: 


™ sint 
[T] / = 4s P;=1 x x 7 | x (You may assume that the absolute value of the ninth 
0 


derivative of ake is bounded by 0.1.) 


Solution: 


a. (Proof) b. We have R, < ort = 0.0082 < 0.01. We have 


T 2 4 6 8 
x x 4 6 xv 3 5 us 9 
/ (1 3i 5 7 91 ) dz = — 35 + gar — 7a + gor = 1.852..., whereas 
0 . . . . 


Tv a t 
/ = dt = 1.85194..., so the actual error is approximately 0.00006. 
0 


Exercise: 


Problem: 


2 
[T] i, e-” de: pi =1-— 774 wt on = (You may assume that the absolute value of the 
0 


23rd derivative of e~*” is less than2 x 10%. ) 


The following exercises deal with Fresnel integrals. 
Exercise: 


Problem: 


The Fresnel integrals are defined by C (x) = | cos (t”) dt and S(z) = i, sin (t?) dt. Compute the 


0 
power series of C (x) and S (a) and plot the sums C'y (x) and S'y (a) of the first N = 50 nonzero terms 
on [0, 27]. 


Solution: 


Since cos (t”) = S- (—1)” —_ and sin (t”) = s (—1)” ————_, one has 


= (2n)! a (2n +1)!’ 
oo in+3 oo 4n4+1 
S(x) = 1)” dC (x)= 1 . Th f the first 50 
(2) 2, ( "Gn +3) Qn+ay MC) 2, ( eto 
nonzero terms are plotted below with C's9 (a) the solid curve and S59 (x) the dashed curve. 


Exercise: 
Problem: 
[T] The Fresnel integrals are used in design applications for roadways and railways and other applications 


because of the curvature properties of the curve with coordinates (C (t), S (¢)). Plot the curve (C59, S50) 
for 0 < t < 27, the coordinates of which were computed in the previous exercise. 


Exercise: 
Problem: 
1/4 
Estimate / x — x?dzx by approximating \/1 — z using the binomial approximation 
1-2 2 x? bat Ta® 


2 8 16 2128 256 ° 


Solution: 
1/4 : ; ; . 
[ veQ-4-#-4-#-#)e 
=~ z2 9 ; 2° 3 ae a as i ae a 2-8 = 0.0767732... 
1/4 
whereas V2 — «?dx = 0.076773. 
0 


Exercise: 


Problem: 


[T] Use Newton’s approximation of the binomial V1— 2? to approximate 7 as follows. The circle 


centered at (3, 0) with radius + has upper semicircle y = »/x/1 — z. The sector of this circle bounded 
by the x-axis between x = 0 and z = 5 and by the line joining (4, 2) corresponds to k of the circle 


and has area 37. This sector is the union of a right triangle with height a8 and base + and the region 


below the graph between x = 0 and x = i To find the area of this region you can write 


y= /eV1—-2£=V/z x (binomial expansion of/1 — =) and integrate term by term. Use this 
approach with the binomial approximation from the previous exercise to estimate 7. 
Exercise: 


Problem: 


Use the approximation T’ = 2m] 4 (1 + 2) to approximate the period of a pendulum having length 10 
6 


meters and maximum angle 0nax = = where k = sin (4). Compare this with the small angle estimate 
T & 274/ Le 
9 


Solution: 


T & 274/ 7: (1 ae) ) = 6.453 seconds. The small angle estimate is T’ + 274 / oe =~ 6.347. The 


relative error is around 2 percent. 


Exercise: 


Problem: 


Suppose that a pendulum is to have a period of 2 seconds and a maximum angle of Omax = =. Use 


6 
ey L k2 : : : a 
T = 204/ a (1 + #) to approximate the desired length of the pendulum. What length is predicted by the 


small angle estimate T’ ~ 2n/ = 
Exercise: 
Problem: 


m/2 w/2 1 3 
Evaluate | sin*6d6 in the approximation T = 4y/ a i (1 + 3 Fsin’é + gh sin’ +e ) dé to 
0 0 


obtain an improved estimate for T’. 


Solution: 


m/2 => 
. sin*6d0 = coe Hence T' & ana/ 4 (1 
0 


Exercise: 


cow 
we 
o 
x 
me 
NS 


Problem: 


[T] An equivalent formula for the period of a pendulum with amplitude 6,4, is 


6 
max dé 
TGs oy a) / where L is the pendulum length and g is the 
g 
0 Vcos6 — cos (Omax) 
asae i ot 1 = t24 #4 181¢® 
gravitational acceleration constant. When Omax = 3 we get aan J/2 (1 bas ae OP ag ‘; 


Integrate this approximation to estimate 7’ (F) in terms of LZ and g. Assuming g = 9.806 meters per 
second squared, find an approximate length L such that T’ (4) = 2 seconds. 


Chapter Review Exercises 


True or False? In the following exercises, justify your answer with a proof or a counterexample. 
Exercise: 


Problem: 


[e.@) 
If the radius of convergence for a power series y a,x” is 5, then the radius of convergence for the series 
n=0 


CO 
y nanz” ' is also 5. 
n=1 


Solution: 
True 
Exercise: 
Problem: 
“1 
Power series can be used to show that the derivative of e” is e*. (Hint: Recall that e* = s =e". ) 
maar a 
Exercise: 


Problem: For small values of z, sing ~ x. 
Solution: 
True 

Exercise: 


Problem: The radius of convergence for the Maclaurin series of f (x) = 3° is 3. 


In the following exercises, find the radius of convergence and the interval of convergence for the given series. 
Exercise: 


le. @) 
Problem: ) © n?(x — 1)” 
n=0 


Solution: 


ROC: 1; IOC: (0, 2) 


Exercise: 


[o.@) gt 
Problem: ; — 
nr 
n=0 
Exercise: 


co 


3 n 
Problem: SS ce 
n=0 12 


Solution: 


ROC: 12; IOC: (—16, 8) 


Exercise: 
[oe gn 33 
Problem: 2, gat —e) 
n= 


In the following exercises, find the power series representation for the given function. Determine the radius of 
convergence and the interval of convergence for that series. 
Exercise: 


2 


Problem: f (x) = =53 


Solution: 


[o-e} resi | n 
De, ea a”; ROC: 3; IOC: (—3, 3) 
n=0 


gnrtl 
Exercise: 
. = 8x42 
Problem: f (x) = 33°37 


In the following exercises, find the power series for the given function using term-by-term differentiation or 
integration. 
Exercise: 


Problem: f (x) = tan | (22) 


Solution: 
2. (-1)" 2n+1 
integration: 22 
6 2 2n+1 ( ) 
Exercise: 
Problem: f (x) = rena 


In the following exercises, evaluate the Taylor series expansion of degree four for the given function at the 
specified point. What is the error in the approximation? 
Exercise: 


Problem: f (x) = 2° — 2x7 + 4,a = —3 


Solution: 


pa(xz) = (a4 3)° 11(z 4 3) + 39 (x + 3) — 41; exact 


Exercise: 
Problem: f (x) = e'/“*),a=4 


In the following exercises, find the Maclaurin series for the given function. 
Exercise: 


Problem: f (x) = cos (32) 
Solution: 


eo) (—1)"(3x)"” 


ye 2n! 


Exercise: 
Problem: f (z) = In (« + 1) 


In the following exercises, find the Taylor series at the given value. 
Exercise: 


Problem: f (x) = sinz,a = > 


Solution: 


= (—1)” a \2n 
3 (2n)! (e—4) 


n=0 


bo 


Exercise: 
Problem: f (x) = 2,a=1 


In the following exercises, find the Maclaurin series for the given function. 
Exercise: 


Problem: f (x) =e” — 1 


Solution: 


oe 
n! 
n=1 


Exercise: 
Problem: f (x) = cosx — xsinz 


In the following exercises, find the Maclaurin series for F (x) = i f (t)dt by integrating the Maclaurin series 
0 


of f (x) term by term. 
Exercise: 


Problem: f (x) = “=* 
Solution: 


= = (=) 2n+1 
Fie) =2, (2n +1) (2n +1)! 


Exercise: 


Problem: f (x) = 1 — e* 


Exercise: 
Problem: Use power series to prove Euler’s formula: e*” = cosx + isinx 


Solution: 


Answers may vary. 


The following exercises consider problems of annuity payments. 
Exercise: 


Problem: 


For annuities with a present value of $1 million, calculate the annual payouts given over 25 years assuming 
interest rates of 1%,5%, and 10%. 


Exercise: 


Problem: 


A lottery winner has an annuity that has a present value of $10 million. What interest rate would they need 
to live on perpetual annual payments of $250,000? 


Solution: 


2.5% 
Exercise: 


Problem: 


Calculate the necessary present value of an annuity in order to support annual payouts of $15,000 given 
over 25 years assuming interest rates of 1%,5%, and 10%. 


Glossary 


binomial series 
the Maclaurin series for f (x) = (1 + 2)’; it is given by 


(l+2)"=S> ee =14ra+ MV gr +... 4 Me ee) ont. for |a| <1 
n a 
n=0 


nonelementary integral 
an integral for which the antiderivative of the integrand cannot be expressed as an elementary function 


Fourier Series 
Fourier Analysis 


Fourier Series 


Lets go back to the case of a string fixed at 0 and L, its n” harmonic is 
NTL 
tn (t,t) = Ans (=) cos (wnt — dn) 


In fact all the modes could be permitted, and so any possible motion of the 
string can be completely specified by: 


yet) = ~ A, sin (==) cos (Wnt — dn). 
n=1 


This has been rigorously shown by mathematicians but the complete proof 
is beyond our scope in this course. Lets accept the mathematicians word on 
this. We could take a snapshot of this function at a time t = to. Then we 
could write 


y(x) = YF, sin (=) 


where 
B,, = Ay, cos (wnt — bn). 


Likewise we could look at one point at space and look at the oscillations as 
a function of time. In that case we would get. 


y(t) = S° C,, cos (Wnt — bn) 
n=1 


Lets work with the time snapshot, 


ue): = YB, sin (=) 


We need to figure out what the B,, factors are and this is what Fourier 
figured out. We can multiply both sides by the sin of a particular harmonic 


(N42 — (NTL \ . (nN Tra 
y(z)sin ( T ) = >, Basin (~~) sin ( T ) 


and now we can integrate both sides Recall 


cos (@ — y) = cos@cosy + sin Osin y 
cos (8+ y) = cos @cos y — sindsiny 


50 
; , 1 
sin Osin y = a [cos(@ — yp) — cos (6+ y)| 


Thus This is equal to zero at the limits 0, 2 except for the particular case 
when n = n,. In that case 


[sm (==) sin (A ) oe = [ sin’ (== ) de 


So you get After all that we should see that for each term in the sum is zero, 
except the case where n; = n. Thus we can simplify the equation: 


H _ (nna L 
/ y(x) sin (== ) ae = 9 Ba: 


or 


The above is a very specific form of the Fourier Series for a function 
spanning an interval from 0 to L and passing through zero at z = 0. 


More General Case 


One could write a more general case for the Fourier Series which applies to 
an interval spanning —Z to L and not constrained to pass through zero. In 
that case one can write 


ue) + [onc (") + tan (")] 


where 
Av=t fy ) cos (=) ae Pee ao ee 


and 


Pr=+ f ve ) sin (da [aa Res eee 


You can then look at the symmetry of the problem and see if just sin or cos 
can be used. For example if y(—a2) = y() then use cosines. If 
y(—x) = —y(zx) use the sines. 


Fourier Integral Theorem 


In fact Fourier's theorem can be taken to a next step. This is Fourier's 
integral theorem. That is any function (even if it is not periodic) can be 
represented by 


Hae / "al con( ey) Bein helde 


T 


where 


A(k) = i f(a) cos (kx) dx 


Blk) = [- f(x) sin (kx) Ola 


A and B are called the Fourier transforms of f(x) Lets look at an example. 


f(x)=E, |x|<L/2 
f(x)=0O = |x|>L/2 


f(z) = Eo jz] < L/2 
fcy=0 je(sb)2 


right away you can set 


B(x) =0 
from symmetry arguments 


= [~. f(x) cos (kx) adlx 
L/2 
ur Eo cos (kx) Ox 


L/2 
L/2 
= Aa sin (ka) 1/2 
= = [sin ($+) — sin (=*)] 
= 2: sin (4) 
_ Bel uate, 
v8 3 kL/2 


(k) 


Closing word 


Up until now in the course we have been dealing with very simple waves. It 
turns out that any complicated wave that can possibly exist can be 
constructed from simple harmonic waves. So while it may seem that an 
harmonic wave is an over simplification, it can be used in even the most 
complex cases. 


